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This paper deals with an axisymmetric transient eddy current problem in conductive
nonlinear magnetic media. This means that the relation between the magnetic field and
the magnetic induction, the so-called H-B curve, is nonlinear. The source of the problem
is the magnetic flux across a meridian section of the device, which leads to a parabolic
nonlinear problem with nonlocal boundary conditions. First, by applying some abstract
results, we prove the existence and uniqueness of the solution to a weak formulation
written in terms of the magnetic field. Then, we compute the numerical solution of
the problem by using a finite element method combined with a backward Euler time
discretization. We derive error estimates in appropriate norms for both the semidiscrete
(in space) and the fully discrete problems. Finally, we show numerical results which allow
us to confirm the theoretical estimates and to assess the performance of the proposed
scheme.

Keywords: transient eddy current problem; electromagnetic losses; nonlinear magnetic
materials; non local boundary conditions; finite element method; error estimates.

AMS Subject Classification: 65N30 (78A55 78M10)

1. Introduction

An important challenge to bear in mind in the analysis and design of electrical
machines is the accurate computation of the power losses in the ferromagnetic
components of the core. These losses determine the efficiency of the device and
have a significant influence on its operating cost.

At the macroscopic level, two main type of losses can be distinguished: hysteresis
losses, which are related to the intrinsic nature of magnetic materials, and eddy
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current losses, due to the Joule effect.®

There are numerous publications devoted to obtain analytical simplified expres-
sions to approximate the different losses, which are only valid under assumptions
that often do not hold in practice (see, for instance, Refs. 6 and 7). Numerical mod-
eling is an interesting alternative to overcome these limitations and, thus, we can
find several works focused on the computation of hysteresis and eddy current losses
(see Refs. 10, 15, 23 and references therein).

A first step in the computation of this kind of loses is the numerical solution
of the underlying electromagnetic problem. This requires solving the quasi-static
Maxwell’s partial differential equations, a well established subject, even in the three-
dimensional (3D) case where edge finite elements are very useful.! This issue was
studied in Refs. 18 and 19 in terms of the magnetic field and in absence of hysteresis
effects. In these references the 3D problem is posed on a bounded conducting domain
and homogeneous Dirichlet boundary conditions are assumed. Moreover current
sources are not taken into account, the only source term being the initial condition.
A time semi-discretization scheme is proposed and analyzed to approximate this
problem.

However, major difficulties arise from the fact that cores are laminated to re-
duce the eddy current losses. Thus, to account for the detailed geometry, extremely
fine meshes should be needed, which becomes unaffordable. To overcome this diffi-
culty, one can find different strategies based on the use of the so-called equivalent
conductivity®1113:15 or on homogenization techniques.” In this paper, we are inter-
ested in an alternative approach proposed by Van Keer et al.,??23 which consists
in computing the electromagnetic field in a cross-section of the laminated device,
orthogonal to the direction of the enforced flux. The models introduced in Cartesian
and cylindrical coordinates in Refs. 22 and 23 include also hysteresis effects and
lead to parabolic nonlinear problems which, to the authors’ knowledge, have not
yet been analyzed from the mathematical or numerical points of view.

We will address these issues in the axisymmetric case without including hystere-
sis effects. The behavior of the material is defined by an anhysteretic H-B curve.
We prove that a weak formulation of this problem in terms of the magnetic field
has a unique solution. Then, we propose a numerical scheme to approximate the
solution of this problem for which we obtain error estimates.

The paper is organized as follows. In Section 2, we describe the transient ax-
isymmetric eddy current model and introduce the nonlinear parabolic partial dif-
ferential equation to be solved. Next, in Section 3, we obtain a weak formulation
of the problem. The existence of solution is proved by applying results for abstract
nonlinear parabolic equations. Section 4 is devoted to numerical methods. A space
semi-discretization by finite elements is introduced and, then, a backward Euler
scheme is applied for time discretization. Error estimates for both schemes are ob-
tained. Finally, numerical results that confirm the theoretical estimates are shown
in Section 5.
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2. The transient nonlinear eddy current model

The eddy current model is an approximation of the full Maxwell system of equations
obtained by neglecting the displacement currents in Ampere’s law. This simplified
model is suitable for most electrical engineering applications (the so-called low-
frequency regime), for instance, in the numerical simulation of electrical machines
working at power frequencies. The eddy current model reads

curl H =7, (2.1)
88—]? + curlE =0, (2.2)
divB =0, (2.3)

where we have used standard notation in electromagnetism: H is the magnetic field,
J the current density, B the magnetic induction and E the electric field. In order
to obtain a closed system we need to add constitutive laws. Assuming that the
materials are electrically linear but magnetically nonlinear, we have

J =0E, (2.4)
B = B(H). (2.5)

Equation (2.4) is Ohm’s law, where o denotes the electrical conductivity of the
medium. In the magnetic constitutive relation (2.5), B is in general a nonlinear
mapping. Two extreme cases are the following: linear isotropic materials, for which
this mapping reduces to B(H) = pH with p being the constant magnetic permeabil-
ity, and ferromagnetic materials where hysteresis phenomena may occur, in which
case the H-B relation exhibits a history-dependent behavior. Our analysis allows
for a nonlinear magnetic material, that will be represented through an anhysteretic
H-B curve, which could have a very steep slope. This choice is a simplification fre-
quently used for soft magnetic materials by electrical engineers (see, for instance,
Ref. 21).

Equations (2.1), (2.2) and (2.4), lead to the following vector partial differential
equation in conductors:

%—]tg + curl <i curl H) =0. (2.6)

Our aim is to solve this together with the nonlinear constitutive equation (2.5).

2.1. Axisymmetric eddy current model with enforced magnetic flux

Let us consider a cylindrical coordinate system (r, 6, z) and denote by e,., ey and e,
the corresponding unit vectors of the local orthonormal basis as sketched in Fig. 1
(left). We suppose that the computational domain Q has cylindrical symmetry and
that the current sources are independent of the azimuth # and do not have azimuthal
component, so that on each meridian section these currents lie on this section. In
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N,
\/

Fig. 1. Cylindrical coordinate system (left) and sketch of the domain (right).

such a case, none of the electromagnetic fields depend on 6 and, furthermore, from
Faraday’s law (2.2), B has to be of the form,

B(r, z,t) = B(r, z,t)ey. (2.7)

Since we are assuming that the material is isotropic, the magnetic field H must be
of the same form as B, namely,

H(r, z,t) = H(r, z,t)ey, (2.8)
and the H-B relation reads
B(T’ Z7t) = B(”"? ZﬂH(rﬂz7 t))? (2'9)

with B(r, z,-) being a nonlinear mapping in R for each (r,z). Dependence of B
in coordinates (r,z) is permitted to allow for computational domains including
different materials. We notice that any field of the form (2.7) is divergence-free, so
that (2.3) is automatically satisfied. Moreover, since

curl H(r, z,t) = faa—jj(r, z,t) e, + %%(TH)(T’, z,t) ey, (2.10)
equation (2.6) leads to

OB 0 (1 0(rH)\ 0 (10HY _
815_81“<0r ar )‘az(ga,z)—"' (211)

This equation holds in any meridian section €2 of the domain € for all time ¢ € 0,7
(T > 0 fixed). To have a well-posed nonlinear parabolic problem we must add to
equations (2.11) and (2.9) an initial condition

B(r,z,0) = By(r,z) in €, (2.12)
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and suitable boundary conditions on the boundary I" := 9.

The application that has motivated this paper is the computation of eddy current
losses in laminated media. Thus, following the work of Van Keer et al.,?? we will
impose the magnetic flux b(¢) flowing through the meridian section € of the domain
(see Fig. 1, (right)). This leads to the nonlocal source condition

/ B(r, z,t) dr dz = b(t). (2.13)

Moreover, we have also to impose that there is no current flux through the boundary
of ; namely, curlH -n=J -n =0 on I', where n is the unit normal to I". Hence,
from (2.10), it is straightforward to obtain that the tangential derivative of (rH)
has to vanish on I'. Therefore, provided T is connected, for each ¢ € [0,T] (rH(t))
has to be a constant (which depends on ¢) on the whole I'. Consequently, there
exists an (unknown) function ¥ (t) which varies in time but is space independent on
I" such that

rH(r,z,t) =¢(t) onT. (2.14)
All together, the resulting axisymmetric problem reads:

Problem 2.1. Find H(r,z,t) and B(r, z,t) such that

%3 - % (Ulra(gf)> - 882 <i%§) —f inQx(0,7), (2.15)
Blr,2,t) = Blr, 2, H(r, 2,1)) in Q x (0,T), (2.16)
FH(r, 2, t) = 9(t) onT x (0,T), (2.17)
/Q B(r,2.1) dr dz = b(t) in (0,T), (2.18)
B(r,2,0) = Bo(r.2) inQ, (2.19)

where o(r, z,t), f(r,z,t), b(t) and Bo(r,z) are given data and 1(t) is unknown.

Remark 2.1. We include in (2.15) a right-hand side f to consider a more general
parabolic problem, although in the case of the eddy current model f is zero. More-
over, we consider a space and time dependent electrical conductivity ¢ because in
practical applications it is a function of temperature which, in its turn, is a time
dependent field.

Problem 2.1 has been proposed and numerically solved in Ref. 22 in a more
general setting including hysteresis. The goal of the present paper is to study the
well-posedness and the numerical approximation of this problem.

3. Mathematical analysis

In this section, we derive a weak formulation for Problem 2.1 and prove that it is
well posed.
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3.1. Functional spaces and preliminary results

We recall some weighted Sobolev spaces typical in axisymmetric problems. We refer
to Refs. 14 and 5 for more details. For the sake of simplicity, partial derivatives will
be also denoted by 0,., 0, and so on.

Let Q C {(r,2) € R? : r > 0} be a Lipschitz bounded simply connected open
set. Let L2(€) denote the weighted Lebesgue space of all measurable functions u
defined in ) for which

Hu||€£(ﬂ) = /Q |u|" r dr dz < oo 1<p< .

The weighted Sobolev space H¥(£2) consists of all functions in L2(£2) whose deriva-
tives up to order k are also in L2(Q2). We define the norms and semi-norms in the
standard way; for instance,

2 2 2
u = Oru|” +10,ul” ) r dr dz.
sy = [ (0P +10:01%)

Let L2 /T(Q) denote the set of all measurable functions u defined in €2 for which

2
2 |ul
Hu||L%/T(Q) = /Q dr dz < oo.

W
We also define H’f/r(Q) as before.
Finally, we introduce the function space I?I%(Q) defined by

HL(Q) = {u € L2(Q) : 0,(ru) € L3 (), d.u € L2(Q)},

which is a Hilbert space with the norm
2 2 2 1/
ullg ) = (HUHLg(Q) + HaT(ru)HLf/T(Q) + HazUHLg(Q)) -

Remark 3.1. For () being the meridian section of a 3D axisymmetric domain ﬁ,
the space ﬁ}(Q) can be considered as an axisymmetric version of the 3D space
H(curl, ﬁ) More precisely, from the expression of the curl operator in cylindrical
coordinates it is immediate to see that G(r,z) € ﬁi (Q) if and only if G(r,z,0) =
G(r, z)eg() € H(curl, Q).

3.2. Weak formulation

Before stating a weak formulation of Problem 2.1, we notice that if the bound-
ary of € intersect the symmetry axis (r = 0), then #(t) should be identically
zero because 1 vanishes there. In such a case, (2.17) would become a homogeneous
Dirichlet boundary condition. However, this does not happen in the application
that motivates this problem in which the domain is well separated from the sym-
metry axis (see Ref. 22). This is the reason why, from now on, we will assume that
inf{r > 0: (r,2) € Q} > 0 and, hence, L2(2) and L%/T(Q) are both identical to

L2(Q). Similarly, H() is identical to H!(£2).
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Let us introduce the following closed subspace of H(Q):
W= {G € HY(Q) : (rG)|p is constant}. (3.1)

Since HX(Q) is densely and compactly included in L2(€2), the same is true for W
(the density because W D D(RQ)). Thus, if we identify L2(2) with its topological
dual, we have that W C LZ(Q) C W’. We denote by (-, ),y w the corresponding
duality paring.

In order to obtain a weak formulation, first we integrate (2.15) in © and use
Gauss theorem to write

d 1 (o(rH) O(rH) B
dt/QB(T,z,t)drdz—/FUT( o ny + 5, " dF—/Qfdrdz,

where n = n,e, + n,e, is the outward unit normal vector to I'. Hence, by using
(2.18) we deduce that

/F 1 (a(rH)nr+8(TH)nz> dl“:b’(t)—/gfdr dz. (3.2)

or or 0z

Next, we multiply (2.15) by (rG), G being any test function in W, integrate in Q
and use a Green’s formula. From the resulting expression and (3.2), we easily obtain
the following weak formulation for Problem 2.1:

Problem 3.1. Given b € HY(0,T), f € L*(0,T;W') and By € L2(), find H €
L2(0,T; W) and B € H'(0,T;W') such that

<8B G> +/ 1 (8(TH) a(rG) N A(rH) 8(TG)> dr ds
ww o Jq

ot or or or 0z 0z
= <f7 G>W7W’ + (b/(t) - <f77ﬂ71>W,W’) (TG)|F VG e Wa a.e te (OvT)a
B(r,z,t) = B(r,z, H(r, z,t)) a.e. in Qx (0,T),

B(r,z,0) = By(r,z) a.e. in Q.

Notice that (f,r =)y is well defined because r=! € W.

3.3. Existence of solution

We introduce the following hypotheses and notations that will be used to prove the
existence of a solution to the above problem.

H.1: B(r, z,u) is the derivative with respect to u of a (differentiable) normal
convex integrand « defined in 2 x R (see, for instance, Ref. 3); i.e.,

B(r, z,u) := Oya(r,z,u) Yu e R, ¥(r,z) € Q. (3.3)

Moreover, we assume that « satisfies the following conditions:
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e there exist 3; € L2(Q) and 5 € L1(£2) such that
a(ryz,u) > Bi(r,2)u+ Ba(r,z) Yu e R,V(r,z) €
e for each w € L2(Q), a(-, -, w(-,-)) € LL(Q).
H.2: There exist two positive constants N7 and N5 such that
|B(r, z,u)] < Ni|u| + Na VYu € R,VY(r,z) € Q.

H.3: B(r, z,u) is strongly monotone with respect to u uniformly in Q; i.e., there
exists a strictly positive constant w such that

(B(r, z,u) — B(r, z,v))(u —v) > wlu —v[* VYu,v € R, V(r,2z) € Q.

H4: 0 : (0,T) — L*™(Q) is measurable and there exist constants o, and o*
such that

0<o.<o(rzt)<o* V(rnz)eQ, ae te(0,T).
H.5: There exists Hy € W such that By(r,z) = B(r,z, Hy(r, z)) a.e. in Q.

Note that, as a consequence of H.5 and H.2, By € L2(1).
Let us introduce the function ¢ : L2(Q) — R defined by

w(H) = /Qa(r,z,H(r,z)) rdrdz, HeL3(Q), (3.4)

which is well defined because of the last property in H.1. Then, from the assumptions
on a, ¢ is a differentiable convex function in L2(2) (see Ref. 2 ) and its differential,
which we denote Jy, satisfies

Op(H)(r,z) = Oyau(r,z,H(r,z)) = B(r,z,H(r,z)) (r,z) € Q, VH € Lf(Q), (3.5)

the last equality because of (3.3).
On the other hand, for each t € [0,77], let us denote by a;(-,-) the bilinear form
defined by

o 1 19(rH) 10(rG) 0H G
a(H,G) '_/Qa(-,t) (1" or r or +E%

From H.4, we have the following result whose proof is straightforward.

) rdrdz H,GeHL(Q).
(3.6)

Lemma 3.1. The bilinear forms a, : HL(Q) x HL(Q) = R, t € [0,T), are continuous
uniformly in t. Moreover, they satisfy the Garding’s inequality

(G, @) + MGlEai0) = VGl o) VG € HUQ), (3.7)

with A=~ =1/c*.

Let us introduce R € L?(0,7;W') defined by
(R(t), Gywvr = (f(t), Gywwr + (V'(t) = {f(t), 7 hwwr) (rG)Ir,

forall G e W, ae. t € (0,T).
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Now we are in position to prove that Problem 3.1 has a solution.

Theorem 3.1. Let us assume hypotheses H.1 to H.5. Then, Problem 5.1 has a
solution.

Proof. We will derive this result as a consequence of Theorem 2 from Ref. 12.
With this aim, first we rewrite Problem 3.1 as follows:

Find H € L2(0,7; W) and B € H'(0,T;W') such that

t(t) A(H(t) = R(t), ae. te (0,T), (3.8)
B(t) = dp(H(t)), ac. te (0,T), (3.9)
B(0) = Bo, (3.10)

where, for a.e. t € (0,T), A(t) : W — W' is the linear operator induced by a(-,-);
namely,

<A(t)H, G>W/,W = at(H, G) VH,G € W.

Notice that from H.5 and (3.5) we have By = 0p(Hyp). In order to apply Theorem
2 from Ref. 12 to Problem (3.8)—(3.10), we must check all the hypotheses of this
theorem. Some of them are void (C.1 to C.4), or automatically satisfied (A.2, A.6)
or consequence of the other hypotheses in our case (A.3, A.4), mainly because ¢
is time independent (cf. Remark 1 from Ref. 12). In what follows we check the
remaining ones:

A.1: As stated above, in our case ¢ is differentiable and convex.
A.5: From H.3 and (3.5), Oy is strongly monotone; namely,

(O¢p(H1) — 8p(Ha), Hy — Ha)12(0) > w|[H1 — Hal[f2(q) VHi1, Ha € L7(€).
A.7: From H.2 and (3.5),
100(H) 2 () < NillH|l 20y + N2 VH € L2(9).

B.1: A(t) is maximal monotone in W, because it is a linear bounded operator
and a;(G,G) > 0 for all G € W (see, for instance, Ref. 2 ). Moreover, we
also have from the definition of A(¢) that

A H|lw < — IIHIIHI(Q) VH €W, ae. te(0,T).

B.2: Tt follows from the assumption that o : (0,7) — L(Q) is measurable
(cf. H.4) and the fact that A(t) is a linear bounded operator.
B.3: It is a consequence of Garding’s inequality from Lemma 3.1.

Thus, all the hypothesis of Theorem 2 from Ref. 12 are fulfilled and we are
allowed to apply it to Problem (3.8)—(3.10) to conclude the proof. |
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Remark 3.2. As a consequence of H.2, the solution of Problem 3.1 also satisfies
B € L%0,T;1L2(Q)).

Remark 3.3. The above existence result is independent of the slope of the H-B
curve; even an infinite slope is allowed.

Remark 3.4. The previous theorem yields the existence of solution to Problem 3.1.
If the electrical conductivity o does not depend on time, we can also conclude the
uniqueness. Indeed, let H; and Hy be two solutions to Problem 3.1; then, for a.e.
te (0,71,

<3B(H1 (t) OB(H(t))

o ot ’G>W7w,+ a(Hi(t) = Ha(t),G) =0 VG eW,

where a(-,-) denotes the bilinear form defined in (3.6) for o independent of ¢. By
integrating this equation with respect to time, choosing G = Hy(t) — Ha(t) as test
function and using the monotonicity of B, we obtain

W[ Hy () — Ha(t)]|22(0) +a (/0 (Hy — Hy)(s) ds, Hy (t) — Hg(t)> <0.

Thus, by integrating in (0,7), using the equality

2/0Ta (/Ot(H1 — Hy)(s) ds, Hy(t) — Hg(?f)) dt

T T
=a (/ (Hl — HQ)(t) dt,/ (Hl - HQ)(t) dt) (311)
0 0

and taking into account that a(-,-) is positive semi-definite, we conclude that Hy; =
Hos.

4. Numerical analysis

In this section we propose a numerical method to approximate the solution to
Problem 3.1. In order to obtain error estimates for this numerical method, from
now on we consider the following additional assumptions:

H.6 o is time independent.
H.7 B(r, z,u) is uniformly Lipschitz continuous with respect to u, namely: there
exists a positive constant L such that

|B(r, z,u) — B(r, z,v)| < Llu —v| Yu,veR,VY(rz)eQ.

Notice that H.2 immediately follows from H.7.
To impose the constraint of (rH) being constant on I' (cf. (2.14)) we proceed

as in Ref. 22: we make a change of unknown and write the equations in terms of
H :=rH and B :=rB.
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With this end, we introduce some additional notation. First notice that G €
HL(Q) if and only if G :=rG € H%/T(Q). Hence, G € W is and only if G belongs to
the following space:

Y= {Y € H%/T(Q) : Y is constant} ,

which we endow with the H%/T(Q)—norm. Since, H%/T(Q) is densely included in
L%/T (Q), if we identify Lf/T(Q) with its dual space, we have

ycL?, (@cy.

We denote by (-,-) the duality pairing between )’ and ).
From now on, we fix the data of Problem 3.1: b € HY(0,T), f € L%0,T;W)
and By € L(Q), and define R € L*(0,T;)") and By € L}, (Q) by

(R(t),G) == (f(&).r " Chwowr + (V' (&) = (f(B), 7 Do) (Glr) G € Y,ae. t €[0,T],
and
Bo(r,z) :=rBy(r,z) (r,z) €.

Moreover, let

B(r,z,u) == rB(r,z,r'u) (r,z) € Q,uck.
It is easy to check that B is also strongly monotone and Lipschitz continuous,

namely: there exists positive constants w and L (the same as in H.3 and H.7) such
that

(B(r, z,u) — B(r, z,v))(u — v) > wlu —v> Yu,v R, V(r,z) €N (4.1)
and

|B(r, z,u) — B(r,z,v)| < Llu—v| Yu,veR,¥(rz) e (4.2)

Finally, let us introduce the bilinear form a(-, -) : H%/T(Q) X H%/T (©) — R defined
by

a(él,ég) = at(riléhriléQ) :/

Qor

1 8@1 862 aél 862
(87" or + 0z 87“) dr dz

for G1,Gs € H}/T(Q). Notice that now, because of H.6, a; actually does not depend

on t. As a consequence of Lemma 3.1 we have the following result.

Lemma 4.1. The bilinear form a is continuous and satisfies the Garding’s inequal-
ity

WG.C)+ MG (o) 2GRy @ VE € H,(Q),

with A=~ =1/0*.
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Under assumptions H.1 to H.5 we have shown that Problem 3.1 has a solution.
Moreover, under the same assumptions and H.6, it is easy to prove that (H, B) is the
unique solution to Problem 3.1 if and only if (H, B) is a solution to the following:

Problem 4.1.  Find H € L*(0,T;Y) and B € H*(0,T;Y’) such that

<aafié> +a(H,G) = (R,G) VG €Y, ae te(0,T),

B(r,z,t) = B(r,z, H(r, z,t)) a.e. in Q x (0,T),

B(r,z,0) = By(r,z) a.e. in Q.

4.1. Space discretization

We introduce in this section a space semi-discretization of Problem 4.1 and obtain an
optimal order error estimate in the L?(0, 7, L}, (2))-norm. The following analysis
is inspired in Ref. 19 and on the classical numerical analysis of linear parabolic
equations (see, for instance, Ref. 20).

To begin with, from now on we assume 2 is a convex polygon. We associate a
family of partitions {7 }n>0 of € into triangles, where h denotes the mesh size (i.e.,
the maximal length of the sides of the triangulation). Let Y, := V), N Y, where V),
denotes the space of continuous piecewise linear finite elements. By using this finite
element space, we are led to the following discretization of Problem 4.1.

Problem 4.2. Find H), € L2(0,T; V) and By € H(0,T;)"), satisfying
OB), ~ o~ - - ~
(557 G) +alHn, Gr) = (R,Gr) ¥Gn € Vu,ace. t € (0,7),

Eh(r,z,t) = g(r,z,flh(r,z,t)) a.e. in Qx (0,7),
Eh(r,z,()) = EOh(T,Z) a.e. in €,

where we assume that there exists fIOh € YVn such that

Bon(r, 2) = B(r, z, Hop(r, z)) a.e. in €. (4.3)

A convenient Hop, has to be used for the solution of Problem 4.2 to approximate
that of Problem 4.1. A possible (theoretical) choice is the Scott-Zhang interpolant
of Hy :=rH, (see Ref. 17) which preserves its constant values on T'.

The existence of solution to the above problem is given by the following lemma:

Lemma 4.2. There ezists a unique solution to Problem 4.2
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Proof. Let {$;}X, be a basis of Y, then for all ¢ € [0,T], a solution Hj, to
Problem 4.2, can be written as follows:

(r,z,t) Zal @i(r, 2) (r,z) € Q. (4.4)

Similarly, we write

HOhrz Zazgozrz (r,z) € Q.

We set a(t) = (i(t))i<i<k, t € [0,T], and ag = (a)1<i<x. By choosing

Gy =¢j,j=1,..., K, in Problem 4.2, we obtain the following nonlinear system of
differential equations:
d

@C (a(t)) + Da(t) = R(t) a.e. t€[0,T], (4.5)

a(0) = ao, (4.6)

where the nonlinear function C : RE — RE | the matrix D := (D; ;)1<i j<x and
the vector R(t) := (R;(t))1<i<k are defined by

K
1~
Cl(a), ::/Q;B r,z,Z@(r,z)aj @i(r, z) dr dz,
=1

Dij=a(3,@;) and Ri(t):= <J§(t),<ﬁi>.

In order to prove the ex1stence of solution to (4.5)-(4.6), we make a change of
variable: we define v; (¢ fo a;(s) ds, so that a; = di;/dt. Then, integrating in
time (4.5), we obtain

C(Cgf())—&-D@b /R )ds — C () ae. tel0,T],
¥(0) =0,

were ’l,[) (¢1)1<1<K

Since B is strongly monotone and Lipschitz continuous (cf. (4.1) and (4.2)), it is
straightforward to show that C is strongly monotone and Lipschitz continuous, too.
Therefore, C is invertible and C~! is also Lipschitz continuous. Hence, the system
above has a unique solution 9 € C*(0,T;R¥) (see, for instance, Ref. 8), o = dap/dt
is the unique solution to (4.5)-(4.6) and H), given by (4.4) that to Problem 4.2. O

In what follows we will prove error estimates for this semi-discrete problem.
With this aim, let us introduce the so-called elliptic projector P, : Y N H () —
Vi, NH(Q), defined for u € HY(Q) by

a(Ppu,wy) = a(u,wy) Ywy, € Y NH(Q).
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The following lemma yields an error estimate for Pyu. Its proof, based on Galerkin
orthogonality and a duality argument, is standard. From now on, we suppose that
C' is a strictly positive constant independent of h and At (the time step that will
be introduced below).

Lemma 4.3. There exists C' > 0 such that, for all u € Hf/T(Q) NH(Q),

1Phu—ulliz, (o) +hllPau—ullur, ) < Ch?[lulluz, ()

Next, we define the operator ﬁh Y — Yy by
Py = Py(v— (v|p)) + (v|r) Yo e V.
It is easy to show that
a(Pyv,vp) = a(v,vn) Yo € V. (4.7)
Moreover, from Lemma 4.3 we have the following result.

Lemma 4.4. There exists C > 0 such that, for all u € H%/T(Q) ny,

[1Phu = ullz (@) + Pl Pau—ullur (o) < Ch? lullsz, (-

Now we are in position to obtain an error estimate for the above semi-discrete
problem.

Thgorem 4.1. Let H and ﬁh be the solutions to Problems 4.1 and 4.2, respectively.
If H € 1L2(0,T; H?/T(Q)), then there exists C > 0 such that

V= Hlvaoras, @y < C{RAIH .z oy + 1 Ho = Honllez o} (43)
Proof. We proceed by means of a classical technique for parabolic equations. Let
us write

H(t) — Hn(t) = (H(t) - BuH(1)) + (BuFL (1) — Hi (1)) (4.9)

Notice that the term H(t) — P, H(t) can be bounded as in Lemma 4.4. To estimate
the other one, we test Problem 4.1 with G}, € ), subtract from Problem 4.2 and
integrate in time. Thus we obtain, for ¢ € (0,T]

¢
/ %(B — Bh)(t)Gh drdz+a (/ (H — Hh)(s) dS,Gh> = / %(BO — BOh)Gh dr dz.
Q 0 Q

Hence, from (4.7) we arrive at

/Q LB H(t)) - BUHW(1))C dr d= +7 ( /0 (Bl — H)(s) ds, éh>

r

= / 1(éo — Boy)Gy, dr dz + / 1(z?(ﬁhz?f(t)) — B(H(1)))G}, dr dz.
Q ofl

r
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Now we take Gj, := P,H(t) — Hy(t). Integrating in time, using the strong mono-
tonicity and Lipschitz continuity of B (cf. (4.1) and (4.2)) and Cauchy-Schwartz
and Young inequalities, we obtain

w (T~ = ~ 9
5 | IR - By, o i

+ /OTa (/Ot(ﬁhﬁ — Hy)(s) ds, P, H(t) — ﬁh(t)) dt

<TL21§ Hop? L Tﬁf[ H(t)|? d 4.10
_TH 0~ OhHL’;‘/T(Q)"'U ; | PrH (t) — (t)HLf/T(Q) t. (4.10)

To estimate the right-hand side above we use Lemma 4.4, whereas, for the left-
hand side we use the following equality (analogous to (3.11))

/OTa ( / t(ﬁhﬁ — Hy)(s) ds, PyH(t) — gh(t)) gt

0

- %5 </OT(13h]§ — Hy)(t) dt, /OT(ﬁhf[ — Hp)(t) dt) (4.11)

and the fact that
2

T T
%/ HPhH(t)th(t)Hig/rm) dt+6”/ (PnH — Hy)(t) dt
0 0 Hi/r(Q)
T
< f/ [Py H(t) — Hy(t)|?2 o) di
=2/, 1)
1 T T _
+ 25(/0 (P H — Hy)(t) dt,/o (PyH — Hyp)(t) dt), (4.12)

for some positive constant 3, which follows from (4.11) and Lemma 4.1. Thus, from
(4.10) and (4.12) we obtain

T
1PhH = HillL2 0,712, () + /0 (P,H — Hy)(t) dt

H!, (9)

< {2 llro rm, @y — |1 Ho — Honlluz, (o }- (4.13)

1/r

Therefore, (4.8) follows from (4.9), (4.13) and Lemma 4.4, and we conclude the
proof. O

Remark 4.1. If Hy € H? /7_(9), then we can use the Lagrange interpolant of Hy as

Hyy,, and in such a case, we have

| = Hlleo.raz, @) < O { Il + 1 Hollnz, o §-

1/r
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Remark 4.2. It is straightforward to obtain from (4.9), Lemma 4.4 and (4.13) the
following L2(0, T} H}/T(Q))—type error estimate:

sup
te[0,T]

/ (Hy, — H)(s) ds
0

L2(0.TH , (9))

4.2. Full discretization

In this section we introduce a time discretization of Problem 4.2 by means of a
backward Euler scheme and prove its convergence. We consider a uniform partition
{t':=iAt,i=0,...,M} of [0, T], with time step At := T/M, M € N. The notation
02"*1 refers to the difference quotient
z — Zi

At

We consider the following further assumption on the data of the problem:

i+1
5zt =

H.8 f e HY(0,T;W).
A full discretization of Problem 4.1 stands as follows:

Problem 4.3. Fori=0,...,M —1, find E[}ILH €V and EZH € L%/T(Q) satisfying

1om o~ L R ~
;6B;+1Gh dr dz+a(H, ™, Gy) = (R, Gy)  YGy, € Wh, (4.14)

Q
E;LH(T, z) = g(r, z,ﬁ,’fl(r, 2)) a.e. in €, (4.15)
BY(r,z) = Bon(r,2) a.e. in €, (4.16)

where Boyp, is as in (4.3). In the problem above, we have used Ritl e ), defined by
(RF1,G) = (FEH),r ' @wowr+ (06 = (FEH),r hwow) (Glr) - G e,
to approzimate R(t1), i =0,...,M — 1.

The existence of solution at each time step is guaranteed by the following
lemma.

Lemma 4.5. There exists a unique solution to Problem 4.3.

Proof. For eachi=0,...,M — 1, we rewrite (4.14) as follows:
Z(H*Y) = Ry, + F'1 i, (4.17)
with Z : ), — Y, defined by

~ . ~ 1~ ~. ~ ~. ~ ~
(Z(H}l“),Gwym% = / ;B(T,Z,H2+I(T,Z))Gh dr dz + Ata(H T, GL) Gh ey
Q

<C {||ro - ﬁOhHLf/T(Q) + h||ﬁ\|L2(o,T;H§/T(Q))} ,
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and F't1 € ), by

1~ . _ _
—B(r,z, Hy(r,2))Gp dr dz VGp, € V.

ﬁi+1 ~
< 7Gh> or

ViV T

Since B is strongly monotone and Lipschitz continuous (cf. (4.1) and (4.2)) and

1

O—*

(G, Gr) > —[Gulty (@) YCn € I,

we have that Z : )V, — y,; is a strongly monotone, Lipschitz continuous operator.
Thus, applying the Banach fixed-point technique, it can be shown that the equation
(4.17) (i =0,...,M — 1) has a unique solution. (see, for instance, Ref. 16 ). m|

The following theorem provides an error estimate for the fully-discrete problem.

Theorem 4.2. Let H and f[;'fl be the solutions to Problems 4.1 and 4.3, respec-

tively. If H € H(0, T H%/T(Q)), then there exists C > 0 such that

M-1 1/2
<Z AtHH(tl-’rl) — H]%LJFIH%JQ/T(Q))

1
=0

< C{(At + W) Hlgro.rme, () + | Ho — }NIOh”Lf/T(Q) + AL f 2 0,7 }

1/r
Proof. We write as in the proof of Theorem 4.1
H@) = Bt = (A = BEE ) + (PHE) ~ H)  (418)

and focus on estimating the second term. First, by taking G = éh in Problem 4.1,
integrating from 0 to ¢+ € (0,7 and using (4.7), we obtain

l
1~ ~ ~ ~ ~ . ~
“B(H(")) Gy dr dz + Ata (Z Py H(t"), Gh>

ol i=0
tl+1 tl+1
—a < / (Har — H)(1) dt, Gh> + < / R dt, Gh>
0 0
1 ~ ~ -
+/ - By Gy, dr dz VG, € Y, (4.19)
Q

with Ha, being the piecewise constant interpolant of H (i.e., Ha,(t°) := H(t°) and
Hau(t) :== H(t"), t € (#*71,#']). Then, by summing up (4.14) for i = 0,...,l, with
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1€{0,...,M — 1}, and subtracting from (4.19), we have

r
=0

l
/ 1(z?(ﬁhf“{r(tl“)) — B(HSY) Gy dr dz + Ata (Z(ﬁhﬁ(tiﬂ) — Hi*Y, éh>
Q

= / 1(Eo — Bon)Gy, dr dz + / 1(z§(13;j{r(7:l+1)) — B(H(#Y))G), dr dz
Q Q

r r

+a</0

The last term above can be written as follows: for all éh eV

tl+1 tl+1

l
(Ha, — H)(t) dt, éh> + < R(t) dt — AtY R, éh> :
0 i=0

(4.20)

tl+1 tl+1

</0 R(t) thtzl:R"“,éh> :/0 <Ef(t),é> dt

i=0

where Ey € L?(0,T,)) is defined, a.e. t € (0,T) by

(By0.G) = ((F = fa0(0.7C)
_<(f_fm)(t)7r‘1> (GIr)

ww’

for G € Y, with fa; being the piecewise constant interpolant of f defined as above.
Notice that, clearly,

||Ef||L2(0,T;y’) S C ||f - fAtHL2(O,T;W/) . (421)

Now, by choosing G, = P, H(t+1) — ﬁﬁ'l in (4.20) and using the monotonicity
and Lipschitz continuity of B (cf. (4.1) and (4.2)) and Cauchy-Schwartz and Young
inequalities, we obtain

l

Y I 77 = DI (4i rri D77 7

LNPWH ) — HE: o+ Ata (E (P () — B, Pl () - H)
=0

<L—2];'—I§ 2 L—Zﬁﬁtlﬂ—fltlHQ
=5 [ Ho OhHL‘;’/r(Q)+ w ([ PnH ( ) ( )HL2

10 ()

tl+1
+a ( (Hay — H)(t) dt, P, H (') — H,lj1>
0

xy

ES!

Ef(t) dt, P, H(t) — Er}jl> :
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Summing up the above equation for [ =0,..., M — 1, we obtain
o Mol o
3 At||PLH() — HZ+IHL2 ()
1=0
M—1 L o o N
+A Y @ <Z(PhH(t”1) — H™Y, P H(#'HY) - H}fl)
1=0 i=0
L?T 9 L2At 1 I+1
< 7||H0 HOh”Lf/r(Q Z | Py H (#F1) — H(t )||L2/ ()
M—1 g+ N o N
+ALY @ (/ (Hay — H)(t) dt, P,H(t') — H}ﬁl)
1=0 0
M—1 £l
+AEY < Eg(t) dt, P,H (™) — H,§+1> : (4.22)
1=0 \’0

First, we will deal with the left-hand side above. We rewrite its second term by
using the following identity, for [ > 1:

l -1
PyH(!) — HPY =Y (PHE) — HtY) =Y (PoH(ET) — H). (4.23)
1=0 i

Il
=]

Thus we obtain a discrete version of (4.11), namely,

M—1 !
A ) @ (Z(ﬁhﬁ@m) — H;), BHE) - ﬁfﬁ)
1=0 i=0
1 M-1 N M-1 N
=5a (At S (PRHET) — HiPY), At Y (PR HET) - H;fl)) .
1=0 1=0

Using this and Lemma 4.1, we obtain the following estimates for the left-hand side
of (4.22): there exists § > 0 (which depends on w,T and ¢*) such that

w M—-1
3 At|| PLH(t) - HlJrlHLf/T(Q)
=0
1_ M—-1 M—-1
D Ir(4l+1 rrl+1 D Ir(4l+1 rrl+1
+ 5 <At S (PRH) — HPY, At Y (P H(E) — Hy, ))
=0 =0
w M~—1 o
Z 7 At|| Py H () — HHIHW/ (@)
=0
M-1 N 2
+ B At (P HET!) — HT) (4.24)
=0

Hi/r(ﬂ)
Next, we estimate the right-hand side of (4.22). The second term will be easily
bounded by means of Lemma 4.4. For the third term we use (4.23) and summation
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by parts to obtain

M—1

Atz‘a(/o

=0

M-—1
—a ( / (Fay — A1) dr, A1 > (P HE) ~ fii“))
0

=0

tl+1

(Hay — H)(t) dt, Py H(t") — g;fl)

tl+2 !
- Z (/ (Ha; — H)(t) dt, AtZ(ﬁhﬁ(tiH) _ ﬁ2+1)> .

I+1
28 i=0

Hence, using the continuity of @ and Young’s inequality, we obtain that for all a > 0,
there exists C'y, > 0 such that
M-1

AtZ&(/O

=0

tl+1

(Hay — H)(t) dt, P, H(t") — E[;L+1>

M
H 7 (4! 7+l
S Ca”HAt H||L2(OTH1/ (Q)) + At Z(PhH(t +1) _Hh+ )

=0 H}/T(Q)
| M2 L . 2
+3 ALY (PLHETY) - H) (4.25)
=0 i=0 H}/ Q)
For the last term of (4.22), we proceed analogously to obtain
M—1 s o N
Aty </ Ef(t) dt, P, H(tY) —H,lfl>
1=0 0
N M-1 2
S CO‘”Ef”iz(O,T;y’) + 5 At (PhH(tl+1) Hl+1)
1=0 Hy,.(Q)
| M=2 L 2
+ 3 ALY (PLHETY) - H) (4.26)
=0 1=0

By taking o := /2, replacing (4.24)-(4.26) in (4.22) and using (4.21) and the
discrete Gronwall’s inequality, we arrive at

M—1 o N M—1 .
Z At” PhH(tl+1) _ Hllz+1||i§/r At Z tl+1 H}ZL+1)
=0 =0

H}/T(Q)

¢ { [ Hat — HH%@(O,T;H}/T(Q)) +f - .fAtHi?(mT;W’)

M—1
+ || Ho — HOh”i?/,,(Q) + At ZZ (| Py H (1) — H(tlJrl)Hif/r(Q)} . 4.27)
=0
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Thus, the result follows from (4.18), Lemma 4.4 and classical approximation results
for the piecewise constant interpolant. O

Remark 4.3. As noted in Remark 4.1, if H, € Hf/r(ﬂ), then the Lagrange inter-

polant of ﬁo can be used as fIOh and, in such a case, we conclude that
M-1 1/2
(Z At H(#H) — Hz“||ig/,,(m>
i=0
< C{(At + hQ)HH”Hl(O,T;Hf/T(Q)) + h2||HO||Hf/T(Q) + Al 0,7 }
Remark 4.4. A result analogous to that of Remark 4.2 also holds true. In fact,
from (4.18), Lemma 4.4 and (4.27) it is straightforward to prove that

max
le{1,....M}

-1
ZAt(f{'(tiJrl) _ }Nl}il-i-l)
i=0

< C{(At + W H I 0,712, (@) + [Ho = HonllLz, () + At”f”Hl(O,T;W')}'

5. Numerical results

In this section we report some numerical results obtained with a Fortran code,
which implements the numerical method described above. In order to analyze the
convergence properties of the numerical scheme, we apply it to a test problem with
a known analytical solution.

We consider the eddy current Problem 2.1 defined in the meridian section
2 :=[0.06,0.18] x [0,0.06], where the dimensions are given in meters. The right-
hand side f is chosen so that

150exp(t) . ¢/ 7r N . [ 7z
1 = == s (755) s (55)

is the solution to the problem. Notice that H = rH is constant (actually it vanishes)
on the boundary of the domain.

We consider a nonlinear material whose magnetization is given by its anhys-
teretic H-B curve defined by

B(H) := poH + 271‘; arctan (W) , (5.1)
where j1g = 47 x 107" Hm ™, p1,, = 3000 and J, = 1.89 T. This curve, whose positive
part is shown in Fig. 2, is very similar to the first magnetization curve of laminated
steels (cf. Ref. 21). The value of the electrical conductivity is o = 4 x 10° (Ohm
m) L
The problem has been solved in the time interval [0,2] so that the values of
the solution H vary approximately between —12000 and 12000 A/m. Hence, the

nonlinear part of the curve is clearly attained (see Fig. 2).



22  Bermidez, Gémez, Rodriguez, Salgado and Venegas

2
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=
m
0.5
0 L L
0 0.5 1 1.5 2
H (A/m) % 10*

Fig. 2. Positive part of the H-B curve.

The numerical method has been applied with several successively refined meshes
and time-steps. The nonlinear system arising at each time step have been solved
with a Newton’s iteration. A sufficiently small tolerance has been chosen (10~%), so
that the error of this iteration be negligible. The computed approximate solutions
have been compared with the analytical one by calculating the percentual relative
error for H and gradgf in the L2(0,T; Lf/T(Q))—norm by means of

" " 1/2
~ (S, Al - 1 o )
EPY(H) :=100

3

1/2
M ~
b1 At|H(tk)||i§/T(Q))

1/2
u ~ ~
N - (Zk_l At|| grad H(t*) — grad H}Iz€||i§/,,,(9)>
&' (grad H) := 100

1/2
M ~
re1 At || grad H(t’f)”ifh(g))

Table 1 shows the relative errors for H at different levels of discretization. We
notice that by taking a small enough time-step At one can observe the behavior
of the error with respect to the space discretization (see the row corresponding to
At/128). On the other hand, by considering a small enough mesh-size h, one can
inspect the order of convergence with respect to At (see the column corresponding
to h/16). In this example, we observe an order of convergence O(h2 + At) for H,
which is the one expected from the theoretical analysis (cf. Remark 4.3).

In Table 2 we show the percentual relative errors for gradﬁ in the

L2(0,T;L2 /(€2))-norm. In this case, the space discretization error dominates the
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time discretization one, even for the finest mesh. In fact, an order O(h) can be
observed for both time steps. Let us remark that we have not proved theoretically
this experimental result (note that the estimates in Remark 4.4 are in a different
norm).

Table 1. Relative error (%) for H: EAt (H).

h h/2  h/A h/8  h/16

At 291 063 065  0.75

At/2 14.04 3.14 0.61 0.30 0.38

At/4 14.14 0.70  0.15 0.8

At/8 14.19 3.32 0.77 0.15 0.08

At/16  14.21  3.36 0.17  0.04

At/32 14.22 3.37 0.82 0.19 0.04

At/64 1421 338  0.83 0.04
At/128 1420 338  0.83  0.20

Table 2. Relative error (%) for grad H: EAt(grad H).

h  h/2 h/4  h/8 h/16

At 94.04 49.88 25.33 12.73 6.41
At/2 9413 49.95 2536 12.73 6.38

Once the order of convergence is checked, we report in one single figure the si-
multaneous dependence on h and At for H in L2(0,T; Lf/T(Q))—norm by proceeding
in the following way: we choose initial coarse values of h and At and, for each succes-
sively refined mesh, we take a value of At proportional to h? (see the values within
boxes in Table 1). Fig. 3 shows a log-log plot of the corresponding relative errors for
H in the L2(0, T} L3/, (Q))-norm versus the number of degrees of freedom (d.o.f.).
The slope of the curve shows an order of convergence O(h?) = O(h? + At). In a
similar way, Fig. 4 shows an order O(h + At) for grad H in the L2(0,T; L%/T(Q))—

norm.
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Fig. 3. £t (H) versus number of d.o.f. (log-log scale), At = Ch2.
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Fig. 4. ShA‘(grad ﬁ) versus number of d.o.f. (log-log scale), At = Ch.
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