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Abstract: We develop the connections between stochastic processes and
operator theory to describe the evolution of open quantum systems. Us-
ing stochastic Schrédinger equations, we study Markovian quantum master
equations (QMEs for short) whose coefficients involve unbounded opera-
tors. QMEs are operator evolution equations that govern the dynamics of
the density operators, which are positive operators of trace 1. Let the ini-
tial density operator be regular in the sense that the expected values with
respect to it of a large class of unbounded operators are well-defined. Then
we prove, under general conditions, that the solution of the QME remains
regular all the time. Our analysis is mainly based on probabilistic rep-
resentations of solutions to QMEs and adjoint quantum master equations
(AQMESs). As by-products we obtain probabilistic interpretations of regular
solutions to QMEs and the uniqueness of the solution for the AQME.

AMS 2000 subject classifications: Primary 60H15; secondary 60H30,
81C20, 46L55..
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1. Introduction

This paper studies the evolution of the mean values of quantum observables rep-
resented by unbounded operators with the help of classical stochastic analysis.
To establish the regularity of solutions of quantum master equations with un-
bounded coefficients we develop the relation between stochastic evolution equa-
tions and the operator equations describing the evolution of density operators
in open quantum systems.

1.1. Context

In the usual set-up of open quantum systems, a small quantum system inter-
acts weakly with a heat bath. The states of the small system are characterized
by elements of a complex Hilbert space (b, (-,-)) and their statistical mixtures

*Supported in part by FONDECYT Grant 1070686. This research was partially supported
also by PBCT-ACT 13, FONDAP - BASAL projects CMM, Universidad de Chile, and by
Centro de Investigacién en Ingenieria Matemética (CI2MA).
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C.M. Mora/Regularity of solutions to QMEs 2

are modeled by positive operators in § with unit trace, which are called den-
sity operators. In many physical situations, the density operators p; (9) evolve
according to the operator evolution equation

d oo *
{ (@ =G+ (@G + XX, Lip DLy gy
po(e) = e
where G, L1, Lo, . .. are given linear operators in § such that formally
s
G=—iH — i;LkLk (1.2)

with H self-adjoint operator.

We can derive the quantum master equation (1.1) by using the Born-Markov
approximation (see, e.g., [12, 14, 28]) or by means of coupling limit methods
(see, e.g., [1, 2, 3, 20, 43, 44]). The Hamiltonian H guides essentially the free
evolution of the small quantum system and Lq, Lo, ... govern the effect of the
environment. The measurable physical quantities of the small quantum system
are represented by self-adjoint operators in h, which are called observables. The
mean value of the observable A at time ¢ is given by tr (p; (0) A), the trace of
pt (0) A (see, e.g., [15, 42] for deeper discussions of the postulates of quantum
mechanics).

1.2. Primary aim

Our main goal is to make progress in the understanding of the evolution of
tr (p: (0) A) in cases, like boson systems, where the observables A are described
by unbounded operators. Relevant examples of unbounded observables arise, for
instance, from quantum oscillators (see, e.g., Remark 5.5) and systems formed
by an indefinite number of particles (see, e.g., [10, 35]).

1.3. Specific objectives

From [17] and [21] we have that (1.1) has a unique solution (see Subsection 5.2
for details). Since we are interested in the well-posedness of the expected values
of observables described by unbounded operators, this paper investigates when
the solution of (1.1) is regular enough to guarantee the trace-class property of
pt (0) A for a large set of unbounded operators A.

In [22], Davies established the regularity of p; (¢) for a variable number of
neutrons moving in a translation invariant external reservoir of unstable atoms.
Chebotarev, Garcia and Quezada [18] proved that p: (o) is regular in a general
framework (Remark 5.4 presents some details). Arnold and Sparber [4] got reg-
ularity results for a linear quantum master equation associated to a diffusion
models with Hartree interaction. All of these works are based on methods from
the operator theory.
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This paper provides a general criterion under which the solutions of (1.1)
keep the regularity of the initial data (see Definition 4.1 for the precise meaning
of regular solution). To this end, we first bring together classes of regular density
operators and random variables taking values in h. Indeed, we deduce that the
density operator g is regular if and only if there exists a regular h-valued random
variable £ such that p = E (£, ) €.

Second, we consider the stochastic evolution equation

¢ 0ot
X(©=¢+ [ Gx(©ds+ Y [ Lx©aw (13)

0 —Jo
where (WF), < I8 a sequence of real valued independent Wiener processes on a

filtered complete probability space (Q, 3, (St)tzo ,IP’). We prove that

pr (@) == E(X; (), ) X¢ (§) (1.4)

is the unique solution of (1.1) under a refined non-explosion condition of the
type introduced by Chebotarev and Fagnola [17]. Hence, the regularity of X} (&)
implies that of p; (o).

By applying stochastic techniques we deduce that E (X, (&), ) X; (§) is a
solution to (1.1) whenever £ is regular. This leads to construct a semigroup
(pt)y>g of trace-class operators satisfying (1.1). The adjoint semigroup of (p¢),~
solves the the operator evolution equation

dt =1k ko, (1.5)

{ L (A) = T (A) G+ G (A) + X% LiT (A) L
T (4) = A

where 7; (A) is an unknown linear operator in h. To obtain the uniqueness of
the solution for (1.1), using (1.3) we show the uniqueness of the solution to (1.5)
whenever A is bounded. Thus, as a by-product, we establish a new criterion for
the existence and uniqueness of the solution to (1.5) with bounded initial data
(see, e.g., [16, 17, 18, 19, 25] for previous works on this problem). The adjoint
quantum master equation (1.5) describes the dynamic of the observable A in
the Heisenberg picture under, for instance, the Born-Markov approximation.
From (1.4) we obtain
pe(0) =E (Y, ) Vs, (1.6)

where Y; satisfies the non-linear stochastic Schrodinger equation on h (driven
by a standard cylindrical Brownian motion)

Y, =Y, /G ds+Z/Lk Y,) dWE. (1.7)

Here for any y € b, Ly (y) = Lry — R (y, Lry) y, and

Gy+z< (Y, Lry) ka—*% (y, L y>y>-
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The probabilistic representation (1.6) has been introduced in the physical lit-
erature by means of formal computations (see, e.g., [5, 12, 29]). Furthermore,
Barchielli and Holevo [6] established essentially (1.4) and (1.6) in situations
where G, Ly, Lo, ... are bounded.

Relation (1.6) has given rise to efficient and accurate numerical schemes that
compute the mean value of quantum observables at time ¢ through the non-linear
stochastic Schrodinger equations (see, e.g., [12, 34, 41] and references therein).
On the other hand, (1.4) and (1.6) open a door to treat, for instance, the long
time behavior of the evolution of open quantum systems by means of stochastic
processes (see, e.g., [7, 9, 33]).

1.4. Owutline

Section 2 presents notation, hypotheses, and preliminary results on the stochas-
tic Schrodinger equations. Section 3 treats the existence and uniqueness of the
solution for the adjoint quantum master equation, as well as its probabilistic
representation. Section 4 addresses probabilistic interpretations of regular den-
sity operators. Section 5 states the main results. In particular, Subsection 5.1
constructs Schrodinger evolutions by means of stochastic Schrodinger equations.
Subsection 5.2 focusses on (1.1) and Subsection 5.3 is concerned with a quantum
oscillator. Section 6 is devoted to proofs.

2. Preliminary results
2.1. Notation

Throughout this paper, (b, (-,-)) is a separable complex Hilbert space whose
scalar product (-,-) is linear in the second variable and anti-linear in the first
one. We write 9B (h) for the Borel o-algebra on . Following Dirac notation, for
any x,y € h the map |z)(y| is defined by |z)(y| (z) = (y, z) x whenever z € b.

Suppose that A is a linear operator in h. Then, D (A) stands for the domain
of A and A* denotes the adjoint of A. If A has a unique bounded extension to
b, then we continue to write A for the closure of A. By I we mean the identity
operator.

Let X, 3 be normed spaces. We write £(X,3) for the set of all bounded
operators from X to 3 (together with norm ||-[|¢x 5)). We abbreviate ||-[|¢(x 3
to |||, if no misunderstanding is possible, and define £ (¥X) = £ (X, X). Moreover,
£1 (h) denotes the Banach space of trace-class operators on §j equipped with the
trace norm ||-||;. By £7 (h) we mean the subset of all non-negative trace-class
operators on b.

Let C be a self-adjoint positive operator in §. Then, for any z,y € D (C) we
set (z,y)o = (z,y) + (Cx, Cy) and ||z|, = \/(z, ). As usual, L? (P, ) stands
for the set of all square integrable random variables from (2, F,P) to (h, B (h)).
We write LZ (P, b) for the set of all ¢ € L? (P, ) satisfying £ € D (C) a.s. and
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E ||§||QC < 0. The function ¢ : h — b is defined by 7o () =z if z € D (C) and
7o () = 0 whenever « ¢ D (C).

In the sequel, the letter K denotes generic constants. Notation 2.1 and 5.1
point out the meaning of the symbols X (£) and p; respectively.

2.2. Linear stochastic Schrédinger equation

We begin by specifying the notion of solution to (1.3).

Hypothesis 1. Suppose that C' is a self-adjoint positive operator in § such that
D(C) is a subset of the domains of G, Ly, La,... and the maps G o m¢, Ly o
we, Lo oo, ... are measurable.

Definition 2.1. Let Hypothesis 1 hold. Assume that T is either [0,00[ or the
interval [0,T], with T € Ry. An adapted process (X (§)),;cr taking values in
b with continuous sample paths is called strong C-solution of (1.3) on T with
inatial datum & if and only if:

o ForanyteT, E||X, (&)|° <E|¢|?, X; (€) € D(C) a.s. and

sup E||CX, (&) < oc.
s€[0,t]

e P-a.s. forallt €T,
t
X, (¢) :§+/ Greo (X ds+2/ Lyme (X, (€)) dWE,
0

Notation 2.1. The symbol X (§) will be reserved for the strong C-solution of
(1.8) with initial datum €.

Let us introduce the basic assumptions of this paper.

Hypothesis 2. Suppose that Hypothesis 1 holds. In addition, assume:

(H2.1) The operator G belongs to £ ((D (C), |||l-),h)-

(H2.2) For all x € D(C), 2R (z,Gz) + 332, || Lyz||* = 0.

(H2.3) Let & € L2 (P,h) be Fo-measurable. Then for all T > 0, (1.8) has a unique
strong C-solution on [0, T| with initial datum &.

From [27] it follows that under Hypothesis 2, || X (€)||® is a martingale and
X (&) has the Markov property.

Theorem 2.1. Let Hypothesis 2 hold and let{ € L2 (P,h). Then (||Xt (5)||2)t>0

is a martingale. Moreover, for any measurable bounded function f : (h,B (h)) —
(R, % (R)) we have

E(f(Xs1t(£))/8s)

Xt (6) /X, (€) (2.1)
/ F(2) Py (X0 (€),d2),
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Po(X,(x) !, ifzeD(C)
O if z ¢ D(C)

Condition H2.2 is a weak version of (1.2). In [27] it is provided the following
sufficient condition for the existence and uniqueness of strong C-solutions to

(1.3).
Hypothesis 3. Let C be a self-adjoint positive operator in b with the properties:

(H3.1) The operators G, Ly, La, ... belong to £((D(C), |||o),h).
(H3.2) There exist non-negative real numbers «, 3 and a core ®, of C? such that
for all x in ©q,

where Py (x,-) = {

2R(C%2, Ga) + Y | CLuall” < a2z + .
k=1

(H3.3) There exist a core Do of C such that for any x in Da,

2R (z,Gz) + > || Lez|® < 0.
k=1

Theorem 2.2. Assume that Hypothesis 3 holds. Let £ be a Fo-measurable ran-
dom variable of L, (P,h). Then (1.3) has a unique strong C-solution (X (£)) ;¢
with initial datum &. Moreover, -

E[CX, (©)]” < exp (at) (E||CE|* + atE |¢]* + 8t

Theorem 2.2 asserts that Condition H2.3 of Hypothesis 2 is general enough
for many physical applications. Indeed, Conditions H3.1 and H3.2 of Hypothesis
3 together with Condition H2.2 of Hypothesis 2 are the underlying assumptions
of this paper.

Remark 2.1. Let A be a closable operator in by such that D (C) C D (A), where
C' is a self-adjoint positive operator in h. Applying the closed graph theorem we
obtain A € £((D(C),[|llo).h), which leads to a sufficient condition for H3.1,
as well as for H2.1.

Remark 2.2. Let C be a self-adjoint positive operator in b whose domain is
contained in D (G). Assume that 2R (z,Gx) + > 7, | Liz||> < 0, for all x €
D (G). Then the numerical range of G is contained in the left half-plane of C,
and so G is closable. Therefore G lies in £((D(C),||lo).h) by Remark 2.1,
and so Condition H3.1 holds.

Remark 2.3. Suppose that C is a self-adjoint positive operator in b, together
with A€ £((D(C),|||lo),h). Then Aonc : b — b is measurable whenever b is
equipped with its Borel o-algebra (see, e.g., [27] for details). Thus G o 1 and
Ly o me are measurable under Condition H3.1.
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3. Adjoint quantum master equation

To deal with (1.1) we establish the uniqueness of the solution to (1.5) in case A
is bounded operator.

Definition 3.1. Let C be a self-adjoint positive operator in bh. Suppose that
A€ £(h). A family of operators (A),~o belonging to £(h) is a C-solution of
(1.5) with initial datum A if and only if:

(a) A():A
(b) For allt >0 and any xz,y in D (C),

d oo
- (o Ay) = (2, AiGy) + (G, Aw) + Y (L, A Liy)
k=1

(¢) For allT >0, sup,cjo 1) [Asll g5y < o0-
(d) For any x,y € Y, the application t — (x, Ayy) is continuous.

Theorem 3.1. Suppose that Hypothesis 2 holds. Let A belong to £(h). Then,
for every mon-negative real number t there exists a unique Ty (A) in £(h) such
that for any x,y in D (C),

(z,7, (A)y) = E(X¢ (z), AX; (y)) - (3.1)

Moreover, ||, (A)|lg) < [ Allge) for all t > 0, and any C-solution of (1.5)
with initial datum A coincides with (7; (A));>-

Proof. The proofs fall naturally into Lemmata 6.1 and 6.2. O

The following theorem essentially states the existence of a solution to (1.5).
From the physical point of view, Theorems 3.1 and 3.2 have interest by them-
selves, because (1.5) governs the the dynamic of the observable A in the Heisen-
berg picture.

Theorem 3.2. Let Hypothesis 2 holds. Suppose that A € £(h) and that T; (A)
is as in Theorem 3.1. Then (7; (A)),~ is the unique C-solution of (1.5) with
ingtial datum A. -

Proof. Lemmata 6.20 and 6.21 shows that (7; (A)),-, is a C-solution of (1.5)
with initial datum A. Theorem 3.1 now completes the proof. O

Remark 3.1. [37] deals with the existence and uniqueness of solutions to (1.5)
for A unbounded. Chebotarev and Fagnola [17] proved the Markov property of
the family (T, : £(h) — £(H));>¢ (i-e., T, (1) = I for any t > 0) under a non-
explosion criterion inherent to quantum physical systems. This result, which
has been generalized in [18, 25], implies the uniqueness of the solution to (1.5)
with A bounded. Hypothesis 3, the underlying assumption of Theorem 3.2, is a
refined version of non-explosion criteria that guarantee the Markov property of
the quantum dynamical semigroups.
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4. Probabilistic representations of regular density operators

The following notion of regular density operator was introduced by Chebotarev,
Garcia and Quezada [18] to investigate the identity preserving property of min-
imal quantum dynamical semigroups.

Definition 4.1. Let C be a self-adjoint positive operator in h. An operator o
belonging to £F (h) is called C-regular if and only if

0= Z An |t ) (un]| (4.1)

nedJ

for some countable set J, summable non-negative real numbers (A\n),cy and
family (un), ey of elements of D (C), which together satisfy:

D A [[Cun® < oo (4.2)

neJ

We write Sic () for the set of all C-regular density operators.

We next formulate the concept of C-regular operator in terms of random
variables. This characterization of £/ (h) complements those given in [18] using
operator theory (see also [19]).

Theorem 4.1. Suppose that C is a self-adjoint positive operator in by. Let o be a
linear operator in Y. Then o is C-regular iff o = E |£)(] for some & € L2, (P, h).
Moreover, E|£)(&| can be interpreted as a Bochner integral in both £ (h) and
£(h).

Proof. The proof is divided into Lemmata 6.5 and 6.6. O

Using Theorem 4.3 below we can assert that the mean values of a large
number of unbounded observables are well-posed when the density operators
are C-regular. Theorem 4.3 also provides probabilistic interpretations of these
expected values.

Theorem 4.2. Let C be a self-adjoint positive operator in §. Suppose that
0 =E|&)(¢| with € € L% (P,b). Then the range of o is contained in D (C).

Proof. Deferred to Subsection 6.2. O

Theorem 4.3. Adopt the assumptions of Theorem 4.2. In addition, suppose
that A belongs to £((D (C), ||I-|l) ,b) and B is a densely defined linear operator
in b such that D (C) C D (B*). Then ApB is densely defined and bounded. The
unique bounded extension of AoB belongs to £1 (h) and is equal to E|AL)(B*¢|.
Moreover, tr (ApB) = E(B*¢, AE) and E|A&)(B*¢| is a well-defined Bochner
integral in both £1 (h) and £(h).

Proof. Deferred to Subsection 6.4. O
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5. Quantum master equation
5.1. Modelling the evolution of density operators

We next introduce the density operators at time ¢ by means of (1.3).

Theorem 5.1. Suppose that Hypothesis 2 holds. Then, for every t > 0 there
exists a unique operator p; belonging to £ (£1 (b)) such that for each C-regular
operator ¢ we have

pe(0) = E|X¢ (O))(Xe (6], (5.1)

where & is an arbitrary random variable in L%, (P,b) satisfying o = E[£)(¢| and
X (&) is the unique strong C-solution of (1.3) with initial datum &. Here we can
interpret E | Xy (€))(X¢ (€)] as a Bochner integral in £1 (h) as well as in £(b).
Moreover, |pllg(e, ) <1 for allt > 0.

Proof. Deferred to Subsection 6.5. O
Notation 5.1. From now on, p; stands for the operator given by (5.1).

In case the initial density operator g is C-regular, Corollary 5.1 allows to
define the density operator at time ¢ as the average of all density operators
associated to the pure states Y, where Y satisfies (1.7) and o = E |Y;)(Yy|. This
model has a sound physical basis (see, e.g., [5, 8, 30, 45]).

Definition 5.1. Let C satisfy Hypothesis 1. Suppose that T is either [0, 400 or
[0,T] provided T € [0,400[. We say that (Q, (Y),cr (Wi)yer) is a C-solution
of (1.7) with initial distribution 6 on T if and only if:

o W = (Wk)keN s a sequence of real valued independent Brownian motions

on the filtered complete probability space (Q,&, (&)tGT,Q).
o (Y3),cr is an h-valued process with continuous sample paths such that the
law of Yy coincides with 6 and Q (||Y;|| = 1for allt € T) = 1.

o Foreveryt €T, Y; € D(C) Q-a.s. and sup,cpo 4 Eg 1CYS)? < 0.
o Q-as., Y, = Yo+ [y G(nc (Ys))ds + X052, fo Ly, (we (Ys)) dWE for all
teT .

Corollary 5.1. Let Hypothesis 2 hold. Then py is the unique element of £ (£1 (b))
such that py (0) = Eq |Yi)(Ya|, for any C-regular operator o. Here

(Qa (Yt)tzo ) (Bt)tz())

is the C-solution of (1.7) with initial law 0 satisfying fb |Cz||? 6 (dz) < oo,
0(D(C)N{zeb: |zl =1}) =1, and o= [ |y){y|0 (dy).
Proof. Deferred to Subsection 6.6. O

We proceed to state basic properties of p;. Applying Theorems 4.1 and 5.3
we obtain that p; leaves invariant the set of all C-regular density operators.
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Theorem 5.2. Assume that Hypothesis 2 holds. Let & € L% (P,h). Then

Ep: (1€)(€]) =pr (E[)(£])
for allt > 0.
Proof. Deferred to Subsection 6.7. O

Theorem 5.3. Adopt Hypothesis 2. Then (,ot)t20 s a semigroup of contractions
such that py (&1 (0)) < £F (6), pu (2 (6)) © 26 (9), and

lim ¢7{p; () = pr ()] = 0 (5.2)

provided that o is C-regular.
Proof. The proof is divided into Lemmata 6.12, 6.13 and 6.15. O

5.2. Regular solutions of quantum master equations

Using the linear stochastic Schrodinger equation we now show that p; (o) satisfies
(1.1) in both sense integral and £; (h)-weak, whenever p is C-regular. Recall that
throughout this paper p; (¢) denotes the operator introduced in Theorem 5.1.
Previously, Davies [21] constructed the so-called minimal solution of (1.1) in case
G is the infinitesimal generator of a strongly continuous contraction semigroup
on h. That is, Davies obtained a contraction semigroup (Zs),~, on £; (h) whose
infinitesimal generator is given formally by

L.(0)=Go+0G"+Y  LioLj.
k=1

Hypothesis 4. The operators G, Ly, Ls, ... are closable.

Theorem 5.4. Let Hypotheses 2 and 4 hold. Suppose that o is C-reqular. Then
for allt >0,

pe(0) =0 +/0 (Gps (0) + ps (0) G* + > Lips (0) LZ) ds, (5.3

k=1

where we understand the above integral in the sense of Bochner integral in £1 (h).
Moreover, for any A € £(h) and t > 0 we have

%tr (Apt (0)) = tr (A (Gpt () +p1(0)G*+ > Lipi (o) Lk>> . (54)

k=1
Proof. Deferred to Subsection 6.9. O

Remark 5.1. Let G, Ly, Lo, ... be densely defined. Then Hypothesis 4 is equiv-
alent to say that G*, Ly, L%, ... are densely defined.
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We now establish that under Hypothesis 2, E |Y;)(Y;| is the unique solution
of a weak version of (5.4).

Theorem 5.5. Let Hypothesis 2 hold. Then there exists a unique semigroup
(ﬁt)tzo of bounded operators on £1 () with the following properties:

(i) For each non-negative real number T', sup;epo, 1 [Ptll (e, () < 0©-
(ii) For any x € D(C) and A € £(h), the function t — tr (p; (|z)(x|) A) is
continuous.
(iii) For any x € D(C) and A € £(h),

Jim % (tr (Apr (|z) () — tr (Alz)(2]))

= (z, AGz) + (Gz, Az) +Z (Lgz, ALpx) .
k=1

Moreover, (pt);>q coincides with (pt);>, and p: (Efc (b)) - Qic (h) for all
t>0.

Proof. Deferred to Subsection 6.10. O

Remark 5.2. Adopt Hypothesis 2. By Theorem 5.5, the solutions of (1.1) re-
main in Eic () provided that the initial data are C-regular density operators.
Theorem 4.3 leads to the mean values of the observables A with respect to these
solutions are well-posed in case D (C) C D (A). Thus we arrive at a sound math-
ematical description, which is in a good agreement with physical considerations,
of the evolution of unbounded observables in the Schrddinger picture.

Remark 5.3. Suppose that T, (0) is as in the first paragraph of this subsection
and that T; (I) = I for allt > 0, where Ty (I) is, roughly speaking, the solution of
(1.5) with A = 1. Let G be the infinitesimal generator of a strongly continuous
contraction semigroup on f and let Condition H2.2 hold for all x € D (G). Then
the linear span of {|x){y| : x,y € D(G)} is a core for L, (see, e.g., Proposition
3.82 of [25] for details). Hence (T.t),~ is the unique strongly continuous semi-
group on £1 () such that (Tt (0)),>o i a solution to (1.1) for o = |z)(y|, with
z,y € D(G). a

Remark 5.4. Using methods from the operator theory, Chebotarev, Garcia and
Quezada [18] proved that T.i (L1.c (h)) C £1.¢ (h) under assumptions that in-
clude the restrictions:

o (G is the infinitesimal generator of strongly continuous semigroup of con-
tractions and D (C?) C D(G) C D (C).

o For any o € £1.¢c4(h), tr (CL. (0) C) < Ktr (CoC).

e The relation o — Y 1o LyoL} defines a continuous function from

(L1,04 (0),tr (|C*- C?)))
o (L1 (n),tr ().
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e L, is continuous as an application from (21,0% (h),tr (}02’C : C’Zk{)) to
(£1,con—2 (h) ,tr (|C’2’“*2 . Czk*2|)) fork=1,2.

5.3. Example

This subsection briefly illustrates our main results by means of a one-dimensional
quantum oscillator. A motivation comes from the fact that many quantum sys-
tems are described through quantum oscillators (see, e.g., Chapter V of [15] for
discussion).

Example 1. Consider b = 12 (Z.) together with its canonical orthonormal basis
(en)n€Z+' Let the closed operator a be given by aeq = 0 and ae, = /ne,_1 if
n > 0. Similarly, a' is defined by a'e, = /n+ leay1 for all n € Z,. Set
N =dla. )
Choose Ly = aya, Ly = agaT, Ls = a3N, Ly = aua?, Ly = o (aT) and

Ls = agN?2, with a1, ...,as complex numbers. Take L, =0 for all k > 7 and
18
G=—ill -3 ; L} Ly, (5.5)

where H = i3, (aT — a) + BaN + B3 (aT)2 a® with B1, B2, Bs real numbers.

Remark 5.5. In Ezample 1, the unbounded operator N gives the number of
photons. The observables position and momentum operators are described by
the unbounded operators i (aJr — a) /2 and i (aJr + a) /\/2 respectively.

Remark 5.6. Example 1 unifies some concrete physical systems like two-photon
absorption and emission processes (see, e.q., [13, 26] and references therein) and
ideal resonators interacting with two-level atoms (see, e.g., [24]). In this model,
12(Zy) represents, for instance, a single mode of a quantized electromagnetic
field. The action of at and a on e,, make an energy quantum appear or disappear
respectively.

In the framework of Example 1, suppose that |a4| > |as| and that the initial
density operator is regular enough. Then, according to the next theorem we
have that the mean values of observables formed by a finite composition of the
creation and annihilation operators (i.e., af and a) are well defined at any time.

Theorem 5.6. Assume the setting of Example 1 and let p; (9) be as in Theorem
5.1. Suppose that |ag| > |as| and that p is a natural number greater than or
equal to 4. If o lies in Spr (l2 (Z+)), then py (0) is a NP-regular operator
that satisfies both (5.3) and (5.4). Moreover, (pt),~, is the unique semigroup of
bounded operators on £1 (1* (Z4.)) for which Properties (i)-(iii) of Theorem 5.5
hold with C' = NP.

Proof. Deferred to Section 6.11. O
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6. Proofs
6.1. Proof of Theorem 3.1

Lemma 6.1. Adopt the assumptions of Hypothesis 2 with the exception of Con-
dition H2.2. Consider A in £(h). Then for every t > 0 there exists a unique
T: (A) belonging to £ (h) for which (8.1) holds for all x,y in D (C). Moreover,
17: (A)|| < |A]| for any t > 0.

Proof. By Definition 2.1, |E(X; (x),AX: (y))] < ||A]l |=|l lly]], where z,y €
D (C). Hence the sesquilinear form over D (C) x D (C) given by
(2,y) = E(X; (z), AX¢ (y))

can be extended uniquely to a sesquilinear form [-, -] over h x ) with the property
that for any x,y € b,

[z, yll < 1Al =[] Iyl - (6.1)
There exists a unique bounded operator 7; (A) on b such that

[z, 9]l = (z, T: (A) y)
for all z,y in b, and so the lemma follows from (6.1). O

Lemma 6.2. Let Hypothesis 2 hold. Assume that (A;),~, is a C-solution of
(1.5) with initial datum A € £ (). Then Ay = T; (A) for all t > 0, where T; (A)
is as in Therorem 3.1.

Proof. Fix z,y € D (C). We first prove that for any ¢ > 0 and n € N,
E <RnXtTJ (17) 7~At—t/\7'j RnXtTJ (y)> —j—o0 E <RnXt (l‘) 7ARnXt (y)> ’ (62)

where R, =n(n+C)~" and 7, =inf {t > 0: || X, ()| + | X W)|| > 7}

Combining Itd’s formula with Condition H2.2 of Hypothesis 2 we obtain the
martingale property of || X7 (z)||2, with z = z,y. To this end, we can use an
analysis similar to that in the proof of Theorem 2.1 (see, e.g., [27]). According
to Theorem 2.1 we have E || X; (2)||* = ||z]|?, and so

E|| X7 (2)|* =E|1X: (2)]° = ||2]. (6.3)

Choose €; = (R, X, (z) , AR, Xy (y))—(Rn X{" () , Ai—inr, Rn X/ (y)). Using
Conditions (c) and (d) of Definition 3.1 gives lim;_, €; = 0. Since ||R,| < 1,
applying Fatou’s lemma we get

m(m A D 11X <z>||2>
s€0,t]

Z=T,Y

. . 2 T 2 . )
< hjrgg;f]E (;ﬁa [l Al Z (HXt "+ HXt (Z)H ) |€J|> :

Z=T,Y
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Therefore limsup;_, ., Ele;| < 0 by (6.3). This implies (6.2).
Our next claim is that

E(X; (z),AX; (2)) = (x, Awy) . (6.4)

This establishes A; = 7; (A) by Lemma 6.1.
In order to prove (6.4), we consider the orthonormal basis (e,),,cy of . For

any u € h, we define @ to be > _y (en,u)e,. We set

neN
Fy (s,u,0) = (R, Ay s Rpv)

provided that s € [0,t] and u,v € h. Since the range of R, is contained in D (C),

Condition (b) of Definition 3.1 shows

%Fn (s,u,v) = —fp (s,4,0), (6.5)

where f,, (s,u,v) is equal to

(Rnu, A GRyv) + (GRyu, A Ryv) + Y (LeRpu, A Ly Rpv) . (6.6)
k=1

By CR,, € £(h), from Hypothesis 2 and Definition 3.1 we conclude that f,, is
continuous. Now, we can apply Itd’s formula and (6.5) to obtain

b (t AT X7 (@), XP (y)> —Ef (O’W, Xg’ (y)) (6.7)
= E/O Tj (ffn (S,X;J' (x) . ¢ (y)) + gn (st;fj (:C) X (y)))ds,

with gy, (s, u,v) given by

M8

(Rutt, Ay— s RaG) + (RnGu, Ap— s Rpv) + > (RuLyu, Ay sRoLpv) . (6.8)

b
I

1

According to (6.2) we have
EF, (1A 75, X7 (@), X7 (1)) — o0 B (RuXo (2), ARL X, (1)
Using the dominated convergence theorem we tend j — oo in (6.7) to get
E(R,X; (z),AR,X: (y)) — (Rpx, At R,Yy) (6.9)

_E / (= (5, X (2) . X (1) + g (5. Xs (2), Xa () ds.

Since |R,|| < 1 and R, tends pointwise to I as n — oo, the dominated
convergence theorem leads to

lim E/O gn (8, X5 (z), X (y))ds:E/O g (s, X5 (x), X (y))ds

n—oo
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where g (s,u,v) is described by (6.8) with all R,, deleted. Similarly, we de-
fine f(s,u,v) by (6.6) with R, replaced by I. Because ||[CR,z| < ||Cx| and
lim,, oo CRyz = Cz for all € D (C), using again the dominated convergence
theorem we deduce that

lim E/O I (8, X5 (2), X (y))ds:E/O (s, X5 (2), X (y)) ds.

n—oo

We now take the limit when n — oo in (6.9) to obtain (6.4). O

6.2. Proof of Theorem 4.2

In order to prove Theorems 4.1, 4.2 and 4.3 we introduce the following two
technical lemmata.

Lemma 6.3. Suppose that & and x belong to L? (P,h). Then E |€){(x| defines
an element of £1 (h), which moreover, is given by

(z,E&) (x| y) = E(z,8) (x, ) (6.10)

for all x,y € . Here, E|£)(x| is well-defined as a Bochner integral with values
in both £1 () and £(h). In addition,

tr (B16){(x]) = E (x, &) - (6.11)

Proof. Since the image of |£)(x| lies in the set of all rank-one operators on b,
|€) (x| takes values in £1 (). Applying Parseval’s equality yields

tr (A§){x]) = {x, Ag)- (6.12)

Hence [€) (x| is B (£1 (h))-measurable, because the dual of £ (h) is formed by
all maps g — tr (Ap) with A € £(h).

Due to the absolute value of |z)(y| is ||z |y){y| / ||y|| whenever y # 0, for any
x,y € h we have

) Cullly = N[yl - (6.13)

Combining &, x € L? (P, ) with (6.13) shows that E ||[£)(x|||, < o, and so the
Bochner integral E |£)(x| is well-defined in the separable Banach space £; ().
The application (z,y) — |z)(y| from § x b to £(h) is continuous, and in conse-
quence the measurability of £ and x implies that |€) (x| is B (£ (h))-measurable.
Thus using ||| ¢y < [|[[; we deduce that [£)(x| is Bochner P-integrable in £ (f)
(see, e.g., [46] for a treatment of the Bochner integral in Banach spaces which
in general are not separable). Since £; (h) is continuously embedded in £ (),
either of the interpretations of E|£) (x| given above refers to the same operator.

For any z,y belonging to b, the linear function A — (x, Ay) is continuous as
a map from £(h) to C. This gives (6.10). Similarly, (6.12) leads to

tr (E[€)(x]) = Etr (I6)(x]) = E(x,€),
because tr (-) € £4 (h)'. O
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Remark 6.1. Under the assumptions of Lemma 6.3, E|£)(x| can also be inter-
preted as a Bochner integral in the pointwise sense (see, e.g. [23] for details)

Lemma 6.4. Let C be a self-adjoint positive operator in §. Suppose that & €
L% (P,h) and A€ £((D(C),|lc) . h). Then AE belongs to L* (P, h).

Proof. By A = Arnc (€) P-a.s., from Remark 2.3 we deduce that A€ is strongly
measurable. Since A € £((D(C),||lo),b) and & € LZ (P,h), AS € L*(P,b).
O

Proof of Theorem 4.2. Let x € D (C) and let y € h. Using Lemma 6.3 yields

(Cz,0y) =E(Cx,&) (§,y) =E(z,C&) (& y) -
In Lemma 6.4 we take A = C to obtain C¢ € L? (P, ). Thus, Lemma 6.3 implies

E(z,C¢) (§,y) = (z,E[CE)(E]v)

and so (Cx, gy) = (z,E|C&)({|y). Therefore gy € D(C*) = D(C) and Coy =
E|CE) &y O

6.3. Proof of Theorem 4.1

Our proof starts with the easy construction of a random variable that represents
a given C-regular operator. Then, we deduce the sufficient condition of Theorem
4.1 with the help of Theorem 4.2.

Lemma 6.5. Suppose that o belongs to £fc (), where C is a self-adjoint pos-
itive operator in . Then there exists & in LE (P,b) such that o = E|€)(&] and
€1 = tr (o) a.s.

Proof. Assume that g is positive. Write g as in (4.1). Then, choose 2 = J. Define

P ({n}) = An/tr (o) and & (n) = \/tr (0)u, for any n € J. According to (4.2) we
have £ € L% (P,h). An elementary computation leads to ¢ = E|[£)(¢]. On the
other hand, take £ = 0 in case p = 0. O

Lemma 6.6. Let C be a self-adjoint positive operator in §. Suppose that o =
E [€)(¢], with & € LZ (P,b). Then o is C-regular.

Proof. According to Lemma 6.3 we have o € £7 (h). Hence
0= Anltn)(unl,
n€eJ

where J is a countable set, (\,), 5 are summable positive real numbers and
(tn),,cy is a orthonormal family of vectors of h. Using Theorem 4.2 yields u,, €
D(C) for all n € 7.



C.M. Mora/Regularity of solutions to QMEs 17

We extend (un),,c5 to an orthonormal basis (e,),,c5 of b formed by elements
of D (C). From Parseval’s equality we obtain

S 1 = 32 3 Al Cor )

neJ neJ keJ’
= D> A (Ce, [un) (un| Cex) =Y (Cex, 0Cex) .
k€T’ neTJ ked’

Combining Lemma 6.3 with Parseval’s equality we now get

S xlCunl® =D E|( Cer) =E > [(C& en)* =E|CE|°.

nedJ ked’ ked’

This gives ¢ € £1+’C (). O

6.4. Proof of Theorem 4.3

In this subsection, we approximate ApB by AR,oB, where R, is the Yosida
approximation of —C. Then, combining Lemma 6.3 with a limit procedure we
deduce our claim.

Proof of Theorem 4.3. Using Theorem 4.2 yields D (ApB) = D (B), and so ApB
is densely defined.

Suppose that = € h and y € D (B). As in the proof of Lemma 6.2 we consider
R, =n(n+C)"", where n € N. Since CR,,z —,, .o Cz for any z € D (C),

(x,ApBy) = lim (z, AR,0BYy).

Lemma 6.3 now gives
(w,AeBy) = lim E((ARn)",¢) (¢, By) (6.14)
= lim E(z, AR,¢) (¢, By) .

By R, commutes with C, |R,| < 1 leads to ||[AR,z| < K ||z||,. Hence the
dominated convergence theorem shows that

nll_)n;loE (x, ARyE) (&, By) = E (x, AE) (B*¢,y) . (6.15)
Due to B is densely defined, B* is closed. From Remark 2.1 we have B* €

£((D(C),|llc)+b). Applying Lemma 6.4 gives A, B*¢ € L? (P, h). By (6.14),
(6.15) and Lemma 6.3,

(z, AoBy) = E (z, AS) (B¢, y) = (z,E|A)(B*¢|y) .

The proof is completed by using Lemma 6.3. O
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6.5. Proof of Theorem 5.1

We first establish, in our framework, the well know relation between Heisenberg
and Schrodinger pictures.

Lemma 6.7. Let Hypothesis 2 hold. Suppose that & belongs to LZ (P,h). Then

tr (AR | X; (6) (X (O)]) = tr (T (A) E[E){E]) (6.16)

for any A € £(h). Here T; (A) is the bounded operator described by Theorem
3.1.

Proof. Suppose that A € £ (). For each n € N, we define f,, : h — C to be

(@, Az), if |z <n
fn(z)—{ 0,  if llz| >n

Moreover, set P, f, (z) = E (f,, (X (x))) for any z € D (C). By Theorem 2.1,

The dominated convergence theorem leads to
lim B (fr, (X (£))) = E(X; (§), AX: (€)) - (6.18)

n—0o0

Combining (6.18) with Theorem 3.1 yields P, f,, () —n—oo (x, T (4) ). Since
P, fn ()] < |A]l ||]|?, letting n — oo in (6.17) we obtain

E (X (§), AX; (§)) =E (£ T (A) ).
Theorem 4.3 now gives (6.16). O

The following lemma states that p; (0) is well defined by (5.1) whenever p is
a C-regular operator.

Lemma 6.8. Adopt Hypothesis 2. Suppose that & and o are elements of LZ, (P, h)
satisfying E[€)(¢] = E|@) gl Then

E1X: ()Xt (6] = E X (9))(Xe ()] -
Proof. Let A € £(h). Using Lemma 6.7 yields
tr (AE | Xy (§))(X¢ (§)]) = tr (Te (A) E|§)(E]) = tr (AR | X, (0))(X: ()]) -

Hence [[E|X; () (Xe (§)] — E[Xe (9))(Xe (0)lllg, 5y = O (see, e.g., Proposition
9.12 of [38]). O

We now establish the contraction property of the restriction of p; to Sic (H).

Lemma 6.9. Let Hypothesis 2 hold. If 0,0 are C-reqular, then

tr|p: (0) — pi (0)] < trlo—ol. (6.19)
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Proof. According to Lemma 6.7 we have

trlp: (¢) — pr (0) = et ltr (Ap: () — tr (Ap: ()]

= sup  |tr(7;(A) o) —tr (7 (4) )]
Aeg(n).lAl=1

< sup 17 (A)|| tr |o— ol -
Aes(h),|Al=1

From Theorem 3.1 we obtain (6.19). O

Finally, we extend p; to a bounded linear operator in £; (h) by using density
arguments.

Lemma 6.10. Suppose that C is a self-adjoint positive operator in h. Then
Sic () is dense in £F (h) with respect to the trace norm.

Proof. Let o € £7 (h). Then there exist a sequence of orthonormal vectors
(uj) ey for which o = 37, g Aj |uj) (uy], with A; > 0 and -,y A; < oo. Note
that

trio— Z/\j luj)(ujl| = Z Aj —n—oo 0. (6.20)
j=1

Jj=n+1

On the other hand, for any x,y € h we have

trijz)(e| = ly)yll = sup — [{z, Az) = (y, Ay)|
Aeg(h),|AlI=1

2
< e =yl + 2yl e = yll-

Therefore {|z)(z|:2 € D(C)}is a ||| ¢,y -dense subset of {|z)(z|:z € h} by
D (C) is dense in . Combining this property with (6.20) we deduce the assertion
of the lemma. O

Proof of Theorem 5.1. Combining Theorem 4.1 with Lemma 6.8 we obtain that
(5.1) defines unambiguously a linear operator p; (¢) for any o € Sic () and
t > 0.

Suppose that ¢ € £] (h). By Lemma 6.10, there exists a sequence (0n)pen of
C-regular operators for which lim;, .o [[0 = on|l¢, ) — 0. According to Lemma
6.9 we have that the limit in £4 (h) of p; (0,) as n — oo exists and does not

depend on the choice of (0,,),cy. Thus, we define

pi(e) = lim pi(en)  in £1(h).

Recall that every A belonging to £(h) has a unique decomposition of the
form A =R(A) +1i I(A), where R(A) and I (A) and selfadjoint operators in
h. For each o € £; (h), we set

pe(0)=pe(R(0)y) —pe R(2)_) +i(pe (S(0)y) —re (S(0))).
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Here A4, A_ denotes respectively the positive and negative parts of the selfad-
joint operator A (see, e.g., [11, 40] for details).
Assume that o = 01 — 02+ (03 — 04), with g; € Sf’c (h) forany j =1,...,4.
Since ||7; (A)]] < ||Al|, Lemma 6.7 yields
tripc(o)l = sup — [tr (Ap; (0))|
Aegl(h),l|All=1
= sup  [tr(Te(A)o)| <tr(lel).
Aeg(h),]|All=1

The construction of p; (¢) now implies [p; (0)[¢, ) < ll@llg, ) for all 0 € £1 (h).
Let o > 0. Consider two C-regular operators g, 9. By Definition 4.1, o + ap
belongs to £ - (h). Applying Lemma 6.7 we obtain that for any A € £ (),

tr(pt (0 + 20) A) = tr (T (A) ¢) + atr (T, (A) o)
= tr ((pe (0) + api (2)) A) -

Therefore [|p; (¢ + @0) — pi () — api (0) g, () = 0, and so Lemma 6.10 leads to

pt (0 + ad) = pi (0) + ap; (0) for any o, 0 € £] (h). Careful algebraic manipula-
tions now show the linearity of p; : £ () — £1 (h).

Finally, Lemma 6.10 guarantees the uniqueness of the operator belonging to
£(£;1 (h)) for which (5.1) holds. O

6.6. Proof of Corollary 5.1

Proof. Let ¢ be distributed according to 6. Set Q = || X7 (€)||* - P, where T is a
real number greater that ¢. Moreover, we choose

37{ X (€) /11X @), if X, () #0
Lo if X, (€) =0

Let BF = Wtkffot md [(WF, X (¢)], for any k € N. From [27] (see also [36])

we have that (Q, Y)ieo.17 0 (Bf)feegﬂ) is a C-solution of (1.7) with initial law
. According to [27] (see also [36]) we have that (1.7) has a unique C-solution
with initial distribution 6. Therefore the distribution of Y; with respect to Q

coincides with the distribution of Y; under Q. By Theorem 2.1, (||Xt|\2) 011
telo,T
is a martingale. Hence for any = € b,

g <’<xfft>

Applying (5.1) and the polarization identity gives p: (0) = E|Y;) (Yz]. O

Eq |{z, Y2)* = Eg |(. T:)

“1x, <§>||2> — Ep |(x, X, ().
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6.7. Proof of Theorem 5.2

We begin by establishing the continuity of the map & — p; (E |£)(€]).

Lemma 6.11. Adopt Hypothesis 2. Let & and &, with n € N, be random vari-
ables in L% (P,b) satisfying E ||€ — &l —n—oe 0. Then py (E|,)(En]) con-
verges to py (E[€)(€]) in £(h) as n — oo.

Proof. Let x € h. Combining (5.1) with the linearity of (1.3) we get

1ot (B [€n)(Enl) = — pe (B [E)(E]) ]|
S E[(Xe (&n), o) [1Xe (6n = O+ E (X (€ = &n) s )] 1 Xe ()]

Since E || X; (17)||2 <E ||77||2 for any 1 belonging to LZ (P, h),

1ot (B [€n)(Enl) = = pr (E[E)(E]) ]|

< | (Eng—gn? +2yEle -l VEIEI).

O

Proof of Theorem 5.2. There exits a sequence (&,),, of (D (C),|-||)-valued ran-
dom variables with finite ranges such that ||&,, — &|| converges monotonically to
0 (see, e.g., Lemma 1.1 of [23]). Since p; is linear, an easy computation shows

that Ept (1£:)(€nl) = pt (E[§n)(€nl). By Lemma 6.11, p; (E|£,)(&n|) converges
to pr (EI€){€]) in ©(p). Henco

Ept (1€0)(nl) —n—oc pt (E|€)(E]) in £(b). (6.21)
On the other hand, Lemma 6.11 implies
l[oe (16n) (€nl) = pe (1€) (D | g5y —n—o00 O-

For any z,y € b we have |||x)(y||| = ||z ||ly]|, and so
e () (€Dl < lleal® < 2 (llex — €12 + i)
Therefore the dominated convergence theorem leads to

E {lpe (1€0) €nl) = o1 (1) (€D g g) —n—00 0.

Consequently, Ep; (|§,,)(€,]) converges to Ep; (|£)(€]) in £(h). The theorem now
follows from (6.21). O
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6.8. Proof of Theorem 5.3

We first obtain the semigroup property of (p:);~,-

Lemma 6.12. Let Hypothesis 2 hold. Suppose that o is C-reqular. Then p; (o)
belongs to SIC (), with t > 0, and piys (0) = pt o ps (0) for all s,t > 0.

Proof. Since X; (§) € L% (P,b), combining Theorem 4.1 with (5.1) gives

pi (S50 ) € She h). (6.22)
Let z,y belong to . Consider £ € LZ (P, h) satisfying p = E [£)(£]. Define

_ <va> (y,z), Zf |<Z,£C> <y,z>\§n
p’*”‘{ niz ) o) [)(aa) ), if [z o) >n

where z € h and n € N. According to Theorem 2.1, we have

E (pn (X145 (€))) = EF: (pn) (X5 (£)), (6.23)

with P; (pp) (2) = E (pn (Xt (2))) for all z € D (C).
Applying the dominated convergence theorem gives

lim E (p, (X (2))) = E(X; (2), 7) (4, X» (2)) = (v, pr (|2)(2]) 7)

n—oo

for any z € D(C) and r > 0. Thus lim,, . P (pn) (2) = (y, p: (|2)(z]|) ) and
limy,— o0 E (P (Xt45 (€))) = (y, pe+s (|2){z]) ). By the dominated convergence
theorem, letting n — oo in (6.23) gives

(Y pris (0) ) = By, pe (|1 Xs (X (E)]) ) -
Theorem 5.2 now shows that (y, pt1s (0) ) = (y, pr (B |Xs ()){(Xs (&) z). O

Lemma 6.13. Under Hypothesis 2, (pt)tzo is a semigroup of contractions which

leaves £ (h) invariant.

Proof. Recall that Theorem 5.1 asserts that ||p¢[lg(g, @) < 1. Since pt (o) is
positive whenever g is C-regular, using Lemma 6.10 yields (z, p; (0) ) > 0 for
any o € £ (h) and = € b.

Suppose that o = g1 — 02 + i (03 — 04), where g1, ..., 04 are C-regular oper-
ators. Applying (5.1) gives pg (¢) = 0. From Lemma 6.12 we obtain p:1s (0) =
ptops (o) for any s,t > 0. Then, combining Lemma 6.10 with density arguments
we deduce that (p;),- is a semigroup. O

In order to prove the continuity of the map ¢t — p; (0) when p is C-regular,
we next verifies the continuity of the function ¢t — X (£) in the mean square
sense.

Lemma 6.14. Let Hypothesis 2 hold and let £ € L% (P,b). Then for any T > 0,

lim E |[X, (§) — X (©)* = 0. (6.24)
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Proof. Suppose that ¢ > s > 0. Then E || X, (€) — X, (€)||* is less than or equal
2 2
to 2 (IE Hfj GX, (€) drH +E Hz,;";l JE L X, (8) AW ) By Condition H2.2
of Hypothesis 2, E || X, (£) — X; (€)||* is less than or equal to

2 (6= [ BlGx @ - [ 28R (X (©.6X ©)ar)

S S

Using sup,c(o 741 E [CX, (§)° < 00 and G € £((D (), ||| ,b) gives (6.24).
O

Lemma 6.15. Adopt Hypothesis 2, together with o € SIC (). Then the map
t— pt (0) from [0,00[ to £1 (h) is continuous.

Proof. Consider £ € L2, (P, ) such that o = E[£)(£]. Theorem 4.3 yields
E || X: (O] < EJ€]* = tr (o)

for any ¢t > 0. By Theorem 4.3 and the Cauchy-Schwarz inequality,

trip: (o) — ps (0)| = Aes(il)lrer”:l IE(X¢ (§), AX¢ (§)) — (X5 (§), AXs ()]

< 2(tr (o)) /2 (]E X, (&) — X, (£)||2)1/2-

Lemma 6.14 now implies (5.2). O

6.9. Proof of Theorem 5.4

First, we establish the weak continuity of the map ¢t — AX;(£) when A is
relatively bounded by C'. Hence a probabilistic version of the right-hand side of
(5.4) is continuous as a function from [0, 4+oc0[ to C.

Lemma 6.16. Assume that Hypothesis 2 holds. If & belongs to LZ, (P,b) and if
A lies in £((D(C),|-lo),h), then
lim E (g, AX, (€)) = E (4, AX, (£)) (6.25)

for all ) € L? (P,h) and t > 0.

Proof. Let (sy), be a sequence of non-negative real numbers converging to ¢.
Since ((Xs, (£),AXs, (£),CX,, (£))),, is a bounded sequence in L? (P, h*) with
h3 = b x b x b, there exists a subsequence (sn(k))k for which

(Xsn(k-) (g) 7AX8n(k) (5) 7CXSn(k) (5)) (626)
— oo (Y U, V) weakly in L? (P, ).

Set
M= {(n,An,Cn) :n € LE (P,h)}.
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Then M is a linear manifold of L? (]P’, b3) closed with respect to the strong
topology. In fact, suppose that ((1n, Ann, Cny)),, is a sequence of elements of
9 that converges to (11,72,73) in L2 (IE”, h3). Hence there exists a subsequence
((nn(j),Ann(j),Cnn(j)))jeN converging almost surely to (n1,72,m3). Therefore
m € D(C) and n3 = Cny by C is closed. Using A € £((D (C),||-|lo),h) gives
n2 = An.

For any k € N, (X'Sn(k) (€),AXs,,, (€),CXs, (5)) belongs to M. Since M
is a closed linear manifold of L? (P, h%), (6.26) implies (Y,U, V) € M (see, e.g.,
Subsection III.1.6 of [32]). We conclude from Lemma 6.14 that ¥ = X; (§),
hence that U = AX; (§), and finally that AX; , (§) —k—oo AX¢ (§) weakly
in L2 (P, b). O

Lemma 6.17. Let Hypothesis 2 hold. Fiz & € L% (P,b) and A € £(h). Then

l— E(GX; (§), AX: (§)) + E(X¢ (§), AGX, (€))

+) E(Le X, (€), AL X, (£))
k=1

is continuous as a function from [0, +oo| to C.

Proof. Let (ty), cy be a sequence of non-negative real numbers such that ¢,, con-
verges to t. Applying Lemma 6.14 gives AX; (§) —n_oo AX; (€) in L2 (P, 1),
and so

lim E(GXy, (€),AXy, (§) =E(GX, (§), AX; (€)) (6.27)

n—00

by Lemma 6.16 (see, e.g., Subsection II1.1.7 of [32]). From (6.27) we obtain that
the map ¢t — E (A*X; (&), GX¢ (€)) is continuous. Moreover, according to (6.27)
we have ER (X;, (§),GXt, (§)) —nooo ER(X: (€),GX:(€)). Thus Condition
H2.2 of Hypothesis 2 leads to

Y E(LiXs, (O —n—oe D EILX: (O (6.28)
k=1 k=1

Applying Lemma 6.16 we get that LpX,, (£) converges weakly in L? (P, h)
to Li X (§) as n tends to oo, where k € N. Then (6.28) implies that Ly X;, ()
converges strongly in L? (P, h) to Ly X, (£) as n — co. Conversely, suppose that

limsupE || L; Xy, (6)° > E|IL; X¢ (6)] (6.29)

n—oo

for a given j € N. Since E ||L; X, (€)|* < liminf, o E || Ly X,, (€)|?, Fatou’s

lemma shows

S ENLX: ()] < liminf Y E|LeXs, (€. (6.30)
k#j k#j
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According to (6.28) and (6.29) we have

liminf > E[| Ly X, (€ = ZEnLka )IF —timsup || L; X, ()
k#j
< ZEHLkXt IR
k#3j

contrary to (6.30). Therefore limsup,,_,.. E||L; X, (€)|> < E|L;X; (€)]?, and
s0 L Xy, (&) —n—oo Li Xt (€) in L2 (P, h). This gives

E(LpXt, (), ALk X, (§) —n—oo E(LrX: (§), ALLX¢ (€)) -

From Condition H2.2 it follows that Y, E(LyX; (£), AL, X, (£)) converges
to > o E(Lp Xy (§), ALK X, (€)) as n — oo uniformly on any finite interval.
Then ¢t — Y oo E(Li X, (€), ALp X (€)) is continuous. O

Second, combining the regularity of X (£) with It6’s formula we obtain that
E|X; (€))(X; (£)] satisfies an integral version of (1.1).

Lemma 6.18. Suppose that Hypothesis 2 hold and that £ € L% (P,h). We define
L, (&,t) to be

E|GX; (€)X ()] +E|X, (NGX: () + Y E[LiXe (§))(LaXe (6)]-
k=1

Then L (&,t) is a trace-class operator on § whose trace-norm is uniformly
bounded with respect to t on bounded time intervals. The series involved in the
definition of L, converges in £1 (). Moreover, the applicationt — tr (AL, (€,1))
is continuous as a function from [0,00[ to C for any A € £(h).

Proof. By Condition H2.2 of Hypothesis 2, using (6.13) and Lemma 6.3 we get
B G X (£){(Xs (Ol + [E[Xs ())(GXs (]l

+ 2 IEILiXs ()L Xs ()1, < 3E(1Xe (O IGXe (D)
k=1

From G € £((D(C),|||lo) ,h) we obtain

E(1X ) 16X, ©)) < K\VEI¢IPVE1X ©)12,

and the first two assertions of the lemma follow.
Using Lemma 6.3 we deduce that tr (AL, (§,1)) is equal to

E(X; (§), AGX; (£)) + E(GX; (£), AXy () + Y E(Li Xy (€) , ALK X, (€))
k=1

whenever A € £ (). Thus Lemmata 6.17 implies the continuity of the function
ttr (AL, (€,1)). O
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Lemma 6.19. Adopt Hypothesis 2 together with & € L% (P,h). Then for all
t>0 .
p@=o+ [ Lo(5)ds (6.31)
0
where o = E [€)(&|, L. (§,5) is as in Lemma 6.18, and we understand the above
integral in the sense of Bochner integral in £1 (h).

Proof. Since the dual of £; () consists in all linear maps ¢ +— tr (Ap) with A €
£(h), the last assertion of Lemma 6.18 implies that ¢ — L, (£, t) is measurable as
a function from [0, co[ to £1 (). Using Lemma 6.18 we deduce that ¢ — L, (§,1)
is a Bochner integrable £ (h)-valued function on bounded intervals.

Let z € h. For each n € N, we choose 7, = inf {s > 0 : || X (§)|| > n}. Then,
using Condition H2.2 of Hypothesis 2 yields

EY. [0 (9.0 LX)+ (X, (9.0 X, O ds
k=1

tATn
< ||x|\2E/ 1GX.|| ds.
0

Therefore E>"77 fot/\T” (X5 (€), ) L X, (€) + (L X5 (§) ,2) X (£))dWEF =0

by G belongs to £((D (C), ||||<).bh). The complex It6 formula now leads to

E (Xinr. (€),2) Xonr. (€) = E(€,2) € +E /0 T L (X (€)ds,  (632)

where for any z € D (C') we write
L, (z) =(z,2) Gz 4+ (Gz,z) z + Z (Lgz,x) Liz.
k=1

Since X (£) has continuous sample paths, 7, /5 — oo 00. By Conditions H2.1
and H2.2 of Hypothesis 2, applying the dominated convergence we obtain

lim E /0 " L (X, (6))ds = E /O L. (X, (€)) ds. (6.33)

n—oo

Set €, = (X (&), z) Xt (&) — (Xinr, (£),2) Xinr, (§). From Theorem 2.1 we have
E | X, (€)]* = E||¢|]?, and so Fatou’s lemma implies

2 al| B )1* < timint B (|l 1% () + 2] [ Xonr, (€ ~lenl) - (6.3

In the proof of Theorem 2.1 we deduced that E || X;r-, (€)||> = E||€]|*, by means
of It6’s formula and Condition H2.2. Thus

2 2 .
2[Jz [ EJE]I” < 2|zl E[l¢]" - limsup E |e,| .

n—oo



C.M. Mora/Regularity of solutions to QMEs 27

Consequently lim,, o, E|e,| = 0, and so

lim E (Xinr, (€),2) Xiar, (§) = E (X (§),2) X (§) - (6.35)

n—oo

Due to (6.33) and (6.35), letting first n — oo in (6.32) and then using Fubini’s
theorem we get

E (X, (€),2) X, (€) = E(€,2) € + / EL, (X, (€)). (6.36)

Combining the dominated convergence theorem with Condition H2.2 yields
(o] [e.e]
IEZ LiX, (&), x) L X, ( ZIE LiXs (&), ) L X, (€).
k=1 k=1

Therefore fo EL, fo s) zds by Lemmata 6.3 and 6.18. Combin-
ing Theorem 5.1 w1th Lemma 6. 18 leads to (6.31). O

We proceed to show (5.3) and (5.4) with the help of Hypothesis 4.

Proof of Theorem 5.4. By Theorem 4.1 there exists £ € LZ (P,h) such that

= E|€)(¢]. Theorem 4.3 gives AGp: (0) = E|AGX; (£))(X: (€)]. Applying
Hypothesis 4 we get that G*, Ly, L5, ... are densely defined and G**, L*, ...
coincide with the closures of G, Ly, . . . respectively (see, e.g., Theorem I11.5.29 of
[32]). According to Theorem 4.3 we have Ap; (0) G* =E|AX: (£))(GX: (§)| and
ALypi (0) L, = E|ALL Xy (€)) (L X: (§)]. Hence L, (§,t) = Gpi (0) + pi (0) G +
>opey Lipt (0) Lk Lemma 6.19 now yields (5.3), and so

tr (Ap: (0)) = tr (Ao) + /o tr (AL, (§,5))ds

for all ¢ > 0. Using the continuity of L, (§,-) we obtain (5.4). O

6.10. Proof of Theorem 5.5

Lemma 6.20. Let Hypothesis 2 hold. Then (pi),~, is a semigroup of bounded
operators on £1 (h) that satisfies Properties (i)-(i11) of Theorem 5.5.

Proof. According to Theorem 5.3 we have that (p;),~ is a semigroup of bounded
operators on £ (h) satisfying Property (i) of Theorem 5.5.

Fix ¢ = |z)(z|, with € D (C). Thus p is a C-regular operator, and so (5.2)
leads to Property (ii). By Lemma 6.18, using Lemma 6.19 we obtain

thm+ % (tr (Ap: (0)) — tr (Ap)) = tr (AL (x,0)).
Lemma 6.3 yields tr (AL, (z,0)) = (v, AGz) + (Gx, Azx) + > o, (Lxx, ALyx).
O
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Lemma below makes it legitimate to use in our context the duality relation
between quantum master equations and adjoint quantum master equations.

Lemma 6.21. Assume that Hypothesis 2 holds, together with A € £(h). Let
(Pt)¢>q be a semigroup of bounded operators on £1 (h) satisfying Properties (i)-
(iii) of Theorem 5.5. Then (pf (A)),~q is a C-solution of (1.5) with initial datum
A. Here (p}),>¢ is the adjoint semigroup of (pi),~o (see, e.g., Section 1.10 of
[39] for details), that is, (pf),, is the unique semigroup of bounded operators
on £(h) such that

tr (pe (¢) B) = tr (p; (B) o) (6.37)
for all B € £(h) and o € £ (h).
Proof. Using (6.37) we deduce that for any vectors z,y € h whose norm is 1,
[y, p; (A)z)| = [tr (pt (A) [z)(y])]
tr (|pe (|2)yl) Al) < [[AI15el e, )y B () Cyl]) -

We conclude from (6.13) that tr(||z)(y||]) = 1, hence that |(y,p; (A)z)| <
| Al| ||ﬁt||£(£1(h)), and finally that

9% (Al ey < AT 1P e, r) - (6.38)

Applying Property (i) of Theorem 5.5 gives Property (c) of Definition 3.1.
Let « € h. As in the proofs of Lemma 6.2 and Theorem 4.3, we define R,, to
be n(n+ C)~', n e N. According to (6.37) we have

IN

(Bnz, p; (A) Ryz) = tr (py (A) |Rpz)(Rnx|) = tr (pt (|Rnz)(Roz]) A) .

Since R,z € D (C'), Property (ii) of Theorem 5.5 implies the continuity of the
function t — (R,x, p; (A) R,x). By (6.38),
[z, Py (A) ) — (=, (A) )
< 2041 (el eqer iy + 1B eqe, oy ) ol lle = Roz]
+[(Rnz, p7 (A) Ruzx) — (Rp, 0 (A) Rn)| -
Using R,& —n—oo « we deduce that the map ¢t — (z, p; (A) x) is continuous.
The polarization identity leads to Property (d) of Definition 3.1.

Assume that z € D (C). By (6.37), combining p}, , (A) = p; (p; (A)) with
Property (iii) of Theorem 5.5 yields

i = (7 (A)2) — (2,7 (A)2)

= T~ (¢ (7 (1) al) 75 (A)) — tr (e 75 (A) = £ (57 (4) ).

S

Wi}‘lch L(pf(A),x) = (z,p; (A) Gx) + (Gz, p; (A) z) + 220:1 (Lgzx, py (A) Lyx).
Thus

= (@, p; (A)x) = L(p; (A) ;) (6.39)
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From (6.38) and Condition H2.2 we get that > .-, (Lyz, p; (A) Lyz) is uni-
formly convergent on bounded intervals, and so t — > -, (Lgx, p; (A) Lyx) is

continuous. Hence the application ¢ — %+ (x, py (A) z) is continuous. Therefore
(x, pf (A) z) is continuously differentiable (see, e.g., Section 2.1 of [39]). Property

(b) of Definition 3.1 now follows from (6.39). O

Proof of Theorem 5.5. Let (pt),~, be a semigroup of bounded operators on

£1 (h) satisfying Properties (i)-(ili) of Theorem 5.5. Let (p}),~, be the ad-
joint semigroup of (p;),~,- Combining Lemma 6.21 with Theorem 3.1 we obtain
pi (A) = T, (A), where t > 0, A € £(h) and (7; (A4)),s, is given by Theorem
3.1. B

Let g € Sfc (h) and A € £(h). Appying Lemma 6.7 and (6.37) yields

tr(pe (@) A) = tr (T (A) o) = tr (p; (A) @) = tr (pi (0) A) -

Therefore p; (9) = p: (). Lemma 6.10 now implies that p; (0) = p: (o) for all
o0 belonging to £ (h), and so p; = p;. Finally, Lemma 6.20 and Theorem 5.3
complete the proof. O

6.11. Proof of Theorem 5.6

Proof of Theorem 5.6. According to (5.5) we have D (G) = D (N*). By (5.5),
Remark 2.2 shows that G is a closable operator with the property

GeL((D(NP), [l lxv):b)-

Let = be a vector of h whose coordinates x,, := (e,,z) are equal to 0 for all
n € Zy except a finite number. Then, an easy computation leads to

2R (N*z,Gx) + Y |INPLyz|?
k=1

= 23 Z vVn+1 ((n +1)% — n2p> R (2nTnt1)
n=1

o0 o0
+4p (las = laa*) 32 0@ fou* 4+ 37 F (0) fouf?,
n=0

n=0

where f is a 2p-degree polynomial whose coefficients depend of |ak|2 with
k = 1,2,4,5. Hence NP satisfies Hypothesis 3, and so applying Theorem 2.2
we obtain that NP fulfills Condition H2.3 of Hypothesis 2. Now, the proof is
completed by using Theorems 5.4 and 5.5. 0
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