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Abstract

In this paper we propose and analyze a Local Discontinuous Galerkin method
for an elliptic variational inequality of the first kind that corresponds to a Poisson
equation with Signorini type condition on part of the boundary. The method uses
piecewise polynomials of degree one for the field variable and of degree zero or one
for the approximation of its gradient. We show optimal convergence for the method
and illustrate it with some numerical experiments.
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1 Introduction

This paper is concerned with the numerical solution of a model problem that can be
written in terms of a variational inequality of the first kind in a closed convex set. In
differential form the problem is:

—Au=f in €,
u=gp on Iy, (1.1)
u>0, u>g, u(Ou—g)=0 on I

Here €2 is a polygonal domain in the plane whereas the polygonal curves I' and I'y form
a subdivision of its boundary (see Figure 1 for a sketch of the geometry). This problem
is a scalar version of the Signorini problem, that arises when we exchange the Laplace
operator by the Navier—Lamé (linear elasticity) operator and all occurrences of the normal
derivative by the normal stress. The Signorini problem is an important linear model for
elastic behavior with friction conditions on the boundary (or on part of it). For more
on the Signorini problem, we refer the reader to the already classical text [17]. Problem
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(1.1) includes a three conditions on the friction boundary I': two inequalities and a
complementarity condition.
In variational form this problem corresponds to minimizing the functional

3 [ 1vuk= [ fu=[gu

K:={ueH(Q):u=go onTy, u>0 onl}.

over the set

In its turn, this minimization problem can be written as a variational inequality of the
first kind on the convex set K:

ue K,
/QVU-V(U—U)2/9f(v—u)+/rg(v—u) Yo € K.

Elementary results on this very simple type of variational inequalities can be found in [15]
or [17]. Finite element approximation of this and more complicated variational inequalities
has been the subject of intense research since the very dawn of this popular method.
The above mentioned monographs include statements of results on this approximation.
An introduction to this subject can be found in [4, Chapter 11}, including results that
already appeared in original papers as [7]. In addition to the usual inherent difficulties
of variational inequalities associated to elliptic problems (such as regularity issues), finite
element approximation adds the analytical difficulty of the appearance of a consistency
error term due to the fact that the finite element approximation of the convex set K is not
a subset of it. Apart from the interest of obtaining fine estimates for this approximation
process, its theoretical study is a source of novel mathematical techniques in finite element
analysis.

In this work we are going to propose the numerical solution of this problem by one of
the many Discontinuous Galerkin (DG in the sequel) methods that appear in the liter-
ature. DG methods applied both to steady—state and dynamic problems have attracted
the attention of theorists and practitioners (two seminal references are [1] and [16]). The
number of different DG methods increased during the decade of the nineties. The need for
organizing, classifying and finding common features (as well as differences) was fulfilled,
in the case of DG methods applied to elliptic problems, in [3]. Many of the methods
studied in that paper shared the possibility of being written both in primal and mixed
form. In the primal form only the discretization of the original unknown (u in our case)
is shown, whereas the mixed form emphasizes the fact that a numerical approximation of
the flux (Vu in our case) is being computed at the same time. Among the advantages of
DG methods, the possibility of handling very general partitions (with multiple hanging
nodes) and varying the polynomial degree from element to element have been advertised
as desirable characteristics for dealing with complicated geometries and using simple local
adaptivity procedures.

Among the methods discussed in [3], there is the Local Discontinuous Galerkin (LDG)
method, that appeared in its current formulation in [12]. The natural form for this
method is the mixed one and the primal form appears here as just a trick for analysis.



The LDG method has grown since in new directions, by adding more possibilities of how
numerical fluxes (the main ingredient of DG methods) depend on the different discrete
variables, as in [10]. In particular, some of these methods admit hybridization, a very
useful computational feature that appeared in [2] for some mixed and non—conforming
methods, allowing to reduce computations to the skeleton of the discretization. LDG
methods that can be hybridized cannot be however be written in primal form. Since the
primal form is at the very heart of our proposal for the method, based on the discretization
of the minimization problem, we are not able to deal with this promising feature at the
present state of our research. Among some of the advantages of LDG is the fact that it
is a naturally mixed method, offering simultaneous approximation of the primal variable
and the flux, as well as the simplicity of the treatment of several kinds of non-linearities
8], [9].

In this paper we will present and analyze an LDG approximation of the minimization
problem and will explain some practical issues related to implementation. To keep the
analysis simple we will restrict ourselves to linear elements and will emphasize how DG
methods that can be written in primal form can be applied to variational inequalities.

Notational foreword. To distinguish easily between scalar—valued and vector—valued
quantities, we will always use boldface fonts for vectors. The symbols < and = will be
used as accustomed in much of the finite element literature. When we write a < b we mean
that there exists a quantity C' > 0 that does not depend on the discretization parameter
h such that a < C'b. If a < b < a, we just write a & b.

2 The LDG gradient

Consider a plane domain €2, whose boundary is composed of two closed polygonal lines
[ and Ty (Figure 1). For given f € L?(Q2), go : 'y — R and g : I' — R (the regularity
conditions on these two will be given in the sequel), we consider the problem

—Au=f in €,
U= go on F07 (2.1)
Ju=g onl,

as well as an LDG discretization of it.

We consider a sequence {7} of partitions of €2, each formed by shape-regular triangles
with possible hanging nodes. In principle, to avoid unnecessary difficulties, we consider
triangulations that are refinements of conforming triangulations a la Ciarlet (see [5]).
Bounded variation of the triangulation is also assumed, i.e., sizes of adjacent triangles
have to be asymptotically comparable. We consider the broken Sobolev spaces

H\T) = [[ H\T),  HY(T) =[] [H1<T)]2.

TeT;, TEeT,

Traces from these spaces on the boundaries I' and I'y are to be understood always element
by element without further clarification. The interior skeleton Z; is defined to be the union
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Figure 1: The very simplified model geometry. The Dirichlet boundary I'y is set apart
from the friction/Signorini boundary I' to avoid unnecessary complications.

of all the edges of elements. The trace of functions in H'(7,) and H!(7},) on the interior
skeleton is a double valued function. We are going to use the standard notation of [3] for
interelement averages and jumps: if e = 71 N75 and vy, is the normal vector on e exterior
to T;, then we write

[[u]]e =un VT UV, {u}e = %(U/Tl + uT2>’

[[T]]e =TT VU T VT, {T}e = %(TTI + TT2)'

With these definitions, it is easy to prove the discrete divergence theorem

/Q<vh”'”“d””> - /MO“(T'VH /I , (o1 {7} + {o}irD), 22)

where V), and div, denote respectively the gradient and divergence operators applied
elementwise.

We next consider two bilinear forms depending on traces of functions of the broken
Sobolev spaces, A : H'(7,) x H (7;,) — R and S : H(7,) x H(7,) — R, given by

Alu,v) = /I;z afu] - [v] +/F0auv

Swr)i= [l ((ry = [718) + [ ulr-v)

h Lo

and

They both constitute important elements in the definition of the LDG method. Here «
and B are constant on each edge and we assume that

e~ ht 8. <1 Ye.

Finally we introduce the two discrete spaces for the LDG discretization

V= [[PuT). == ]] [IP’,,(T)F, re {01},

TeTy, TeT,
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P.(T) being the space of bivariate polynomials of degree not greater than r. The global
formulation of the LDG equations is given by

-O'hEEh, uhGVh,

/o'h-‘rh—(/thh~7'h—5(uh,7'h)> :/go(’rh'l/> VT}ZEE}“ (23)
Q Q o

(/ Vv - o — S(U}“ O'h)> + A(Uh,l)h> = é(vh) —|—/ « go Up, \V/Uh € Vh,
Q

((v) :—/vajL/ng.

Derivation of these global equations from local equations, that can be easily interpreted
in terms of local numerical fluxes, can be found in [3] or [8]. We will take them here as a
given and proceed onwards.

We now define the operator S, : H(7;,) — X, given by the relations

with

/Sh’U'Th:S(U,Th) VThEEh,
Q

the corrected gradient (the LDG gradient) operator
Vz = Vh - Sh,

and the discrete function g) € 3, such that

/gg'ThZ/g()(Th'V) V‘rhEEh.
Q To

Notice that in case it is needed, g9 can be computed on an element-by—element basis and
that the support of g is limited to the set of triangles having an edge on I'y. Note also
that for the exact solution of (2.1) we have

Viu=Vu—g). (2.4)

With these notations, the first equation in (2.3) can be written as

/O'h-Th—/VZuh~Th:/g2'Th V1, € 3.
Q Q Q

Since V;, : Vj, — 3, this equation is equivalent to the identity
o, = V;‘Luh + gg
Substituting in the second equation of (2.3), we obtain

ap(up, vn) = Lu(vp) Yo € Vi, (2.5)



where

ap(u,v) = /QV;U -Viv+ A(u,v)
and
G0 = ) +60), B0= [ amu— [ & Tiv (2:6)
0
Notice that (2.5) is equivalent to the minimization problem
%ah(uh,uh) — U (up) = min!, up € Vj. (2.7)

Here and in the sequel we will use Zeidler’s shorthand writing for minimization problems
(see [20] for example): problem (2.7) is to be read as the minimization (in the sense of
finding the argument where the minimum takes place) of the functional a(up, up)—Cp(up)
subject to the condition up € Vj.

Some analytical properties concerning elements that have appeared here will be given
in Section 4

3 Variational problem and its LDG discretization
Consider the set
K::{ueHl(Q):u:go on Iy, u>0 onF}
and the bilinear form
a(u,v) = / Vu - V.
Q

The minimization problem

sa(u,u) — {(u) = min!, ue K (3.1)
is equivalent (see [4] or [11]) to the variational inequality

ue€ K,

(3.2)
a(u,v—u) > L(v —u), Vv e K.

By elementary results on quadratic minimization on convex sets of Hilbert spaces these
problems are uniquely solvable. Note that they are weak forms of (1.1). Consider now
the discrete set

KhI:{UhGVh sup >0 OHF}

and note that we have dropped the Dirichlet condition on I'y in the definition. Motivated
by the LDG discretization of the boundary value problem (2.7), we consider the discrete
minimization problem

%ah(uh, uh) — Eh(uh) = min!, up, € Ky, (33)



This problem is equivalent to

Up € Kh,
(3.4)
ah(uh, Vp, — uh) > gh(vh — uh) V’Uh c Kh,
and to (K}, is a closed conic set with vertex on the origin)
up € Kh,
ah(uh, Uh) = Eh(uh), (35)

ah(uh,vh) > gh(Uh) Yy, € Ky,

Before carrying out the analysis of the method let us detail how the functional and
its gradient can be effectively computed. Everything reduces to the ability to evaluate
an(vp, wy) and €9 (vy,) for arbitrary vy, w, € Vj,. In fact, in £, most terms can be handled
in a simple way, and we only have to take care of how to compute

/ g2 : v;;’Uh.
Q

Let us choose a basis {¢;} for V,, and another one {o;} of 3, constructed by joining
bases for the spaces on each element. Consider then the matrices A, B and C whose
elements are

Qij = /Qo'j c O, bij = /th%' O — S(%AW% Cij = A(%’;%’)

and the vector d with elements

dz‘ = / gO(Uz . I/).
To

Note that A and C are square matrices of different size and A is block—diagonal (with a
block for each triangle).

Proposition 1 Let v and w be the respective vectors of coefficients of vy, and wy,

Up = g ViPi, wp = g Wi Py -
7

Then
an (v, wp) = w (c + BTA-lB)v, / g Vie,=v BTA ld.
Q

Proof. Given v, € V}, the corrected gradient Vj vy, is characterized by the equations

V;*lvh € Eh,

/V,*th-rh:/thh-rh—S(vh,Th) VThEEh.
Q Q
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If we write
* _
RUh = E :Sjaw
J

then the vector of coefficients, say s, is the solution to the equations As = Bv. Hence
T
/ Vv, - Viwy, = (A*le> A(A*le>
Q
and the first identity follows readily. The second one is a straightforward consequence of

the formula we have given for s. O

Note that this result is just a matrix formalization of how the LDG equations are set
into primal form by using the Schur complement of

A -B
BT C

which is just the global matrix corresponding to the system (2.3).

4 Some technical properties

With respect to the discrete norm

1/2
lae = [ [ 1930 + Al )] (41)
the LDG—corrected gradient is uniformly bounded
IViullog < llulln — Vu € H'(T;). (4.2)

The proof of this can be found in [14], [13] or [8] or, with a somewhat different language,
in [3]. Hence the bilinear form ay, is h—uniformly bounded (this is just part of [13, Lemma
3.2] or [18, Proposition 3.1])

lan(u, 0)| S Bullallvle  Yu,v € HY(T). (4.3)
It is also h—uniformly elliptic
lulli, S an(u,u) — Vu € HY(Tp), (4.4)

as follows from arguments that are well known in the literature of DG methods (see the
same references as for (4.2)). This fact proves unique solvability of (2.5) and of (3.4).

We next recall two useful bounds that appear often in the DG and FEM literature.
The first one is the local version of the trace theorem that can be obtained by a scaling
argument from the reference element (see [1] for instance):

K2 |vlloe S vllor + Rlv|ir, e € E(T), ve HY(T). (4.5)

In this inequality A is any of A or h., which are assumed to be asymptotically equivalent
and £(T) is the set of edges of T' (which might be consisting of more than three edges if
there are hanging nodes). The second property concerns a bound of norms and appears
in several different formulations in different parts of the literature. We will state it here
as a Proposition and show how it can be proven by adapting a result from [19].
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Proposition 2
[onlloe S llonlle Vo € Vi (4.6)

Proof. We will show how to prove this result for the more general space

with any & > 0 fixed. First of all we construct a new shape regular triangulation 7,
which is a refinement of 7, has no hanging nodes and is such that sizes of edges of the
new triangulation that proceed from subdividing an edge of the old one are comparable.
This can be done because of the requirements done on our initial triangulation at the
beginning of Section 3.

On the skeleton of 7, we consider a new piecewise constant positive function «y, (with
the same behavior as «) and with that we define the norm || - ||,. Note that W, C W,
and that

lonlle = llonlln— Von € W, (4.7)

since there are no jumps of v, in newly created edges and a;, ~ o on Z; UT',. We now
consider the space V), of Raviart-Thomas elements of order k on the triangulation 7
with homogeneous boundary conditions on I’ i.e., functions v, € H(div, 2) such that

Vilr € [Pk(T)]Q + P (T) m, VT € Ty, m(x) = { Ty ]

T2

and that v, -~ =0 on I'. Note that

‘/Uh(diVVh)‘
0,95 sup .

0tvievy  |[Vallaiv.e

[| | Y, € Wh, (4.8)

by a well-known result on Raviart-Thomas elements (see [6] for instance).

With these elements in hand we can go to the statement and proof of [19, Theorem
3.1] and notice that we can do the following modifications (we refer to notations of [19]):
(a) the factor ™! in front of each integral on edges can be substituted by the function «
inside the integral; (b) the triangulation is not needed to be quasiuniform anymore (this is
a requirement at the beginning of Section 2 in [19]) since we use the local mesh-sizes; (c)
the definition of the discrete operator B* can be adapted for the space V;, that includes
homogeneous boundary conditions and therefore edges of the triangulation lying on I' can
be ignored in the definition of the bilinear form A. These simple adaptations allow us to
use [19, Theorem 3.1] and (4.8) to prove that

lvnlloe S el Von, € Wh,

which coupled with (4.7) proves the result. Note again that the adaptations are necessary
since the original result is stated for quasi—uniform grids without hanging nodes and
including all edges in the discrete norm (we do not have the edges on T in it). 0



Proposition 3
(o) S h 7 llgolloxollonlls Vo € Vi

Proof. Since a, ~ h_!, it follows readily that

| [ agu]s ([ a) Beulh £ 22 holallgolor
FO F0

On the other hand, using a scaling argument on the triangles that have edges on Iy, it is
simple to see that
lanllo.ry S 272 unllog Vuy, € 3. (4.9)

Using the definition of g)) € 3, it follows that
g8l = | o0 (&-) S loollors ledlor.
0

which together with (4.9) proves that
lghllo S A7 2llgollo.r,-

We now go back to the remaining term of the definition of ¢9

| [ & ian] < Iglloall Tinloa £ 1 lgnlor,fenlh
where in the last inequality we have used (4.6). This finishes the proof. O

Proposition 4
€@ S B2l (I fllos + lgllor) — Von € Vi

Proof. The term involving f is easily bounded by || f|o.a]|vs[l» using (4.6). On the other
hand, applying (4.5) on each edge e on the boundary I, it is simple to prove that

She S b onllns

where we have used (4.6) again. Hence

‘/th

Note that we can also bound using first (4.5) and then (4.6)

/MM< Ejh/wﬂ < lonls, (4.10)

from which we can obtain the bound

‘/gvh
r

assuming more regularity for g. The inequality given in the statement will be enough for
our purposes. O

< llgllorllvalior < A2 llgllorlvnlle:

S llgllzoellonlln,
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Lemma 5 Let n), € Hee&{ Pi(e) be such that m, > 0 (here EF is the set of edges of the
triangulation that are contained in T'). Then there exists p € HY(T) such that p > 0 and

/\nh—p! §2h3/77h-
T I

Proof. Beginning in one node of the partition of I' and using the arc parameterization
from that point, we can identify functions on I' with functions on [0, L|, where L :=
length (I'). Let t; be the points of this interval corresponding to the nodes of the partition.

We decompose
N = Z i

where suppn; C [ti—1,tit1], ni(tj:) = 0 for all j # i and n;(tF) = nu(tF). Assume that
n:(t5) > ni(t;) as in Figure 2 (in the other case the construction is similar but moving
to the left) and take the point 7; := t; + h}, where h; := t;;1 — t; (we assume h; < 1
henceforth).

Now we define a function p; such that p; = 0 outside [t;_1,t;11], pi = m in [ti_q1, 6] U
[7;,t;y1] and in the remaining interval [t;, 7;], p; is linear. Figure 2 shows the construction
of this function. It is clear that 0 < p; < n;. Notice that

tit1 Ti tit1 L
[ o= [ <hnen <md [ w<w [
ti—1 t; t; 0

where the first inequality is simply seen in Figure 2: we have overestimated the small
triangle separating both graphs by a rectangle with base of length h} and height n;(¢}).
We then define (see Figure 3 for the final aspect of this function) p := ), p;, which is a
Lipschitz continuous function and satisfies 0 < p < 7. Moreover

L L tir1 L L
OS/ !nh—p\z/(nh—p):Z/ (m—pi)SQhBZ/ m:zh?’/ o
0 0 i ti—1 i 0 0

and the proof is thus finished. O

Figure 2: The function 7; in solid line and the construction of p; (dashed line) by joining
the lower limit of n; on t; with a point in the upwards direction.
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Figure 3: The result of the construction in Lemma 5: a continuous polygonal with roughly
the same area. The difference is a very small multiple of the area.

Proposition 6 Let uy, be the solution to (3.4). Then

it [ Jun = ol S8 (o + laolor, + llor).
veK Jp

Proof. Take p:T' — R as in Lemma 5 and construct v € H'(Q) such that v = 0 on Ty
and v = p on I'. Then, by (4.10)

Jun ol = [ 1un =l <20 [ S 1l
I T T

We now can use the ellipticity property (4.4) as well as the characterization (3.5) for uy
to obtain

lunll < anlun, un) = C(un) = €(ug) — € (uy,).

Using Propositions 3 and 4 and the above bounds the result follows readily. O

5 Analysis

The residual of the discrete variational inequality when applied to the exact solution and
tested with a general w € H'(7p,) is

Ry (w) == ap(u, w) — lp(w).
Proposition 7 For arbitrary v, € K, andv € K
lu — unlli < llu = unllnlle = valln + Ru(vn — un) + Ra(v — u).
Proof. First we use ellipticity (4.4) to obtain

e —unll? < an(u — up, w —up) = ap(u — up, w —vp) + ap(w — up, vy, — up). (5.1)

12



For all w € H*(Q) such that w|pr, = 0 it follows that Viw = Vw and therefore

fw) == [ g-vu

Because of (2.4), if w is as before, then

ap(u, w) = /Q(Vu —gr) - Vuw = a(u,w) + £)(w). (5.2)

Applying this to w = v — u with v € K, we prove that the solution to (3.2) satisfies
an(u,v —u) > (v —u) + (v —u) = (v —u) Yu € K.

This inequality together with the definition of u;, as the solution to (3.4) prove that for
arbitrary v, € K, and v € K,

ap(u — up,vp —up) = ap(u, v, —u+v—1up) — ap(u,v —u) — ap(up, v, — up)
< ap(u,vp —u+v—up) — (v —u) — (v, — up)
= Rh(vh — uh) + Rh<U — u)

The result follows now from this inequality, (5.1) and the uniform boundedness of the
discrete bilinear form (4.3). O

Proposition 8 For all w € H(Q) such that w|r, = 0,

Ry (w) = /F(&,u —g)w.

Proof. Because of (5.2) it follows that Rp(w) = a(u, w) — ¢(w) and therefore the result is
a simple application of Green’s formula and the fact that —Au = f. O

To shorten some forthcoming expressions, we will write &, € X, for the best L%*(Q)
approximation of Vu in X, i.e.,

éh € Eha

/gh'Th:/VU'Th, VThGEh.
Q Q

Proposition 9 If u € H??%¢(Q), for some ¢ > 0, then
Ry (wy) = S(wp, Vu — &) + /F(&,u — g)wp, Ywy, € V.
Proof. Using (2.4), it is simple to see that
ap(u, wy) = /Q(Vu —g)) - Viwy, + /F a go wh
0

= / Vu - Vhwh + K%(wh) - / Vu - Shwh,
Q Q

13



and therefore, using the definition of &, and of the discrete operator S;, we obtain
Ry(wy) = / Vu - Viwy — wy) — S(wh, ). (5.3)
Q

We then apply the discrete divergence theorem (identity (2.2) with 7 = Vu and v = wy,)
to obtain

/QVu-Vhwh —/wah = /I Vu - [w] +/FUFO(8,,U) wy, = S(wh,Vu)+/F(8,,u)wh,

which substituted into (5.3) proves the statement. O

For our convergence estimate, that proves that the method has optimal order of con-
vergence (order one, since we are dealing with H'({2) norms and P; elements), we assume
additional regularity requirements. These ones are sufficient to get full order of conver-
gence, although they will not be satisfied by most solutions for which there will be a
reduced order of convergence. Note that the freedom given by the triangulation to intro-
duce hanging nodes makes the method able to deal with simple adaptive strategies. This
will be the aim of future work.

Theorem 10 Assume that v € H??*(Q) N H?(Ty,), for some € > 0, and that O,u — g €
L>(T"). Then

=il S h(Julem, + o + lgollora + lgllor + 8w = gllzeq )

Proof. Using Propositions 7, 8 and 9, we prove that

lu—wnlly < llu—wnllle = valla + S(on — un, Vi = &)

+/F(0,,u—g)(vh —u) +/F(8,,u—g)(v—uh) Yo, € K, Yve K.

Using some standard bounds on L? projections (see [14, Section3] for a proof in this same
language), it is possible to prove that

1S (vn = un, Vu = &) < hluloz, llon — unlln < hlulsz, (\Hu = Onfln + flu = uhth)-
Taking v as in the proof of Proposition 6, we easily obtain
| [ =9 (0= w)| S 12100 = gl D,
r
with Dy := || fllo.a+llgollo.rs +119llor- Hence, using a weighted Cauchy—Schwarz inequality
we can eliminate all occurrences of ||u — uy]|;, in the right-hand side and obtain (with
Dy = |0 = gllL=))

= wnlE S e = vnllf + B2luly7, + D2 (D1A7 + / u—ual),  Von € Ko
T
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The result is proved once we show that

inf (hlf — vl + / u—vnl) S Kfulaz,
v EKp, T

regrouping terms afterwards to get the desired inequality. This can be done using an
element—by—element interpolant. In this way the requirement of v, > 0 on I' is naturally
satisfied. Terms involving jumps in the discrete norm (there will be jumps where hanging
nodes occur) and the L'(T') norm are moved to interior estimates using (4.5). Finally,
we apply well-known results on approximation by piecewise polynomials to obtain the
result. ([l

6 Numerical examples

In this section we show the performance of the method, considering the P; —[Py]? and P, —
[P1]? approximation. The code has been written in Matlab, making use of the quadprog
routine for quadratic minimization with linear constraints. In the three examples, we will
take Q := Q \ Qy, where Q; := (0,2) x (0,1) and Qg := (1/2,3/2) x (1/4,3/4). We also
take I'g := 0, while I' := 9Q\I'y = 01 is divided into four parts:

Iy :={(z,0) : 0 <z <2},
Iy = {<2Jy> : OSyS 1}7
[3:={(z,1) : 0<ax <2},
Iy:={(0,y) : 0<y <1}
We measure the errors
en(u) = lu —unlln, e(e):=llo—anloo,
, S\ 12
eo(u) = u—unlloq, er=(enu)? + eo(0)?)

Finally r,,(u), ro(o), ro(u) and r denote the corresponding experimental rates of conver-
gence for the given error measures.

Example #1. We take u(z,y) = zy, and consider

—20 onlI'y,
Yy on FQ )
x only,

—20 only.

g(z,y) =

Note that d,u = g on 'y UT's and v = 0 on I'y U Ty, so the transition points between
the two complementary conditions are corners of the domain that are always nodes of the
grid. The numerical results are described in Table 1 and Table 2. As predicted by our
theory, the method displays order one of convergence. Moreover, in L*(f2), we observe
superconvergence for the primal variable u.
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dof en(u) | mp(u) || eo(o) | ro(o) eo(u) ro(u) er rr

80 0.8542 — 0.2688 — 0.0942 — 0.8955 —
320 0.3923 | 1.1226 || 0.1332 | 1.0136 0.0198 | 2.2506 || 0.4143 | 1.1121
1280 || 0.1442 | 1.4435 || 0.0665 | 1.0022 0.0035 2.4929 || 0.1588 | 1.3832
5120 || 0.0566 | 1.3494 | 0.0333 | 0.9982 0.0007 | 2.3914 || 0.0657 | 1.2742
20480 || 0.0238 | 1.2496 | 0.0167 | 0.9983 0.0001 | 2.2766 || 0.0291 | 1.1762
81920 || 0.0106 | 1.1608 || 0.0083 | 0.9989 | 3.058E-5 | 2.1777 | 0.0135 | 1.1035

Table 1: Numerical results for example 1 (P; — [Pg]* approximation)

dof || en(u) | ru(u) || eo(o) | ro(o) || eo(u) | ro(u) er rr
144 | 0.4003 | — || 0.1776 | — ] 0.0213 | — | 04379 | —
276 || 0.1628 | 1.2978 || 0.0873 | 1.0248 || 0.0047 | 2.1942 || 0.1847 | 1.2452
2304 || 0.0801 | 1.0233 || 0.0408 | 1.0970 || 0.0011 | 2.0637 || 0.0899 | 1.0391
9216 | 0.0396 | 1.0150 || 0.0196 | 1.0594 || 0.0003 | 2.0349 || 0.0442 | 1.0239
36864 || 0.0197 | 1.0081 || 0.0096 | 1.0335 || 0.0001 | 2.0110 || 0.0219 | 1.0130

Table 2: Numerical results for example 1 (P; — [P;]* approximation)

Example #2. Here we first introduce a truncation function

0 z<1/2,
Y(2):=¢ 16(z —2)%(7—8z) 1/2<z<3/4,
1 3/4 < z.

Then we consider the data of the problem (except for g) such that the exact solution is
u(z,y) = ¥(z* + y*). Since u(z,u) = 0 for 22 + y* < 1/2, it is convenient to decompose
the sides I'; and T'y in two pieces each:

T = {(2,0) : 0< 2 <1/V2}, Ty:=T\TI',
and similarly I'y = I'y, U I'y,. We then define

_ f Ou onToUT3UT, UTy,,
9791 —24 otherwise .

The constant —24 is chosen to be a strict lower bound of the normal derivative, so that
the contact points are (0,1/v/2) and (1/4/2,0). These are never going to be nodes of the
triangulations.

The numerical results are described in Tables 3 and 4. Convergence order is again one
(the solution is smooth) and the superconvergence in L?() is still appreciated, although
the order of superconvergence seems to be reduced.

Example #3. We consider the data of the problem (except for g) such that the exact
solution is u(z,y) = Y (x* + y*) — (2 — x)y(1 — y), with ¥ being the same truncation
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dof en(u) | mp(u) || eo(oa) | ro(o) || eo(u) | ro(u) er rr

80 4.8240 — 3.1745 — 0.9674 — 5.7748 —
320 7.4959 — 2.2388 | 0.5038 || 0.4655 | 1.0553 || 7.8231 —
1280 || 4.9192 | 0.6077 || 1.6315 | 0.4565 || 0.1499 | 1.6343 || 5.1827 | 0.5940
5120 || 2.9431 | 0.7411 || 1.0092 | 0.6930 || 0.0613 | 1.2893 || 3.1113 | 0.7362
20480 || 1.8366 | 0.6803 || 0.5884 | 0.7784 || 0.0239 | 1.3606 || 1.9285 | 0.6900
81920 || 0.9250 | 0.9895 || 0.3111 | 0.9194 || 0.0069 | 1.7977 || 0.9759 | 0.9827

Table 3: Numerical results for example 2 (P; — [Po]* approximation)

dof en(u) | ra(u) | eo(o) | ro(o) || eo(u) | ro(u) er rT
144 2.6932 | — 25803 | — 0.2846 | — 3.7298 | —
276 2.5133 | 0.0998 | 2.2982 | 0.1670 || 0.1905 | 0.5790 || 3.4056 | 0.1312
2304 || 1.8149 | 0.4697 || 1.5134 | 0.6027 || 0.0916 | 1.0567 || 2.3631 | 0.5272
9216 | 1.1761 | 0.6258 || 0.9245 | 0.7111 || 0.0423 | 1.1157 || 1.4960 | 0.6596
36864 || 0.6491 | 0.8576 || 0.3770 | 1.2939 || 0.0144 | 1.5575 || 0.7506 | 0.9949
147456 || 0.3248 | 0.9987 || 0.1553 | 1.2801 || 0.0042 | 1.7750 || 0.3600 | 1.0601

Table 4: Numerical results for example 2 (P; — [P;]? approximation)

function introduced in the second example. Since the normal derivative of the bubble is
positive, we can set g as in the previous example, too. The numerical results are described
in Tables 5 and 6.

dof en(u) | ru(u) || eo(o) | ro(o) eo(u) | ro(u) er rr
80 4.7223 — 3.1314 — 0.9365 — 5.6662 —
320 7.6019 — 2.2430 | 0.4814 || 0.4757 | 0.9771 || 7.9259 —

1280 || 4.9491 | 0.6192 || 1.6329 | 0.4580 || 0.1513 | 1.6530 || 5.2115 | 0.6049
5120 || 2.9538 | 0.7446 || 1.0101 | 0.6929 || 0.0619 | 1.2882 || 3.1218 | 0.7393
20480 || 1.8409 | 0.6821 || 0.5891 | 0.7780 || 0.0240 | 1.3656 | 1.9329 | 0.6916
81920 || 0.9264 | 0.9908 || 0.3115 | 0.9192 || 0.0075 | 1.6735 || 0.9774 | 0.9838

Table 5: Numerical results for example 3 (P; — [Py]* approximation)
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dof en(u) | r(u) || eo(o) | ro(o) || eo(u) | ro(u) er T

144 2.7085 | — 26046 | — || 02819 | — || 3.7577 | —
276 2.5407 | 0.0923 || 2.3285 | 0.1617 || 0.1941 | 0.5384 || 3.4464 | 0.1248
2304 || 1.8186 | 0.4824 || 1.5161 | 0.6190 || 0.0916 | 1.0839 || 2.3677 | 0.5416
9216 | 1.1774 | 0.6272 || 0.9251 | 0.7128 || 0.0423 | 1.1146 || 1.4973 | 0.6611
36864 | 0.6501 | 0.8569 || 0.3780 | 1.2911 || 0.0144 | 1.5523 || 0.7520 | 0.9936
147456 || 0.3253 | 0.9988 | 0.1553 | 1.2830 || 0.0042 | 1.7719 || 0.3605 | 1.0608

Table 6: Numerical results for example 3 (P; — [P1]* approximation)

References

1]

2]

D. N. Arnold. An interior penalty finite element method with discontinuous elements.
SIAM J. Numer. Anal., 19(4):742-760, 1982.

D. N. Arnold and F. Brezzi. Mixed and nonconforming finite element methods:
implementation, postprocessing and error estimates. RAIRO Modél. Math. Anal.
Numér., 19(1):7-32, 1985.

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini. Unified analysis of discontin-
uous Galerkin methods for elliptic problems. SIAM J. Numer. Anal., 39(5):1749-1779
(electronic), 2001/02.

K. Atkinson and W. Han. Theoretical numerical analysis, volume 39 of Texts in
Applied Mathematics. Springer, New York, second edition, 2005. A functional analysis
framework.

S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods,
volume 15 of Texts in Applied Mathematics. Springer-Verlag, New York, second
edition, 2002.

F. Brezzi and M. Fortin. Mized and hybrid finite element methods, volume 15 of
Springer series in Computational Mathematics. Springer—Verlag, New York, 1991.

F. Brezzi, W. W. Hager, and P.-A. Raviart. Error estimates for the finite element
solution of variational inequalities. Numer. Math., 28(4):431-443, 1977.

R. Bustinza and G. N. Gatica. A local discontinuous Galerkin method for nonlin-
ear diffusion problems with mixed boundary conditions. SIAM J. Sci. Comput.,
26(1):152-177 (electronic), 2004.

R. Bustinza, G. N. Gatica, and B. Cockburn. An a posteriori error estimate for
the local discontinuous Galerkin method applied to linear and nonlinear diffusion
problems. J. Sci. Comput., 22/23:147-185, 2005.

P. Castillo, B. Cockburn, I. Perugia, and D. Schotzau. An a priori error analysis
of the local discontinuous Galerkin method for elliptic problems. SIAM J. Numer.
Anal., 38(5):1676-1706 (electronic), 2000.

18



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

P. G. Ciarlet. Introduction to numerical linear algebra and optimisation. Cambridge
Texts in Applied Mathematics. Cambridge University Press, Cambridge, 1989. With
the assistance of Bernadette Miara and Jean-Marie Thomas, Translated from the
French by A. Buttigieg.

B. Cockburn and C.-W. Shu. The local discontinuous Galerkin method for time-
dependent convection-diffusion systems. SIAM J. Numer. Anal., 35(6):2440-2463
(electronic), 1998.

G. N. Gatica and F.-J. Sayas. An a priori error analysis for the coupling of local
discontinuous Galerkin and boundary element methods. Math. Comp., 75(256):1675—
1696 (electronic), 2006.

G. N. Gatica and F.-J. Sayas. A note on the local approximation properties of
piecewise polynomials with applications to LDG methods. Complex Var. Elliptic
Fqu., 51(2):109-117, 2006.

R. Glowinski, J.-L. Lions, and R. Trémolieres. Numerical analysis of variational
inequalities, volume 8 of Studies in Mathematics and its Applications. North-Holland
Publishing Co., Amsterdam, 1981. Translated from the French.

C. Johnson and J. Pitkdaranta. An analysis of the discontinuous Galerkin method for
a scalar hyperbolic equation. Math. Comp., 46(173):1-26, 1986.

N. Kikuchi and J. T. Oden. Contact problems in elasticity: a study of variational
inequalities and finite element methods, volume 8 of SIAM Studies in Applied Math-
ematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA,
1988.

I. Perugia and D. Schotzau. An hp-analysis of the local discontinuous Galerkin
method for diffusion problems. In Proceedings of the Fifth International Conference
on Spectral and High Order Methods (ICOSAHOM-01) (Uppsala), volume 17, pages
561-571, 2002.

T. Rusten, P. S. Vassilevski, and R. Winther. Interior penalty preconditioners for
mixed finite element approximations of elliptic problems. Math. Comp., 65(214):447—
466, 1996.

E. Zeidler. Applied functional analysis, volume 108 of Applied Mathematical Sciences.
Springer-Verlag, New York, 1995. Applications to mathematical physics.

19



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2010-06

2010-07

2010-08

2010-09

2010-10

2010-11

2010-12

2010-13

2010-14

2010-15

2010-16

2010-17

PRE-PUBLICACIONES 2010

ALFREDO BERMUDEZ, RODOLFO RODRIGUEZ, MARIA L. SEOANE: A fictitious do-
main method for the numerical simulation of flows past sails

CARLO LOVADINA, DAVID MORA, RODOLFO RODRIGUEZ: A locking-free finite ele-
ment method for the buckling problem of a non-homogeneous Timoshenko beam
FrANCO FAGNOLA, CARLOS M. MORA: Linear stochastic Schrodinger equations with
unbounded coefficients

FABIAN FLORES-BAZAN, CESAR GUTIERREZ, VICENTE NoOvO: A Brezis-Browder
principle on partially ordered spaces and related ordering theorems

CARLOS M. MORA: Regularity of solutions to quantum master equations: A stochastic
approach

JULIO ARACENA, LUis GOMEZ, LILIAN SALINAS: Limit cycles and update digraphs
in Boolean networks

GABRIEL N. GATICA, RICARDO OYARZUA, FRANCISCO J. SAYAS: A residual-based
a posteriori error estimator for a fully-mized formulation of the Stokes-Darcy coupled
problem

LOURENCO BEIRAO-DA-VEIGA, DAVID MORA, RODOLFO RODRIGUEZ: Numerical
analysis of a locking-free mized finite element method for a bending moment formulation
of Reissner-Mindlin plate model

FERNANDO BETANCOURT, RAIMUND BURGER, KENNETH H. KARLSEN: A strongly
degenerate parabolic aggregation equation

RAIMUND BURGER, STEFAN DIEHL, INGMAR NOPENS: A consistent modeling method-
ology for secondary settling tanks in wastewater treatment

ALFREDO BERMUDEZ, BIBIANA LOPEZ-RODRIGUEZ, RODOLFO RODRIGUEZ, PILAR
SALGADO: Numerical solution of transient eddy current problems with input current
intensities as boundary data

ROMMEL BUSTINZA, FRANCISCO J. SAYAS: Error estimates for an LDG method
applied to Signorini type problems

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pdgina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




