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MULTISCALE HYBRID-MIXED METHOD

RODOLFO ARAYA*, CHRISTOPHER HARDER', DIEGO PAREDES}, AND FREDERIC
VALENTINS

Abstract. This work presents a priori and a posteriori error analyses of a new multiscale hybrid-
mixed method (MHM) for an elliptic model. Specially designed to incorporate multiple scales into
the construction of basis functions, this finite element method relaxes the continuity of the primal
variable through the action of Lagrange multipliers, while assuring the strong continuity of the normal
component of the flux (dual variable). As a result, the dual variable, which stems from a simple post-
processing of the primal variable, preserves local conservation. We prove existence and uniqueness of
a solution for the MHM method as well as optimal convergence estimates of any order in the natural
norms. Also, we propose a face-residual a posteriori error estimator, and prove that it controls the
error of both variables in the natural norms. Several numerical tests assess the theoretical results.

Key words. elliptic equation, mixed method, hybrid method, finite element, multiscale, porous
media
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1. Introduction. Let Q C R% d € {2, 3}, be an open, bounded domain with
polygonal boundary 02 := 9Qp U 9Ny, where 0Qp and 92y denote Dirichlet and
Neumann boundaries, respectively. We consider the elliptic problem to find u such
that

-V-(KVu) = f inQ, (1.1)
KVun=0 ondQy, u=gp ondp, (1.2)

where gp and f are given regular functions, n is the outward normal vector of 0f).
If 9Qp =0, we assume [, u =0 and [, f = 0. The diffusion coefficient K = {IC;;} is
a symmetric tensor in [L>°(Q)]9*? (with its usual meaning) which is assumed to be
uniformly elliptic, i.e., there exist positive constants cpin and cpax such that

Cmin |£|2 S Kl](w)glgj S Cmax |£|2 for all 5 = {51} S Rdu b S Qu (13)

where |-]| is the Euclidian norm. The coefficient K is free to involve multiscale features
as in [11] and [7], for instance.

It is often of interest to approximate both the primal variable u € H'() and
the dual (flux) variable o := —KVu € H(div;Q) (these space having their usual
definitions). The standard approach is to substitute o in (1.1)-(1.2) to yield a problem
in mixed form. In the case of a heterogeneous coefficient /C, it is of particular interest
to look for u and o from the perspective of local problems as a way to collect fine-scale
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contributions in parallel. Such a viewpoint is featured in the works by Chen and Hou
[6] and Arbogast [2]. A different approach, named multiscale hybrid-mixed (MHM)
method, was taken in [10]: u was sought as the solution of the elliptic equation in
a weaker, broken space which relaxes continuity, allows reconstruction of the dual
variable, and localizes computations. It was then shown in [10] that the framework
provides a way to recover the aforementioned multiscale methods and to generalize
them to higher-order approximations. In the present work, we focus on an analysis of
the MHM method presented in [10], providing both a priori and a posteriori estimates.

For the sake of completeness, we now summarize the main points in deriving
the MHM method. The starting point consists of stating problem (1.1)-(1.2) such
that continuity on faces (hereafter this will refer to one-dimensional edges as well) is
weakly enforced through the action of Lagrange multipliers. To this end, we introduce
a family of regular triangulation 7 of € into elements K, with diameter hx and we
set h := maxge7, hi. The collection of all faces F' in the triangulation, with diameter
hp, is denoted &,. This set is decomposed into the set of internal faces &y, the set
of faces on the Dirichlet boundary £p, and faces on the Neumann boundary Ey. To
each F' € &, we associate a normal n taking care to ensure this is directed outward
on 99. For each K € T, we further denote by n the outward normal on K, and
let n¥ := n®|p for each F C K.

We replace the original strong problem by the following weak formulation : Find
(A u) € A XV such that

(KVu, Vo), + (An,[v])e, = (f, v)7, forallveV, (1.4)
(4, [uD)e, = (1,90)g, forall pre A, (15)

where we primarily work with the spaces V := H(T;,) (or V := H(T;) N LE(Q) in
the case 9Qp = () and

A {uefr%(gh) - plp =0, for allFeEN} .

Here, we adopt the notation (umn,[v])s, = ZKeTh(,un-nK,v)aK. We refer the
reader to the definitions of the relevant broken spaces and further details on the
notation (umn, [v])e, in the appendix. However, we mention that (-,-)7; denotes a
broken L? inner product which implicitly indicates summation over the set. Note
problem (1.4)-(1.5) is the standard hybrid formulation from which the primal hybrid
methods arise [15]. In the pure homogeneous Dirichlet case with I being the identity,
such an approach is shown in [17] to be well posed with A\ € H~/2(&,) and u € H*(Q)
being the solution to (1.1)-(1.2); the authors then propose inf-sup stable pairs of finite
element sub-spaces.

We now characterize the solution of (1.4)-(1.5) as a collection of solutions of local
problems which are pieced together using solutions to a global problem. To this end,
we introduce the decomposition

Vi=VyoV;,
where Vj corresponds to
Vo:={veV :v|g €Py(K), forall KT},

and Py (K) stands for the space of piecewise constants. The orthogonal complement in
V corresponds to Vi = L3(7,) NV, and thus a function v € V admits the expansion
v = vy + ’U(J)‘ in terms of unique vy € Vj and Ué‘ =v—1g € VOJ-.
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Next, we observe that by taking (11, v) = (0,v3 |x) in (1.4)-(1.5), a portion of the
solution to problem (1.4)-(1.5) may be found locally in each element K. Indeed, the
component ug of the exact solution can be expanded as

uf =TA+Tf, (1.6)

where T’ and T are bounded linear operators determined by local problems and with
value in Vi-. To be precise, given u € A, T | € HY(K) N L3(K) is the unique
solution of

(KVT p, Vw) e = — (pn-n®, w) for all w € HY(K)N L3(K), (1.7)

oK >
and given g € L2(Q), Tq|x € H'(K) N LE(K) is the unique solution of

(KVTq, Vw)g = (g, w),, forall we HY(K)NL3(K). (1.8)

Further properties of T" and T are presented in Lemmas 8.1 and 8.2 in the appendix.
Note that decomposition (1.6) provides us a way to eliminate the portion of the
solution ug in terms of A and f. We complete the computation of the exact solution
u by selecting (p,v) = (i, vp) in (1.4)-(1.5) and solving the resulting global problem:
Find (A, up) € A x Vp such that

(An, [vol)e, = (f,vo)7,, forall vo € Vo, (1.9)
(,LL n, [[’U,O + T/\ﬂ)gh, - (NagD)gD - (/Lna [[T f]])gh,’ for all p € A (110)

It is worth mentioning that the dual variable
o=—-KV(TX+TFf),

belongs to the space H (div; ) since o n | is continuous across F' € &, and f € L*(Q)
by assumption [5, page 95].

Interestingly, global problem (1.9)-(1.10) may be interpreted as a modified version
of the mixed form of the elliptic problem (1.1)-(1.2). Indeed, owing to the identities
(see [10]),

(:u' n, [[T )‘]])Eh = _(IC VT A, VT/’L)ThM (:u' n, [[UO]])Eh = _(v (IC vT )\)7UO)Th >
(/Lna [[Tf]])gh = _(faT,u)Th, )

(1.11)

we may immediately write (1.9)-(1.10) in the form: Find (A, ug) € A x Vi such that
(V- (KVTN),vo)7;, = —(f,v0),, forallveVp, (1.12)

(KNTANT p)g, + (V- (KVT ), uo) g, = = (1, 90)g, — (f; T )7, forall peA.
(1.13)

In this work, we establish weak formulation (1.9)-(1.10) and its discrete version,
the MHM method, are well posed (Theorem 3.2). We then show a best approximation
result highlighting that the error only depends on the quality of the approximation
on faces (Lemma 3.3), which we then use to prove that the MHM method provides
optimal numerical approximations to the primal and dual variables in natural norms
(Theorem 4.1). Furthermore, an a posteriori error estimator (see Equations (5.1)-
(5.3)) is precisely established in terms of the jump of the primal variable on the
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faces. Interestingly, such a face-based residual estimator is shown to control the
natural norms of the primal and dual variables inside the whole computational domain
(Theorem 5.3), revealing the effectivity and reliability of the estimator.

The paper is outlined as follows: The MHM finite element method is reviewed
in Section 2. Section 3 is dedicated to wellposedness of the method, and Section 4
proposes a priori error estimates. The a posteriori error estimator is developed in
Section 5. Numerical results are then presented in Section 6, followed by conclusions
in Section 7. Some auxiliary results are provided in the appendix.

2. The multiscale hybrid-mixed method. To present a finite element ap-
proximation to global problem (1.9)-(1.10), we shall only require a finite element
space approaching A since the space Vj is already discrete. At this point, we use a
general approach of selecting a conforming finite subspace Ay of A, i.e.,

AL, C AN L2(5h) , (2.1)
making the mild assumption Ag C Ay, where the space Ay stands for
Ao :={peA: plpePy(F), forall Fe&}.

Here Po(F') denotes the space of constant polynomials over faces F' € &,. This
assumption is key to establishing wellposedness. Observe that functions in Aj may
be discontinuous at the vertices (or at the edges in the three-dimensional case), but
are single valued along faces.

We now define the MHM method, which is built by using the subspace Aj in
place of A. Given pj, € Ay, find Ty |k € HY(K) N L3(K) such that it holds

(KV T, Vw) g = — (pn n-n™, w) for all w € H'(K) N LE(K). (2.2)

oK’
Then, using A, in place of A in global problem (1.10) yields the MHM method: Find
()\h,ug) € Ay, x Vg such that

(Anm, [vol)e, = (fyvo)7,, forallvg € Vg, (2.3)
(un v, [uf + TAn]e, = (n,90)e, — (unm, [Tf]e,, forall py € Ay, (2.4)

It is important to note that by assumption on the space Ay, in (2.1), the jump terms
in method (2.3)-(2.4) have a precise mathematical meaning,.

Equivalently, we may express the MHM method in a mixed form through the use
of identities (1.11): Find ()\h,ug) € Ap x Vi such that, for all (pp,vo) € Ap x Vo, it
holds

(v (IC VT)‘h)v UO)Th = _(f7 UO)Th ) (25)
(KT, VT pn) 7, + (V- (K VTpn),ug) . = — (i, 90)e, — (f- Thn)7, - (2:6)

Owing to the fact uy is an element of the finite element space Ay, Ty, is seen as the
linear combination of solutions of the problem (2.2) applied to each one of the basis
functions spanning Aj, with coefficients equal to the degrees of freedom of py, (see [10]
for further details).

We close this section with several comments. Although we find that the mixed
formulation of the Laplace problem is a consequence of the approach, we recall that
the approach is built on an approximation of u. Therefore, we may interpret the
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approach as defining finite elements (i.e., basis functions and degrees of freedom)
for which o-n is well-approximated. Also, an easy computation shows that method
(2.3)-(2.4) (or (2.5)-(2.6)) is locally mass conservative, i.e.,

/Kv-(/CV(TAthTf)):/Kf — /aK/\hn-nK—/Kf,

so that such a feature may be interpreted as the compatibility condition that is fulfilled
by the local problems (1.8) and (2.2).

Also, it is worth noting that since u lies in the same space as ug, the accuracy
of uf depends only on the best approximation of A in Aj. In consequence, optimal
convergence for ul + T A\, + T f and KNV (T A\, + Tf) in the natural norms relies
only on the capacity of A\, to approximate A\. These statements are proved in the
forthcoming Sections 3-5, and numerically assessed in Section 6.

The analysis in this work assumes that 7'\, and T f are exactly known (see [10]
for examples). In general, their numerical approximation is needed. This leads to a
two-level methodology, where the functions 7'\, and 7' f in (2.3)-(2.4) (equivalently
(2.5)-(2.6)) are replaced by their locally approximated discrete counterparts Tj, Ay, and
T, f, where T}, and T, approach T and T, respectively, when the characteristic length
of the sub-mesh tends to zero (see [1] for an example of a two-level strategy with such
a feature). Such computations may be performed either solving the elliptic problems
(1.8) and (2.2) or, if local conformity in H(div; K') is demanded, solving their mixed
counterpart obtained from a recursive hybridization procedure. It is important to note
that in either case, method (2.3)-(2.4) (or (2.5)-(2.6)) consists of the same number of
degrees of freedom, with the local approximation appearing as a preprocessing step
which is easily parallelized.

Finally, if we suppose f is regular (belonging to H'(f2), for instance), then the
MHM method (2.3)-(2.4) maybe simplified by dropping the source term

(:uh n, [[Tfﬂ)gm

and using ug + T \p, to approximate u. In fact, we prove that the induced consistency
error stays controlled in Section 4. As a result, we can completely disregard the local
problem (1.8) in such cases.

3. Wellposedness and best approximation. In this section we show method
(2.3)-(2.4) is well posed and provide a best approximation. First, we revisit an ab-
stract result for mixed problems. Throughout the following sections, we will use C
to denote an arbitrary positive constant that is independent of i but can change for
each occurence.

3.1. Abstract results. We consider the wellposedness of the following problem:
Find (u,p) € W x Q such that

B(u,p;v,q) = F(v,q), forall (v,q) e W xQ, (3.1)

where W and @ are reflexive Banach spaces equipped with the norms ||.||w and ||.||q,
respectively. We assume here that the bounded bilinear form B : (WxQ)x (W xQ) —
R has the specific form

B(u,p;v,q) = a(u,v) + b(v,p) + b(u, q),

where ¢ : W xW — Rand b: W x Q — R are assumed to be bounded bilinear
forms.
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Defining a norm on W x @ by

l(w; )llwxq = l[wllw + 4l

problem (3.1) is well posed if and only if, (¢) the following surjectivity condition holds
(with respect to the operator associated with B(.;.)): There exists a positive constant
3 such that

B .
inf sup (.5 w, q) > g, (3.2)
(u,P)EWXQ (w,q)eEWxQ | (u, p)[lw x| (w, @) llwxq
and, (ii) the following injectivity condition holds:
B(w,q;u,p) =0, for all (w,q) eWxQ = W xQ>3(u,p)=0. (3.3)

Above and hereafter we lighten notation and understand the supremum to be taken
over sets excluding the zero function, even though this is not specifically indicated.
It is well known (see [9, page 101] for instance) that conditions (3.2) and (3.3) are
satisfied given necessary and sufficient conditions on forms a(.,.) and b(.,.). The
sufficiency is revisited in the following lemma, in which we use an alternative proof to
derive a more convenient constant /5 (in terms of its dependence on K) than presented
in [9]. We recall the norm of the operator a(.,.) stands for
a(v,w)

la]| := sup —————— < 0. (3.4)
vawew [[v]lwllwllw

LEMMA 3.1. Let N :={w € W : b(w,q) =0, for all ¢ € Q}, and assume

a(w,v) =0, foralweN =— N>3v=0. (3.5)
Moreover, suppose there exist positive constants ¢, and cp such that:
caollwllw < sup a(w,v), for allw e N, (3.6)
veN' [|vllw
b(w, q)
allgllo < sup ,  forallqeQ. (3.7)
weWw ”wHW

Then, given 8 = the bounded bilinear form B(.;.) satisfies con-

4max{ 1+Ha”)}
ditions (3.2)-(3.3), and pmblem (3.1) is well posed.

Proof. Suppose that (u,p) € W x Q. To define a test function with which to
prove inf-sup condition (3.2) we require an auxiliary function. More specifically, by
[9, Lemma A.42], condition (3.7) implies out that there exists a function u* € W with
the properties b(u*, q) = b(u, q), for all ¢ € @, and

b(u, q)
allutlw < SUp g (3.8)

Since W, NV, and @ are reflexive, we are assured the supremum are achieved in (3.6)-
(3.8) using [4, page 4]. Therefore, since u — u* € N, we conclude the existence of the
following functions:
weN:|o|lw=1 and ¢4lu—u*||lw <alu—u",w), (3.9)
veW:|vlw=1 and clplo <b(v,p), (3.10)
7€Q:dle=1 and cllu’llw <b(u,q). (3.11)
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Now, we define the test function (w,§) € W x Q by (w0, ) := (% U+ %ﬁ), % (j) , where
J is a positive constant to be determined momentarily. It follows from definition (3.1)
that

[(wP)lwxq < llu—u"lw + [[u"[lw + [lpllo

1 1 1
< —alu—u", @)+ C—b(u,(j)—i— —b(o,p)
b

Ca
2 1 41 51 1L
——a( 5 W w) + c_bb(u’l) —b(g )—aa(uaw)
2 R 4 R 1) R 1 . _
—aa(u,w)—l-c—bb(u,q)—l—c—bb(w,p)—aa(u ’w)_éca a(u,v),
(3.12)

where we used b(3 w,p) = 0 since w € N.
We must estimate the last two terms on the right-hand side of inequality (3.12).
First, by definition of ||a| in (3.4), inequality (3.11), and ||@||w = 1, it follows,

éﬂ@mmg%ﬁmwmww/
< %b(w)
4
= % b(u,q) .
Similarly, it holds
5_2caa(u,17) < 2”a“ [l |o]lw
ZQMWWW

Plugging these two results into (3.12), we find

2 a] 2 iyt t el oy 8
-7t < = — b l} — .
(1= 520w + Ipllg < = a(ud) + = (1 +1 20 bu.d) + = b p)

Setting ¢ := 49l ahove and upon defining M := 2 max{ L 21+ ”aH )}, it follows

Caq Ca ’Cb

1 .
3 [ (u, p)lwxq < MB(u,p;w, §).

Ca
llall

Finally, since

< 1, the test function (i, §) satisfies

(@, §)llwxq < 4H Tk IIW7L ||w|\w+— lalle
<1,
and we have thereby verified the inf-sup condition (3.2) with 5 = " - L YT )}
max i

Next, we prove (3.3). Suppose,

B(w,q;u,p) =0, forall (w,q) € W x Q. (3.13)



8 R. Araya, C. Harder, D. Paredes and F. Valentin

If we set w = 0 in (3.13) it holds that b(u, ¢) = 0, for all g € @, so we conclude u € N.
But then by (3.13) it follows that a(u,w) = 0, for all w € A, so that according to
(3.6), v = 0. Finally, by (3.13), b(w,p) = 0, for all w € W, so that we conclude by
(3.7) that p = 0. We have therefore verified condition (3.3). O

3.2. Wellposedness of the MHM method. First, we express (1.9)-(1.10)
such that it fits in the abstract form (3.1). To this end, we define the bilinear forms
a:AxA—Randb: A xV — R by

a(A, 1) = (un, [T A]e, . b(A,0) = (An, [v])e, ,
and, thereby, problem (1.9)-(1.10) reads: Find (A, ug) € A x Vi such that
B(\ ug; p,v) = Fu,vo), for all (u,v9) € A x Vg, (3.14)
where
B(X, ug; t, v0) -
F(p,vo) :

The MHM method (2.3)-(2.4) is written similarly: Find (An,ul) € Ay, x Vo such that

- CL()\, :u) + b(,uv UO) + b()\a UO) )
= fv ’U())Th - (:unv [[Tfﬂ)gh + (,M,QD)5D :
B(Mn,ul; pn,vo) = F(un,vo), for all (un,vo) € Ap x Vp . (3.15)

In order to introduce a norm on A x Vj, we first define a norm on H(div; ) and
a norm on V, respectively, as follows

ot == > (lolx + 193 ), (3.16)
K€7-h

ol == > (4 ol x + Vol &) (3.17)
KeTy

where dg is the diameter of ). Next, we define the quotient norm on A,

= inf v 3.18
=t ol 318
o-n=p on OK,KeT,

Interestingly, from definition of norms (3.17) and (3.18) the following equivalence
holds (see Lemma 8.3 in the appendix): Given pu € A,

V2 b(p, )

- llulla < sup < lplla (3.19)
2 vev [lvllv

which has the immediate consequence that b(.,.) is a bounded bilinear form, as is
a(.,.) since by definition a(\, u) = b(p, T A). Finally, using (3.17) and (3.18), we
equip the space A x V) with the following norm of A x V'

(1, vo)l[axcv = [[lla + llvollv - (3.20)
In the sequel, we will make use of the following tensor norm on C

1Klls i= max L@ Ellog

IR S0, 8 d
‘gl:l |Q|1/2 ) €€R )
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where ||.|[o.q reads the L? norm over Q. By the properties (1.3), the tensor K is
invertible at each point x (its inverse tensor denoted by K~1) and it holds

Cmin S ||’C||2 S Cmax - (321)
We shall also make extensive use of the following value
Cmax
=— 3.22
" Cmin ’ ( )

and note that if the entries of K are constant functions, then s is simply the condition
number of K. We are ready to present the wellposedness result.

THEOREM 3.2. Suppose A\ is an arbitrary subspace of A. Then, given (X, ug), (4, vo) €

Ay x Vi, it holds

B(A\uoi pyv0) < C (A wo)l[axv I (1 v0) [ axv (3.23)
where C' = max{2ﬁ, 1}. Moreover, under the assumption Ay C Ay, it follows
B()‘7 uop; MUy UO)

sup

> p ||()\7U0)||Axv7 for all ()\,UO) e N x Vg, (3.24)
(11,00) EA X Vo H(/%UO)HAXV

where 3 =
and

B\ uo; p,v9) =0, for all (M\ug) € Ay x Vo = A xVp 2 (u,v0) =0. (3.25)

Hence, problems (3.14) and (3.15) are well posed.

Proof. First, we prove (3.23). Since by definition a(\, ) = b(p, TA), it follows by
the equivalence result (3.19), Lemmas 8.3 and 8.1 in the appendix, and definition of
norm (3.20) that

B()\u Uo; Ky UO) = b(Ma TA+ ’LLQ) + b()\u UO)

4max{cmx,1c(1+2 7 and C is a positive constant independent of h and IC,

b(p, w b\, w

< sup 2Dy gl 4 sup 28 gy
wev |Jwllv wev |lwllv
< Iulla(IT Ml + uollv) + AL llvollv

R

< 2—|lullallMla + llullalluollv + M allvollv-
and result (3.23) follows immediately. Observe that in the process of proving (3.23),
we have also established a(\, ) < 22|/ A||all¢]|a, so that we conclude from (3.4),

Cmin

lall < 2—. (3.26)

min

To prove (3.24) and (3.25), we establish the conditions of Lemma 3.1. Define
N :={pe : bluvy) =0, forall vg € Vp}. It follows by the identity (1.11) that
for arbitrary p € N, V- (K VTu) = 0. Using (1.3), we get

—a(p,p) = (KT KV Tp, KV Tp)7,
1
> Y — KV Tl

KeT max

1
> — (I VTuld s+ dall V- (K VTw) )
K€7—h max

1
e (3.27)

Y

max
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where we also used the definition (3.18) of norm ||.||o. Therefore, the operator —a(.,.)
is coercive on N, which verifies (3.5) and (3.6) of Lemma 3.1.

Next, we choose arbitrary vy € Vj, and let o* be the function in the lowest-order
Raviart-Thomas finite element space [16] such that (V-o*,vo)7, > ¢ ||o*|aiv]|vollv,
where ¢, is a positive constant independent of the functions o* and vg. Defining
pu* := o* n, it then follows by indentities (1.11) and the definition of the norm (3.18)
that b(p*,v0) > ¢ ||*]|allvollv. Having verified all conditions of Lemma 3.1 with
Cq = and ¢, noting (3.26), the inf-sup constant § is

Cmax

1

p= dmax{cmax, 2 cp(1 +2k2)}’

where we note that ¢, is independent of A and K. O

3.3. Best approximation estimates. Standard theory implies the MHM me-
thod (3.15) is strongly consistent and provides a best approximation result, as pointed
out in the next lemma. Interestingly, the result shows that the quality of approxima-
tion depends only on the space Aj,.

LEMMA 3.3. Let (\,ug) € A x Vo and (\n,ull) € Ap x Vi be the solutions of
(3.14) and (3.15), respectively. Under the assumptions of Theorem 3.2, the following
results hold:

B\ = A, ug — ull; pin,vo0) = 0, for all (un,vo) € Ay x Vo, (3.28)
and
h c .
[(A = Ansuo —ug)llaxv < = inf [|IA— pnlla, (3.29)
B HrEAR

where C and 3 are the continuity and the inf-sup constants from Lemma 3.2, respec-
tively.

Proof. The first result follows directly from the definition of problems (3.14) and
(3.15). As for (3.29), Cea’s Lemma [19] implies

A= M, ug — ul < = inf A — [bp,Ug — U ,
I1( hyuo — ug)|laxv < ﬂ(#hﬂvo)eAtholl( fihs o — v0) [l axv

so that the result follows by observing ug is best approximated in Vg by taking vy = ug.
d

As a result of the consistency of the MHM method, its solution fulfills the local
divergence constraint exactly, as shown in the next result. Hereafter, we shall make
use of the following characterizations of the exact and numerical solutions u and wuy,

u = uO—I—T)\—I—Tf and up = ug—l—T)\h—FTf,

where (\,ug) € A x Vo and (A, ult) € Ay, X Vg are the solutions of (3.14) and (3.15),
respectively.

COROLLARY 3.4. Let (\,ug) € A x Vg and (A, ul) € A, x Vp be the solutions of
(3.14) and (3.15), respectively. The following result holds

V- (KVup) = V- (KVu) inQ. (3.30)
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Proof. Given vy € V and K € Ty, we select (u,v9) = (0,v9 k) in (3.14) and

(3.15). Then, from identities (1.11) the continuous and the discrete solution u and
up, respectively, satisfy

/V-(ICVuh)voz—/ A - n v
K 0K

Z—/Kfvo

/KV- (K ¥V u) vy

and the result follows by observing that V- (K V(u — up)) |k € R for all K € Tp,. O

REMARK 1. If the contribution T f, which is present in up, is not exactly available
(and must be computed from a two-level method) then result (3.30) must be weakened
to

MgV (KVuy) = UgV-(KVu), foral K €T, (3.31)

where Il is the local L? projection onto the constant space, i.e, g v := ﬁ fK V.
O

From Lemma 3.3, we next provide estimates in natural norms. Some results
make use of the assumption that problem (1.1)-(1.2) has smoothing properties (see
[9, Definition 3.14] for details).

LEMMA 3.5. Let (A\ug) € A x Vo and (An,ul) € Ay x Vo be the solutions of
(3.14) and (3.15), respectively. Then, it holds

Cd
_ b < 2% — .
luo —uglloo < 3 M:IelfAh A = wnlla (3.32)
c .
1KV (u —up)|lai < \/555 M}relfAh A= nlla (3.33)
2K Cdgz .
_ < (1 ) £ oA= , 3.34
v —unloo < ( o 5t A = mnlla (3.34)

where C and 8 are the continuity and the inf-sup constants from Lemma 3.2, re-
spectively. Furthermore, if problem (1.1)-(1.2) has smoothing properties, there exist
positive constants C, independent of h and IC, such that

~2
|u—unlon < Cﬂc - hﬂjggh A= palla (3.35)
C(C+r .
l[uo = ugllo.0 < O%h nf 1A = pnla- (3.36)

Proof. Result (3.32) follows directly from the best approximation result of Lemma
3.3. Next, note that

w—up = (uo+TA+T f) = (ul + Ty +T f)
= (up—up) +T (A= Ap). (3.37)
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Therefore, Lemma 8.1 implies || V(u — up)|laiv < V25 ||A — Anlla, so that result
(3.33) follows from Lemma 3.3. From (3.37) and Lemma 8.1, we observe

lu —unllo < |luo — USHO,Q +da [[T(A = An)llv
2dQK/

[A = Anlla s

and estimate (3.34) results from (3.33) and Lemma 3.3.
To prove result (3.35), we employ a duality argument. Define e := u — uj, and
suppose that (v, wg) € A x V} satisfies

B(p, vo; v, wo) = (T +vo,e)7,, forall (u,v9) € A x V. (3.38)

The problem of finding such a (v, wp) is the adjoint to problem (3.14) with homogenous
Dirichlet boundary condition prescribed on 052, and the right-hand side rewritten us-
ing identities (1.11). Furthermore, define (7o, wo) € Ag x Vj by the finite-dimensional
adjoint problem

B0, v0; 70, wh) = (T po + vo, €)1, for all (o, v0) € Ag x Vi. (3.39)

Both (3.38) and (3.39) have unique solutions by Theorem 3.2 and the symmetry of the
problem statements. Under the assumption that problem (1.1)-(1.2) has smoothing
properties, we observe that the solution w = wy + T v + Te has extra regularity
since f = e € L*(Q2), and there is a positive constant C' (depending only on ) such
that [|wll2,q < % lello,@. From this, Lemma 3.3, and the interpolation estimate (a
particular case of result (4.2))

inf Iy —polla < Chlwlzq,
po€Ao
where C' is a positive constant independent of h and IC, we get

10y = 70, w0 = wg) |l axv < Chfjwl20

C
< hllelloq -
C

min

Therefore, by definition (3.38) of (v, wy), the consistency result of Lemma 3.3, the
continuity result of Theorem 3.2, and the best approximation result of Lemma 3.3,
we find

e,e)7
= (T (A= Xn) + (uo — ug), e)7,
A = A, ug — ufy; v, wo)

(
(A = Ans uo — uf; v — Yo, wo — wY)
|

which establishes (3.35). As for (3.36), using the triangle inequality, the local Poincaré
inequality (8.3) and Lemma 8.1, it holds

luo = ugllo.e < llu—wunlloo + 1T (A = An) 0.0
<lu = unlloo + ChIT (A= n)llv

2K
< ||U—Uh|\0,sz+cc RAIA = Anlla

min
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and the result follows from (3.35) and Lemma 3.3. O

As a corollary to the previous lemma, we can establish bounds which indicate the
impact on the best approximation results of ignoring T f- This requires the projection
IT: V — Vj defined such that for v € V, ITv|x = g v, for all K € Tp,.

COROLLARY 3.6. Let (\,ug) € A x Vg and (A, ul) € A, x Vp be the solutions of
(3.14) and (3.15), respectively. There exist C' such that

1 (=T M)llaiv < € (it 1A= anlla + 1f =T flloa) (3.40)
pn€EAL

Ju= (@l +TAlloe < € (inf A= pnlla+AIf =T floe).  (341)
HREAR

Moreover, if problem (1.1)-(1.2) has smoothing properties, it holds

lw— (ug +T Moo < Ch(uirela A= pnlla +1f =T fllo) - (3.42)
h h

Proof. First, by the triangle inequality we get
1V (=T X)llaiv < 1V (u = un)lai + KV T fllaiv,

so that Lemma 3.5 and Lemma 8.2 imply result (3.40). Similarly, from the local
Poincaré inequality (8.3), we see

u — (ul + T A)loo < llu = unlloo + [T fllo.o
< |lu—unlloo +ChI|KVT fllv .

from which the result (3.41) follows by result (3.34) of Lemma 3.5 and Lemma 8.2.
If problem (1.1)-(1.2) has smoothing properties, we use (3.35) of Lemma 3.5 instead,
which yields (3.42). O

4. A priori error estimates. Note that the result in Lemma 3.3 holds for any
finite element space Aj, under the assumption Ay C Ap. As such, the MHM method
(3.15) achieves optimal convergence given by the best approximation properties of
Ap. In this section, we consider the approximation properties of the subspace

A=A ={pel: plpelP(F), forall Feé&,}, (4.1)

where [ > 0. Supposing 1 < k <141, we follow closely [17] (see [8] for a h — p version)
to show that, given w € H**1(Q), there exists C' such that

inf [|A = plla < CR w10, (42)
piEN

where A = —K Vw-n. This approximation property implies the convergence rates of
the following theorem.

THEOREM 4.1. Let (A, ug) € A x Vo and (A, ult) € Ay x Vg be the solutions of
(3.14) and (3.15), respectively. Assume u € H**1(Q), where 1 <k <1+1, and A; is
given in (4.1). Then, there exist positive constants C, independent of h and K, such
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that
h C k
[(A = Aty uo — ug)|[axyv < Cgh lullk+1,09, (4.3)
C o
—Uup)||div < — k41,0, .

1KV (u = up)llaiv < Ck 5 b Jlul| (4.4)
e —unlloe < € (14 =) SR8 fullsie, (45)

cmln ﬁ

C([C+k
lu—uglloo < C (1 + [ng)> hlullky,0, (4.6)

where C and 8 are the continuity and the inf-sup constants from Lemma 3.2, re-
spectively. Moreover, if problem (1.1)-(1.2) has smoothing properties, the following
estimates hold

2
|u—unllo < C Feom R kg, (4.7)
C(C+k
[|uo — UJSHQQ <C % B+l HquJrLQ. (4.8)

Proof. Result (4.3) follows using estimate (4.2) in the best approximation result
of Lemma 3.3, and results (4.4)-(4.5), (4.7)-(4.8) follow using estimate (4.2) in, re-
spectively, (3.33)-(3.36) of Lemma 3.5. Finally, we arrive at estimate (4.6) using the
triangle inequality, ug = ITw with the approximation property of II, and (4.8) with
h < dgq, as follows

lu = uglloo < llu—uolloo + [luo — ug o,
C(C+k
<C (1 + M) hullksre -
ﬂ min

D A

As a corollary to the previous theorem, we prove the influence of ignoring 7' f on
the best approximation results.

COROLLARY 4.2. Let (A, ug) € A x Vo and (A, ul) € Ay x Vi be the solutions of
(3.14) and (3.15), respectively. Under the assumption of Theorem 4.1, there exist C

such that

1KV (u —T \i)llaiv

IN

C (W lullirro + 1F =T fllog) (4.9)

< C (W lulksa+hlf =T flog). (410

A

l[u = (ug +T N)llo,0
Moreover, if problem (1.1)-(1.2) has smoothing properties, it follows that

lu = (ul + T X)lloa < C (B ullksra + R =TI fllog). (4.11)

Proof. The result is a direct application of Corollary 3.6 along with (4.2). O
The previous corollary indicates that, in the case of lowest-order interpolation (i.e.,
Ap = Ap), excluding T f from the numerical solution does not weaken convergence
rates when f € H'(Q). Consequently, we may disregard the contribution associated
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with T f in the MHM method in such cases, which brings the desirable feature of
avoiding any computation related to local problem (1.8). To see this clearly, consider
the inconsistent MHM method defined by ignoring the term —(p; n, [[T f1)7.- Such a
method reads: Find (5\1,118) € A x Vi such that

BN\, s wsvo) = (frvo)7s + (W, 9p)ep,  for all (g, vo) € Ay x Vp. (4.12)

The next estimates show that the induced consistency error remains smaller than the
leading error for the lowest-order interpolation.

THEOREM 4.3. Let (M ug) € A x Vo and (N, al) € Ay x Vi be the solutions of
(3.14) and (4.12), respectively. Under the assumption of Theorem 4.1, there exist C
such that

IO = Ao = @) laxy < € (B lullisra + RIS =T fllog). (4.13)
19 (=T A iy < € (B ullisra + 1f =T fllog) (4.14)
lu= (@ + T X)llo.e < C (R llullksra+ RIS =T flog) - (4.15)

Proof. Clearly, the inconsistent MHM method (4.12) is well posed. Furthermore,
since the method is defined from the consistent method (3.15) by removing the term
—(un, [T f1) 7. = (f, T )7, (see (1.11)), the first Strang lemma (e.g., [9, page 95])
implies there is a constant C' such that

0= 30— el < €| it IO o = )l
(p1,v0)EA X V)
T
A \(f. T )|
(i vo)erx Vo Il (B, v0)[[Axv
T
HmEN (111,00) EAL X Vo H(MhUO)HAxV

where we used vy = ug. Now, using T i | € L3(K), the Cauchy-Schwarz inequality,
the local Poincaré inequality (8.3), and Lemma 8.1, it follows

(£ T )7 =1 > (f =TT )7

KeTn
< f =T fllo.allT pullo.q
S Chf = flloellT pullv
< Ch|lf =1L flloellmlla
and we find result (4.13) from (4.2). From Lemmas 8.1 and 8.2, we get

1KV (u—TN)|aiw < IKVT (A= X)laiv + 1K VT fllai

<A =N+ 1f =TI fllo,e),

and result (4.14) follows using (4.13). As for result (4.15), we make use of triangle
inequality and Lemmas 8.1 and 8.2, to obtain

u—(af —TN)loe < [luo — aglloe + |17 (A= X)oe
0.0+ ClT A =N)|v
0.0+ CA=X]a,

< Jluo — uf|

< luo — ug|
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and result follows from (4.13). O

5. A posteriori error estimates. Recalling that u, = ul + T \j, + Tf, let us
define the residual on faces as follows

—%[[’U,h]], F e 80,
Rp:=14(9p —un)n, Fe€ép, (5.1)
0, F e 5]\/,

where we assume (for simplicity) that gp € Héé2(8h) N Mj,. Here M;, ¢ H'Y?(&,)
corresponds to the finite dimensional space of trace of functions in V & span{T'¢p, :
¢n a basis for Ap} @ span{7'f} on the skeleton |y, OK. Also, set
Cl Cmin
nr = — 5 [|1RFlloF, (5.2)
hy

where ¢y is defined in (1.3) and ¢; is a positive constant depending on [, but inde-
pendent of K and h, left to be fixed in the next section. The error estimator is given
by

7= [ > nir/za (5.3)

KeTn

with

M= Y -
FCOK
Before heading to the main result of this section, we sharpen a result provided
in [12]. To this end, we equip the local space H'/?(0K) with the following local
boundary norm: given w € HY/2(0K), we define

. _ 1/2
lolhzon = it (IR k + 190l k) (5.4)
v=w on 0K, KET},

and the corresponding dual norm in H~/2(9K)

, W)oK
lell -1 /2,05 == sup A, o . (5.5)
weH/2(K) |||w|||1/2,61<

LEMMA 5.1. Giwen o € H(div; K) for K € Ty, the following trace inequality
holds,

2

lo-n Z1/20K = HU”g,K"‘h%(”V'UHg,K- (5.6)

Proof. Suppose K € T;, and choose arbitrary o € H(div; K) and w € HY/?(9K).
Then, given any v € H'(K) such that v|gx = w, it follows by Green’s Theorem and
the Cauchy-Schwarz inequality,

(0'~nK,w)3K =(o,VU)g + (V- o,0)k

1
0.k +hi ||V'0||0,Kh— [[v]
K

< (lolf x + 1NV allg )2 (B2 101E 1 + IV011E k)2

<l

0.5V 0,K
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Since this holds for all v € H(K) such that v |gx = w, it follows
(o n®, wor < (lollf sk + i NIV-ollf )l /2,05

Next, dividing through by [|w||1/2,6x, the result (5.6) follows since this last inequality
holds for all w € H'/2(9K). O

We also require the following technical result.

LEMMA 5.2. Giwen K € T, let My, |gx be the restriction to OK of functions
belonging to My,. We define the projection operator gy : H='/2(OK) — My, |ax by

(HBK u,mh)a}( = (,u, mh)aK , fm’ all mp € Mh |8K . (57)

Therefore, there exists a positive constant C, independent of h and IC, such that

1/2

IMar pullo,or < Chy "l =1 /2,05 - (5.8)

Proof. First, we observe that My, |opxx € H~Y/?(9K) (and also of L*(0K)) from
classical Sobolev embedding theorems [13, page 87]. Next, from (5.7) with m) =
ok p, using the norm || - || =1 /2, 9x given in (5.5), and a standard scaling argument
(see also [12, page 494]), there exists a positive constant C, independent of h and K,
such that

Moz 1ell§ ok < Null—1/2,0m IMlox pell1 /2,05

—1/2
< Ml -1 2.0k | Mok o,

Dividing both sides by || Hax pllo,0x yields (5.8). O
Hereafter, we shall make use of the following norm on H (div; <)

ol = Y (ol x + %IV ol i) - (5.9)
KeTy

and, also, of the following locally-defined norm: Given F' € &, we set

loldwr = > (AR2I0I3.x + 19013 1)
Kewr

where wp is either the set of (two) elements K, K’ € T, such that K N K’ = {F'} if
F € &, or corresponds to K if FF C 0K N&R/E. We are ready to establish the a
posteriori error estimate, showing the reliability and efficiency of the error estimator.
THEOREM 5.3. Let n be defined in (5.3), and assume u € V and KVu €
H(div; Q). There exist positive constants C, independent of h and K, such that

max { Cmin, K }

KV (u— . . — < C
I (u = up)ldiv,n + Cmin [[u —up|ly < B Cmin €1

n, (5.10)

where B is the inf-sup constant in Lemma 3.2. Moreover, given F € &y, it holds

e < Cemin ||u— un||vws - (5.11)
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Proof. We establish the result (5.10) first. From (3.14) and (3.15), we find for
each (u,v9) € A x Vp,

B\ — A, ug — ull; 1, v0) = BOX — Ay ug — ull; 1, 0)
(um, [u—un])e, (5.12)

Z (M n- nK, —uh)aK + (/1'7gD)5D
KeTy,

= Y (Mo pm-n®, —un)ox + Y Mok i, gp)F
KeTh Feép

> ) Mok pn,Re)r, (5.13)

KeT, FCOK

where we used definition (5.1), the fact that up |axx € M}, |9k, and the extension of
gp|r by zero to 0K when F C K also belongs to M}, |gx. Next, from Lemma 5.1
and Lemma 8.1 (with K taken as the identity matrix) we conclude the existence of a
function o* € H(div;Q) with the property o*-n = u, and [[o*|laiv < v2||plla. As
such, from the Cauchy-Schwarz inequality, Lemma 5.2 and Lemma 5.1, mesh regu-
larity, the definition of norms in (5.9) and (3.16), and the Cauchy-Schwarz inequality
again, it holds

Do Y Mok pn,Re)r < D> > Mok plo.rlRre|

0,F
KeT, FCOK KeT, FCOK
—1/2
<O N n P lulzox (Y IRFIR £
KeTy, FCOK
1
< Clolawn( 2 3 hitIRele)”
KeT, FCOK
1
_ 2
< Clotla( X D hp'IERIE )
KeTn, FCOK
CV2
< llpllamn,
Cl Cmin

where C' is a positive constant independent of h and K. Inserting this into (5.13), it
then follows by Theorem 3.2 and definition (3.20) of ||(.,.)||axv that

1 B\ — X\, ug — ult; i, v
[N = Apyup —ul)laxy < = sup ( h Uo — Ug /4, Vo)
s (1,00) EAX Vo (1, vo) | axv
CV2
< Bemmal (5.14)

Next, since u—uy, = T (A=) +ug—ul, Lemma 8.1 and definition (3.20) of ||(.,.)||axv
imply
IV (= un)llaiv.n < 1KV (w—un)laiv
= [[KVT (A= Xn)llaiv
< V2 A= Mlla
< V2RI = An uo —ug)|laxy
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and

lu = unllv < lluo = ugllv + 1T (A = An)llv

2K
l[uo — ugllv + -

IN

[A = Anlla

min

< max {cmin, £} [|[(X = A, o — ul)|[axy -

Cmin
Therefore, summing up both previous estimates we get
IV (w = un)lldiv,n + Cminllu — wnllv < 2 max {cmin, £} [[(A = Ap, o — ug)l|axy
max { Cmin, K }

<C
B Cmin €l

3

and result (5.10) follows. Now, we turn to proving (5.11). Given a face F' € &, let
w* € A be defined such that p*n|r = Rp and p*n|p =0 for &, 3 F’ # F. Tt follows
by (5.12) and Rr € [L?(F)]? (with its usual meaning) that

HRF||(2),F = (RFu [[U - Uh]])F
< [[RFllo,plI[w—un]llo,r .

and thus, the local trace inequality (8.4) and mesh regularity imply
[1Rello.r < |[[u—un]llo.r

- 1/2
<C Y [rllu = unld e+ AV (u = wn) 1 &
Kewp

1/2 - 1/2
<O 30 Rl = unld e+ 1V (= un) I3
Kewp

= Ch};/2||u—uh|

Viwr »

and multiplying both sides by ¢; ¢min the result (5.11) follows from the definition of
nr in (5.2). 0

Next, we show that a stronger control on the L?-norm holds if we assume extra
regularity.

COROLLARY 5.4. Let i be defined in (5.3) and suppose problem (1.1)-(1.2) has
smoothing properties. Also, assume that conditions of Theorem 5.8 hold. Then, there
ezists a positive constant C, independent of h and K, such that

19 (= un) aiv.n + cmin (7w = unlloe + 9 (u = un)og)

max {Cmin, K} + 5 2

C
Cmin
ﬂ Cmin C|

)

where 3 and C are the inf-sup and the continuity constant in Lemma 3.2, respectively.

Proof. Using (3.35) of Lemma 3.5 and (5.14), we establish that

~2
h™Hlu = unllog < C 2—[A = Aulla
min
CQ
<Cogm—0,

- ﬁ2 C?nin a
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where C' is a positive constant independent of h and K, and the result follows from
Theorem 5.3. O

We close this section with some important comments. First, if f is assumed
piecewise constant in each K € Tp, then the estimator np is driven by the simplified
face-residual terms

— 2 [ul + T A, Feé&,
Rp:=4{(9p —ul —TA\)n, Feé&p, (5.15)
0, Feéy,

as T f vanishes according to (1.8). More generally, from the trace inequality (8.4) we
have

i 1. 2 & en2 1/2
I Fllor < € [T FIRac + b VT £

and, since T f € L3(K), the Poincaré and trace inequalities (8.3) and (8.4), respec-
tively, imply

T f1llo.r < CRLZIVT fllo,x
< CHLP|F -k fllox

where we used Lemma 8.2. Consequently, the error is also bounded by the estimator
given in (5.15) added to

[ hells — e £l ]

KeTn

which corresponds to a higher-order term if f is regular and [ is low. Finally, if u €
H*1(Q) with 1 <k <1+1,and [ >0 is the degree of the polynomial interpolation,
then the estimator 7 satisfies the following estimate

n < ChFlulksra-

6. Numerical results. As the a priori estimates have already been verified in
[10], this section is dedicated to the validation of the a posteriori error estimates. We
present three illuminating numerical experiments computed using the triangle soft-
ware [18] to perform mesh adaptations. In all cases, the domain is a unit square which
is decomposed into triangles. The first numerical test aims at validating theoretical
results, while the second and third ones deal with the capacity of the MHM method
and the a posteriori estimator to handle problems with singularities. One of these has
a jumping coeflicient, while the other is the quarter five-spot problem. The latter,
in spite of lying outside the scope of current theoretical framework, is investigated
as a way to demonstrate the robustness of the MHM method and its associated a
posteriori estimator.

6.1. An analytical solution. This numerical test assesses the theoretical as-
pects of the method presented in the previous sections. We consider an analytical
solution u(x,y) = cos(2wx) cos(2 7w y) and prescribe the corresponding boundary con-
ditions and right-hand side. To study the reliability and efficiency of the estimator
(5.3), consider the following index of effectivity

- "
|u—uh|E’

Ey -
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where the corresponding values of ¢; are 3, 7, 18, 50, for [ = 0,1, 2, 3 respectively, and
Ju = wnlie 1= IV (= wn)llasv,n + min (A = wnllo.e + 1V (= un)llo.a )

First, we set K = I, where [ is the identity matrix, and illustrate the results in
Tables 6.1 and 6.2 and in Figures 6.1 and 6.3, with [ = 0 and [ = 3, on a sequence
of structured triangular meshes. We also vary K = oI with a € R ranging from
107% to 10%, and we investigate the index of effectivity with respect to the value of
K (see Figures 6.2 and 6.4). We observe that the results match perfectly with the
theoretical order of convergence (linear when [ = 0 and fourth order for | = 3) and we
verify that the index of effectivity stays close to one and independent of A and K in
all cases. Analogous results also arise using [ = 1 and [ = 2 by modifying the values
of ¢; accordingly.

TABLE 6.1
Convergence history for K =1 and |l = 0.

h lu—unle  m Ey
0.2500000 6.286 4.398 0.709
0.1250000 2.410 2.157  0.896
0.0625000 1.078 1.071  0.994
0.0312500 0.520 0.535 1.027
0.0156250 0.258 0.267 1.036
0.0078125 0.129 0.134 1.039

107

T
IS TR

—8—
—h

10 ]

10 10
h

F1c. 6.1. Convergence curves with I = 1. Here | = 0.
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1.046 - 7
1.044 1 7
1.042- 7

1.04F 7

1.038- b

1.036 - 7

1.034- b

1.032- b

L L L L L

10° 10" 107 10° 10° 10" 10°

FiG. 6.2. The index of effectivity shows independence with respect to K = alI (on the finest
mesh). Here l = 0.

— T T T T T T

F1c. 6.3. Convergence curves with IC = 1. Here | = 3.
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TABLE 6.2
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h [ —up|E i Ey
0.2500000 2.595 x 1072 2.637 x 10~ 1.016
0.1250000 1.600 x 1073 1.605 x 10™3  1.003
0.0625000 9.986 x 107> 9.941 x 10~®> 0.995
0.0312500 6.240 x 10~%  6.198 x 10~ 0.993
0.0156250 3.900 x 10~7 3.872x 10~7 0.993
0.0078125 2.437 x 1078 2.419x 108 0.993
—o—F
1.08 R
106} R
104} R
102} R
17 4
0.98} R
0.96]- R
0.94} R
092} R
091 R
10° 10" 10° 10° 10° 10" 10°

o

FiG. 6.4. The index of effectivity shows independence with respect to K = alI (on the finest
mesh). Here | = 3.

6.2. A discontinuous coefficient case. We now consider performance of the
MHM method and the a posteriori estimator (5.3) in the presence of discontinuous
coefficients. We let K = 107671 in a square of area 0.25 centered at the barycenter
of the unit-square domain, and take /C = I elsewhere. Dirichlet conditions of u = 1
and v = 0 are used on left and right-hand sides of the square, respectively, with
homogeneous Neumann conditions on the top and bottom. It is worth of mentioning
that the performance on this test motivates the use of the MHM method in oil recovery
applications where different permeabilities are present. Figure 6.5 presents the initial
mesh and the final adapted mesh obtained using | = 2 on the faces. We see that the
mesh has been adapted to capture the singularities at the corners of the square area
having I = 1076 1.
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Fi1G. 6.5. The initial mesh (4 elements) and the final adapted mesh (848 elements) with | = 2.

F1G. 6.6. Surface of the absolute value of the fluz, |oy|, with | = 2.
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Observe also that the estimator has led faces to be aligned with this square area,
thereby allowing accurate approximation of the flux (o), := —K Vuy) between the
regions with different . In fact, consider Figure 6.6, which shows the absolute value
of the flux variable. We see very good approximation, with great performance across
the interface between the regions with different coefficients.

6.3. The five-spot problem. The quarter five-spot problem is of practical
importance in oil recovery and serves as one of the main benchmarks to validate the
stability and accuracy of numerical methods for the Darcy model. This problem is now
addressed considering K = I in a unit square domain, with injection and production
wells modeled by Dirac deltas. Figures 6.7 and 6.8 present the initial and the final
adapted meshes adopting [ = 0 and [ = 2 on faces.

F1a. 6.7. The initial mesh (2 elements) and the final adapted mesh (356 elements) with | = 0.

F1G. 6.8. The initial mesh (2 elements) and the final adapted mesh (184 elements) with | = 2.
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As expected, mesh refinement is concentrated around wells, and we see that the
use of higher-order approximation on faces (I = 2) lowers the number of elements
required to achieve the same precision when compared to the case [ = 0.

g%ﬂqggs
SR

Fi1c. 6.9. Surfaces of up, (left) and the absolute value of |op,| (right) on the final adapted mesh.
Here | = 0.

Fi1G. 6.10. Surfaces of up, (left) and the absolute value of |op,| (right) on the final adapted mesh.
Here | = 2.

This is illustrated in Figures 6.9 and 6.10, in which we show surfaces of the primal
and dual variables, i.e. up and o, respectively, on these adapted meshes. Overall, the
results show that the MHM method and its associated error estimator deal perfectly
with problems which lie outside the theory in which they were developed.

7. Conclusion. The MHM method, first presented in [10] as a consequence of
a hybridization procedure, emerges as a method that naturally incorporates multiple
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scales while providing solutions with high-order precision in the H*(Q) and H (div; ()
spaces for the primal and dual (or flux) variables, respectively. The analysis results
in a priori estimates showing optimal convergence in natural norms and provides a
face-based a posteriori estimator. Regarding the latter, we prove that reliability and
efficiency hold with respect to natural norms. Although the computation of local
problems is embedded in the upscaling procedure, they are completely independent
and thus may be obtained using parallel computation facilities. Also interesting is
that the flux variable preserves the local conservation property using a simple post-
processing of the primal variable. Overall, the aforementioned features stem from
a new family of inf-sup stable pairs of approximation spaces based on the simplest
space (i.e., piecewise constant functions) and face-based interpolations. Numerical
tests have assessed the theoretical results, showing in particular the great performance
of the proposed a posteriori estimator. Thereby, we conclude that the MHM method,
which is naturally shaped to be used in parallel computing environments, appears to
be a highly competitive option to handle realistic multiscale boundary value problems
with precision on coarse meshes.

8. Appendix. Throughout this work, we require the notion of the following
broken Sobolev spaces:

H™(Tn) == {v e L*(Q) : v|x € H™(K), K € To},
HE (&) = {u € lger, HE(0K) : Jve HY(Q) s.t. plox = vlox, K € Th} ,

H_%(gh) =

— =

pellger, H 3 (OK) : 3o € H(div; Q) s.t. plox = o nlox, K € n}
Hiy(€) = e, Hip(F).
where we identify Hz (OK) by
H2(OK) = {p e L*(0K) : 3ve H(K) st. p=vlox, K € Th} ,

and H~2(0K) its dual space. Also, we denote by Hoéo (F) the functions in Hz (F)
(with the usual definition) for which its extension by zero to K belongs to H/?(9K).

We recall (c.f. [13, page 99]) that the dual space of HO%O(F) corresponds to H™2 (F).

To better understand the behavior of functions in H'(7,) on &, we introduce
the notion of jump [ -] and average value {-} (see [3]); given a function v € H(T3),
these are defined on face F' = 0K, N 0K, € & by

1
]l == o™ | pnit + 0™ p a2, {vhr =3 (W5 + 052 p),

where v € HY(K;), i € {1,2}. Furthermore, we define the jump and average values
of vector-valued functions o € [H 1(7@)]{ respectively, by

1
[o]lr = o™ |p-mpt + ™2 ng?, {0} |F = 5 (@ r+ 0" r).

For faces F' € EpUEN with incident triangle K, we define the jump of a scalar function
and average value of a vector-valued function by

[]lr =vlEng,  {o}|r=0"|F.
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An important identity holds regarding these values,

Z (UK' nKa UK)BK = ({U} ) [[v]])f,‘h + ([[U]]v {U})go ) (81)

KeTy

where (.,.)g, and (.,.)g, implicitly indicate summation over the respective sets &, and
&oy. Here and throughout this work, we understand (., .)gx in the sense of a product of
duality so that given u € H~2(9K), (1, v)ax makes sense for arbitrary v € Hz (9K).

In the case that o € [H'(73)]¢ N H(div; Q), defining A > p := o n it holds from
(8.1) that

Z (un-nK,vK)aK:(un, [[U]])Sh ) (8.2)
KeTy,

In the general case o € H(div; (), the right-hand side of the above equivalence may
lose its mathematical meaning. Nonetheless, since the right-hand side is suggestive
of the action of the left-hand side (which continues to be valid mathematically) we
adopt it as a formal notation throughout this work when o belongs to H(div; ).

Also, we shall need some auxiliary results such as the optimal local Poincaré
inequality (on convex domains): For v € HY(K) N L3(K) it holds [14],

h
lollo.c < == 1V0llok (8:3)

and the local trace inequality: Given v € H'(K) there exists a C, such that

1 1/2
lollo.ox < c(ﬁvnaﬁwnwnﬁﬂ) . (8.4)

Next, we prove some of the auxiliary results which are used in previous sections.

LEMMA 8.1. Let u € A and suppose K € [L>(Q)]4*? is symmetric positive
definite. Define T : A — V such that for each K € T, T u|x € HY(K) N L3(K) is
the unique solution of

(KVTp, Vw) e = = (pn-n®, w),, o, forallw e H'(K) N L§(K).

Then, T is a bounded linear operator satisfying the following bounds:

VT bl < VIR ] (5.5)
KR
ITully < 2"l (5.6)

Proof. By definition (3.16) of ||.||4iv, the fact V- (KVT p) |k € R with the identi-
ties of (1.11) imply

ICVT 3y = 3 [IKVT ulld g + d3 V- (K VT )3 |

KeTn

< 3 [(CIT K2V T ) + B (V- (K VT ), V- (K 9T )
KeTy,

< Z _(Mn'nKacmaxTM‘i‘d%V' (’CVT/L))@K7

KeTy,
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where we used (3.21). Therefore, since cpax T g+ d3 V- (K VT ) € V, it follows by
the local Poincaré inequality (8.3) and the fact V- (K VT u)|x € R,

b, v) - 1/2
IICVT pl|3;, < sup [ > (dgP lemaxT p+ dGV- (K VT w)|[§ 5 + HCmaXVTU”(Q),K)}
P Tl L 2

b(p, v _ 1/2
< s1€1€ |('U|V) [ Z (2dg” I T I3 i + 23|IV (K VT p) I3 5 + CrznaXHVTIUJHg,K)}

KeTy,
< sup > (VT i+ 2dRIV- (VT Wk ) |
veV ||UHV KeT, T Chin

Then, using definition of x in (3.22), we get

b
1K VT llase < V2 r sup 202

. 8.7
S Tolly 8.7)

Now, choose arbitrary v € V| and suppose that o € H(div; () satisfies the property
onf s = pn-nf for 4 € A. Tt follows by (8.2), Green’s Theorem, and the
Cauchy-Schwarz inequality that

S (un e = 3 (unen®, ook

Feé&y, KeTy,

- Z (0’~’I’I,K,1))3K
KeTy,

= Z (V-o,v)k + (0, VV)K]
K€7-h

< Y [da V- ollox dg" vllo.x + llollo.x Vollo.x]
KeTy,

< lloflavllvlv-

Then, by definition of supremum, it follows that

b
sup (ILL,U) = sup (,una [[’Uﬂ)gh
vev vllv wev  lvllv
< [loflaiv -

Since o was arbitrarily taken, inequality above and definition of infimum imply

by, v)
sup
vev [vllv

< lulla (8.8)

and result (8.5) follows immediately replacing the result above in (8.7). The bound
(8.6) follows using the Poincaré inequality (8.3) and result (8.5). O

LEMMA 8.2. Let ¢ € L*(Q) and suppose K € [L>=(Q)]?*¢ is symmetric positive
definite. Define T : L*(Q) — V such that for each K € Ty, T'q|x € H'(K) N LE(K)
is the unique solution of

(KVTq, Vu)k = (qw)r, foralwe H(K)NL3(K). (8.9)
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Then, T is a bounded linear operator satisfying the following bounds:
1KV T gllasy < V2da kg —goq. (8.10)
. K
ITallv < 2do —lg —dllog- (8.11)

Proof. First, we establish (8.10). Note that (3.21), the fact Tq|x € L3(K) N
H!'(K), and the Cauchy-Schwarz and the local Poincaré inequality (8.3), and hx < dgq

imply
1KV Tqllg s < IKll2(KVTq,VTq)xk
< Cmax (0,7 Q) K
= Cmax (0 — Tk ¢, T )k
< Cmax 17 — T qllo.x | qllo.x
< gdn g — Tk qllo.x KV T g

0,K -

Furthermore, it holds from (8.9) that —V-(KVTq)|x = ¢ — g q. Therefore, by
definition (3.16) of ||.||aiv, and observing that 1 < x, we get

1KV T3 = Y. |[IKV Tl
KeTy

K 2
<o max{(;) ,1} lg—TalZ.

from which the bound (8.10) follows immediately. The bound (8.11) follows using the
local Poincaré inequality (8.3) and the result (8.10). O
LEMMA 8.3. Suppose p € A. It follows that

V2 b(p,v
— llulla < sup (1 ) < lulla
2 vev |[vllv

o +ddllg— Tk qllf x

Proof. Choose arbitrary u € A. The left-hand bound follows from equation
(8.7) (with K as the identity matrix) to establish there exists o € H(div;2) with
the properties that o n|sx = ulsx and @Ha”div < sUpuey %. The right-hand

bound is equation (8.8) in the proof of Lemma 8.1. O
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