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Abstract. We deal with stochastic evolution equations that describe the dy-
namics of open quantum systems. In particular, we focus on physical systems
with infinite dimensional space states such as bosons and atoms. Using resol-
vent approximations, we obtain a general sufficient condition for the existence
and uniqueness of regular solutions to the linear stochastic Schrédinger equa-
tions driven by cylindrical Brownian motions. From this we get a new crite-
rion for the existence and uniqueness of weak (probabilistic) regular solutions
to the non-linear stochastic Schrédinger equations. These stochastic evolution
equations on complex Hilbert spaces govern quantum measurement processes.
We apply our results to physical systems involving, essentially, measurements
of the position of particles.
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1. Introduction

This paper develops stochastic Schrodinger equations with infinite dimensional
space states. In other words, we are interested in stochastic evolution equations
arising from open quantum systems formed, for example, by bosons, atoms and/or
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infinitely many particles. First, using resolvent approximations we establish a gen-
eral sufficient condition for the existence and uniqueness of regular solutions to

X, (6) =€+ / G (5) Xa (€ ds + 3 / Li(s) X, () dWE.  (L1)
k=170

Here, (Wk)keN
filtered complete probability space (Q,S, ($t)i>0 7]P’), X is a pathwise continu-

is a sequence of real valued independent Wiener processes on a

ous adapted stochastic processes taking values on a complex separable Hilbert
space (b, (-,-)), and (G (t)),>o, (Lk (t));>( are given families of linear operators in
b satisfying formally B a

G (1) = ~iH (1)~ 3 L (6) Lic (1) (1.2)
k=1

with H (¢) self-adjoint operator. Second, we obtain the well-posedness of (1.1) for a
concrete class of physical systems. We deal, for example, with regularized versions
of the Hydrogen atom in interaction with heat baths.

A motivation for this article come from the relevant role playing by the sto-
chastic evolution equation with respect to cylindrical Brownian motion (1.1) in the
study of open quantum systems. In fact, E (X; (£),-) X; (§) represents the density
operator at time ¢. From the mathematical point of view, with the help of (1.1)
we can deduce properties of the deterministic operator equations describing the
evolution of open quantum systems (see, e.g., [25, 26]). Moreover, (1.1) consti-
tute an important tool for proving the existence and uniqueness of solutions to
the so-called non-linear stochastic Schrédinger equations (i.e., the stochastic par-
tial differential equation (4.1) given below). These non-linear stochastic evolution
equations govern, for instance, quantum measurement processes (see, e.g., [18, 32])
and allow the numerical simulation of the evolution of the mean values of quantum
observables (see, e.g. [8, 22, 28]).

In [20], Holevo obtained the existence of weak (topological) solutions to (1.1).
Previously, approximating dissipative stochastic evolution equations by coercive
ones, Rozovskii [30] proved the existence and uniqueness of weak (topological)
regular solutions for a general class of dissipative linear stochastic evolution equa-
tions on Hilbert spaces. Applying the Galerkin method directly to (1.1), [21, 23]
showed that (1.1) has a unique strong regular solution. It is worth mentioning
that non-commutative versions of (1.1) driven by a finite number of quantum
noises have been treated, for example, in [7, 17].

In Subsection 3.1, we establish the existence and uniqueness of strong (topo-
logical) regular solutions to (1.1) under general hypotheses. Indeed, by means of
resolvent approximations, Subsection 6.2 obtains the existence of strong regular
solutions to (1.1) under general hypotheses. Furthermore, Subsection 3.2 examines
the martingale and Markov properties of X ().

Section 3 and the corresponding Subsection 6.2 refine the techniques to show
the existence of strong regular solutions to (1.1). From this we obtain a general
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sufficient condition for the existence and uniqueness of strong regular solutions to
(1.1), which strengthens the applications of the stochastic Schrodinger equations
to real physical systems. In fact, Sections 3 and 4 lead to a new criterion for the
existence and uniqueness of weak (probabilistic) regular solutions to the non-linear
stochastic Schrodinger equations. Using Section 3, [26] proves the well-posedness
of the mean value of unbounded observables (like number, position and momen-
tum operators) with respect to the solutions of the quantum master equations.
Under the light of Section 3, Section 5 develops a class of open quantum systems
formulated in coordinate representation. Moreover, the resolvent approximations
used in Subsection 6.2 can yield new results on the existence of invariant density
operators for the quantum master equations (this work is in progress).

In Section 5 we restrict our attention to models that describe, essentially,
quantum non-demolition measurements of position. These open quantum systems
have been studied in detail in the physical literature (see, e.g., [8, 14, 18, 32]),
and can be reproduced in the laboratory using mechanical detectors. In particu-
lar, we verify that their equations of motion in coordinate representation satisfy
the assumptions of Section 3. We also illustrate that our results applied to atoms
whose Coulomb potentials have been regularized. In addition to that these phys-
ical systems have interest by themselves, their development is a step towards the
understanding of open quantum systems whose Hamiltonian operators have sin-
gularities (see, e.g., [1, 10] for early works in this direction).

For the reader convenience, Section 2 recalls notation and Section 6 is devoted
to proofs.

2. Notation

In this article, (b, (-,-)) is a separable complex Hilbert space whose scalar product
(+,-) is linear in the second variable and anti-linear in the first one. We write D (A)
for the domain of A, whenever A is a linear operator in h. If X, 3 are normed
spaces, then we denote by £ (X, 3) the set of all bounded operators from X to 3
and we define £(X) = £(X,%). We set [4,B] = AB — BA whenever A, B are
operators in fj. By B(2)) we mean the set of all Borel set of the topological space
9.

Suppose that C be a self-adjoint positive operator in . For any z,y € D (C)
we define (z,y), = (z,y) + (Cz,Cy) and |z| - = /(®, ) is the graph norm of
C. We use the symbol L2 (P, h) to denote the set of all square integrable random
variables from (€2, ,P) to (h,B (h)). Moreover, LZ (P, ) stands for the set of all
¢ € L? (P,h) such that £ € D(C) a.s. and E||£||é < 0o0. We define ¢ : h — b to

be ©)
z, ifxeD(C
”C("””>:{ 0, ifz¢D(C)

We denote by L? (R", C), with n € N, the set of all square integrable functions
from R™ (equipped with the Lebesgue measure v) to C. In case g : R® — C is
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Borel measurable, to simplify notation we continue to write g for the operator in
L? (R",C) given by f ~— gf. Let C* (R",C) (respectively C*¥ (R™,R)) be the set
of all functions from R™ to C (respectively R) with continuous partial derivatives
up to order k. In addition, C§° (R™, C) stands for the set of all functions from R™
to C having compact support and continuous partial derivatives of any order. If
f i R™ — C, then 0f/0x), denotes the partial derivative of f with respect to the
kth coordinate of it’s input variable, V f stands for the gradient of f and Af is the
Laplacian of f. The symbol e denotes the pointwise product between two vectors
in C™.

In what follows, the letter K denotes generic constants. We will write K (-)
for different non-decreasing non-negative functions on the interval [0, co[ when no
confusion can arise.

3. Strong regular solutions to the stochastic Schrodinger equations

3.1. Linear stochastic Schrodinger equations

As in [23], we consider the following notion of strong regular solution to (1.1).

Hypothesis 1. Suppose that C is a self-adjoint positive operator in b such that:

(H1.1) For each k € N: (i) D(C) C D (L (t)) whenever t > 0; and (i) Ly (-) o ¢
is measurable as a function from ([0, 00 x b, B([0,00[ x b)) to (h, B (h)).

(H1.2) For allt >0, D(C) C D(G(t)). Moreover, G (-) o ¢ is measurable as map
from. ([0, 500 % b, B ([0, 50[ x b)) to (5,5 (B)).

Definition 3.1. Let Hypothesis 1 hold. Assume that T is either [0, co[ or the interval
[0,T], with T € Ry. An adapted process (X¢ (§)),er taking values in b with con-
tinuous sample paths is called strong C-solution of (1.1) on T with initial datum
& if and only if:

o ForanyteT, E||X, (&)|° <E|¢|°, X; (€) € D(C) a.s. and
sup E||CX, (6)]? < 0.
s€[0,t]

o P-a.s. for allt €T,
£+/ G (s)7c ( ds+Z/ Ly (s) o (X, (€)) dWF.

We next provide a sufficient condition for the existence and uniqueness of
strong C-solutions to (1.1).

Hypothesis 2. Let C' satisfy Hypothesis 1. In addition assume that:

(H2.1) For allt >0 and z € D(C) |G (t)z|* < K (t) ||z|% -
(H2.2) For every natural number k there exists a non-decreasing positive function Ky,
on [0, 00[ satisfying || Ly (t) z||* < Ky (t) ||1’||20 for allz € D(C) and t > 0.
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(H2.3) There exists a non-decreasing non-negative function o and a core D1 of C?
for which

2R (C%2,G (t) ) + Y [OLy (1) al* < a(t) |z&
k=1

whenever x € 1 and t > 0.
(H2.4) There exists a core Do of C such that for any x in Do and t > 0,

2R (x.G (t)2) + 3 | L (1) > < 0.
k=1

Theorem 3.1. Assume that Hypothesis 2 holds. Let & be a §o-measurable random
variable of L% (P,b). Then (1.1) has a unique strong C-solution (X; (€)),s, with
initial datum &. Moreover, B

E[CX: (©)]° < exp (ta (1)) (E[ICE|* +ta () E 1))
Proof. Deferred to Subsection 6.2. (|

In many practical situations like the autonomous case, the following lemma
guarantees the measurability of G () o m¢ and Ly () o m¢ required in Hypothesis
1.

Lemma 3.1. Let C be a self-adjoint positive operator in b. Suppose that L €
L£((D(C),|lc),h). Then Lonmc : (b,B(h)) — (h,B(h)) is measurable.

Proof. Deferred to Subsection 6.1. (|

Remark 3.1. Suppose that L is a closable operator in b such that D (C) C D (L),
where C' is aself-adjoint positive operator in §. Applying the closed graph theorem
gives L€ £((D(C),|lc),h).

Remark 3.2. Hypothesis 2 is a refined version of non-explosion criteria that guar-
antee the Markov property of the quantum dynamical semigroups (see, e.g, [10,
11, 16]). Hypothesis 2 can be verified, for instance, in quantum oscillators [26],
quantum measurement processes [23] and infinite many particle systems [23].

3.2. Martingale and Markov properties

Subsection 3.1 makes it legitimate to assume Condition H3.2 given below. Indeed,
Theorem 3.1 shows that it applies to many physical open quantum systems.
Hypothesis 3. Let Hypothesis 1 and Condition H2.1 hold. Suppose that:

(H3.1) For allz € D(C) and t > 0 we have 2R (x, G (t) x) + > pey || Lk (t) z||> = 0.
(H3.2) Let & € LZ (P,h) be Fo-measurable. Then for all T > 0, (1.1) has a unique
strong C-solution on [0, T| with initial datum .
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Remark 3.3. Condition H3.1 of Hypothesis 3 is a weak version of (1.2). Relation
(1.2) arises formally from physical situations where we can expect that the solutions
of the quantum master equations have trace 1 at any instant. Nevertheless, (1.2)
is not a sufficient condition for the minimal quantum dynamical semigroup to be
identity preserving (see, e.g., Section 3.5 of [16] for a counterezample).

We next prove the martingale property || X (§)||2 under Hypothesis 3, which
establishes essentially the conservative property of the open quantum systems.

Theorem 3.2. Suppose that Hypothesis 3 holds and that ¢ € L% (P,h). Then

(||Xt (£)||2) . is a martingale. Moreover, for any measurable bounded function
t>

f:(0,8(h) - (R, B(R)) and t > s > 0 we have

E(f(X(6)/8) = E(f(X:(),/X.(©) (3.1)
/ F(2) Poy (X (6) ).

where Py ; (x,-) is the Dirac measure 6, provided that x ¢ D (C), and Py (z,-) is
the distribution at time t of the strong C-solution of (1.1) with initial datum at
time s equal to z € D (C).

Proof. Deferred to Subsection 6.3. O

4. Non-linear stochastic Schrodinger equations

For any y € h and ¢t > 0, we choose (by abuse of notation)
Lk (s,y) = Li (s) mc (y) — Ry, Li (s) mc (y)) v,

and

G (s,y) = G(s)mo (y)
T Z < (0. L (5) me () L (5) mc () — 292 L () e (9) y) .
Then, the non—hnear stochastic Schrodinger equation
Yt=Yo+/otG(s,Ys)ds+§:/Oth(s,Ys)de (4.1)
k=1

describes quantum measurement processes (see, e.g., [2, 3, 5, 6, 14, 18, 32]) and
may represent objective (independent of any observer) trajectories of quantum
systems.

We now report our careful verification that we can use the same arguments
as in the proof of Theorem 1 of [24] for establishing the existence and uniqueness
of solutions to the stochastic evolution equation driven by a standard cylindrical
Brownian motion (4.1) under Hypothesis 3.
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Definition 4.1. Let C satisfy Hypothesis 1. Suppose that T is either [0,4o00[ or
[0,T] provided T € [0,+oc0[. We say that (Q,& (Ft)rer> Qs (Ye)ser (Wt’“)f;?) 18
a solution of class C of (4.1) with initial distribution 0 on the interval T if and
only if:

° (Wk)keN is a sequence of real valued independent Brownian motions on the

filtered complete probability space (Q,S, (St)teT,(@).

o (Yi),cr s an h-valued process with continuous sample paths such that the law
of Yo coincides with 0 and Q (||Y;|| =1forallt € T) = 1.

e For everyt € T, Yy € D(C) Q-a.s. and sup,c( 1 Eg |CYS | < oo

e Q-a.s., (Y, (Wk)keN) satisfies (4.1) for allt € T.

For abbreviation, we simply say (Q, (Y3),er » (Wi),en) is a C-solution of (4.1)
when no confusion can arise.

Theorem 4.1. Let C satisfy Hypothesis 3. Suppose that 0 is a probability measure
on B (h) such that 0 (D(C)N{yebh:|yll=1}) =1 and fh ICyl* 0 (dz) < oo.

Then (4.1) has a unique C-solution (Q, (Y)i>0 (Bt)tzo) with initial law 6.

Proof. Theorem 3.2 allows to use the same analysis as in the proof of Theorem 1
of [24] to show our statement. O

It is worth pointing out that in the proof of Theorem 4.1 we use the following
construction of C-solutions of (4.1) on finite intervals.

Theorem 4.2. Adopt the assumptions of Theorem 4.1. In addition, let (Xt (£));>¢
be the C-strong solution of (1.1), where & is distributed according to 0. Define
Q= || X7 (&)|]* - P, where T €10, +00[. For any t € [0,T], we set

v, :{ X (&) /1 Xe (O, if Xe (§) #0
K 0, if X;(6)=0

and \
1
BF =W} - | ———d[WF X ,
A AT

. kEN . .
with k € N. Then (Q,%, (gt)te[O,T] ,Q, (Y;‘/)tG[O,T] , (Bf)tee[O,T]) is a C-solution of

(4.1) with initial distribution 0.

Proof. By Theorem 3.2, our assertion can be obtained proceeding along the same
lines as in the proof of Proposition 1 of [24]. O

5. Concrete physical systems

This section focusses on the following general model, which describes spinless par-
ticles in coordinate representation.
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Model 1. Let h = L? (R",C), with n € N. Suppose that t is an arbitrary non-
negative real number. We consider the Hamiltonian
H(t)=—-al+g(t-),
where a > 0 and g : ([0,00] x R™, B ([0,00[ x R™)) — (R,B(R)) is a measurable
function. For each k =1,...,m we set
Ly, (t) = ¢k (t7 ) ’
with ¢r : ([0,00] x R™, B([0,00[ x R™)) — (C,B(C)) measurable. Moreover, we

choose Ly = 0 whenever k > m. Define

m

. 1
G (1) = —iH (1) — 5 D 0w (6, )
k=1
Hypothesis 4. In the context of Model 1 we suppose that for allt > 0 and x € R™
we have |g (t,z)] < K (t) (1 + |a:|2) and |V (t,x)| < K (t) (1 + |z|). Moreover, we

assume that for any k =1,...,m we have: ¢y (t,-) € C? (R, C),
max {|8x (t,2)], [r (£ 2)den (t,2)| b < K (1) (ol + 1) (5.1)

and

Inax{|q/)k (t,$)| ) ‘V(bk (t7$)| )

whenever t > 0 and x € R™.

on (6, 2)V (t,x)‘} <K@#)(z|+1). (5.2)

By means of Theorems 3.1 and 4.1, we are able to obtain the well-posedness
of Model 1.

Theorem 5.1. Adopt the framework of Model 1 and Hypothesis 4. Let C = —/A +
|x|2, Suppose that € is a Fo-measurable random variable taking values in L? (R™, C)
such that B ||€])° = 1 and E ||C€||* < oo. Then (1.1) has a unique strong C-solution
with initial datum &. Moreover, (4.1) has a unique C-solution whose initial law
coincides with the distribution of &.

Proof. Deferred to Subsection 6.4. O

In order to illustrate the physical nature of Model 1, we next present a simple
process of continuous measurement of position.

Example 1. In the context of Model 1 we select n =m =1 and a = 1/ (2M), with
M > 0. Moreover, we take g (t,x) = 0 and ¢ (t,x) = ox, where o is a positive
real number.

Remark 5.1. Example 1 describes the dynamics of the continuous measurement of
position of a free quantum particle (see, e.g., [4, 9]). This process can be observed
with mechanical detectors. For a construction of a general class of models of spon-
taneous localizations in space we refer the reader to, for instance, [18]. Moreover,
Example 1 with g (t,z) = 0 replaced by g (t,x) = kx?, with k > 0, models the
position measurement of a harmonically bound particle.
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The next particular model is due to Singh and Rost [33]. It arises from the
application of intense linearly polarized laser to the hydrogen atom.

Example 2. In the framework of Model 1, we considern =1, « =1/2 and g (t,x) =
V (z) 4+ aF (t), where V () = —1/vVx% 4+ a? and

sin (7t/ (27)), ift<r
F(t)=Fysin(ft+46)< 1, ifr<t<T -7
cos?(n(t+7-T)/(271)), fT—7<t<T

Here 8,0 € R and a, Fy, T, T are positive constants. Selectm = 1 and ¢1 (t,xz) = ox
for all x € R, with o > 0.

Remark 5.2. Ezample 2 simulates the evolution of the electron of the hydrogen
atom under the influence of a laser field F (t). In this context, V is a soft core
potential that approximates the Coulomb potential of the atom.

From [19] we have that our final example provides the evolution of a quantum
system in a fluctuating trap.

Example 3. Adopt Model 1 withn = m = 1, a = 1/(2M) and g (t,z) = ka2,
where M > 0 and k > 0. Set ¢1 (t,z) = —iox, whenever o > 0.

6. Proofs
6.1. Proof of Lemma 3.1

We first characterize the domain of C' by means of the Yosida approximation of
—C.

Lemma 6.1. Let C' be a self-adjoint positive operator in h). For any n € N we set
R,=n(n+C)"". Then
D(C)={xz €b:(CR,x), converges} = {a: € h:sup||CRx| < oo} .
neN

Proof. Since —C'is dissipative and self-adjoint, for all z € D (C') we have
CR,x —p—oo Cx (6.1)

(see, e.g., [15, 27]). Thus D (C) C {z € h: (CR,x), converges}.

Now, assume that (||CR,zl|),, oy is bounded. Using the Banach-Alaoglu the-
orem we deduce that there exists a subsequence (CRy, ),y which converges
weakly to a vector z € h. Since R, — . @, for any y € D (C) we have

(x,Cy) = klim (R, z,Cy) = klim (CR,,z,y) = (2,y) .

Hence z € D(C*) (=D (C)), and so {x € b : sup,, oy || CRuz| < 00} C D(C). O
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Proof of Theorem 3.2. Let R,, be as in Lemma 6.1. Then CR,, € £(h). Using
Lemma 6.1 we obtain that D (C) is a Borel set of §, and so n¢ : (h,B(h)) —
(h, B (b)) is measurable. On the other hand, the range of R, is a subset of D (C).
Therefore LR,, € £(h) by L € £((D(C),|-[|o),b). Thus LR, o ¢ is measurable.
Combining R,, — 00 I with (6.1) yields LR, omc — 00 Lome, which implies
the measurability of L o m¢. U

6.2. Proof of Theorem 3.1

Although it is not the purpose of this paper to discuss mild regular solutions of
(1.1), through this subsection we develop preliminary results for studying this kind
of solutions to (1.1). To this end, we introduce the following conditions.

Hypothesis 5. Let C be a self-adjoint positive operator in §. Assume that:
(H5.1) For allt > 0, D(C?) € D(G (1) and |G (t)z|* < K (t) ||z whenever
xreD (Cz).
(H5.2) The function G () o mo2 from [0,00[ X § equipped with its Borel o-algebra to
(h,B(h)) is measurable.
(H5.3) There exists a core Do of C? such that for all x in Dy and t >0,

2R (z,G () x) + > | Li () 2]* < 0.
k=1

Remark 6.1. Let C' be a self-adjoint positive operator in by. Since D (02) cD(CO),
the closed graph theorem gives C € £ ((D (02) ) ||||cz) 7[7) . Thus, Condition H2.1
of Hypothesis 2 implies Condition H5.1 of Hypothesis 5. Moreover, using Lemma
6.1 we obtain that mc2 : (h,B(h)) — (h,B(h)) is measurable, and so Condition
H1.2 leads to Condition H5.2.

Since D (02) is core for C, Condition H5.3 implies Condition H2.4. Never-
theless, we can extend the inequality of Condition H2.4 to D (C) provided that
Hypothesis 2 holds.

Lemma 6.2. Under Conditions H2.1, H2.2 and H2.4 of Hypothesis 2, for all x in
D (C) we have 2R (x, G (t) x) + > pe; || Lk (1) z||> <o.

Proof. The assertion follows from the definition of core and Fatou’s lemma. O
We next extend the inequalities given in Conditions H2.3 and H5.2 to D (02).

Lemma 6.3. Suppose that C' satisfies Conditions H2.2, H2.3 of Hypothesis 2 and
Condition H5.1 of Hypothesis 5. Let x belong to D (02) andt > 0. Then Ly (t) x €
D (C) for any k € N, and

M (C, G (1) x) + 3 [CLi (1) 2l < a (1) ]2 (6.2)
k=1
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Proof. Since @1 is a core of C2, there exists a sequence (Tn),cn in D1 converging
to  such that C%z,, — .00 C?x. Combining G (t) € £((D (C?),||c=) ,h) with
Condition H2.3 yields

limsup »_ [|C Lk (8) zal|* < @ (¢) [l2ll3 — 2R (C2, G (t) 7). (6.3)

Using (6.3), the Banach-Alaoglu theorem and diagonalization arguments we

deduce that (), oy contains a subsequence (z,)), < Such that for all & € N,

CLy () Tp) —1—00 2k weakly in b, (6.4)
with z; € . According to Remark 6.1 and Condition H2.2, we have
L (t) 2p) — 100 Li (1) 2.
Since C' is closed, (6.4) implies Ly (t)x € D (C) and 2z, = C Ly, (t) x. Hence

ICLy (8) z]| < lim inf |CLy, (8) 2@ || - (6.5)
From (6.3), (6.5) and Fatou’s lemma we obtain (6.2). O

Lemma 6.4. Let Conditions H5.1 and H5.3 of Hypothesis 5 hold. Under Condition
H2.2 of Hypothesis 2, for all x in D (02) we have

2R (2,G (t)2) + 3 L () ][> < 0.
k=1

Proof. By Remark 6.1, combining the definition of core with Fatou’s lemma we
deduce our claim. (]

We now approximate (1.1) by stochastic evolutions equations with bounded
coefficients. To this end, we use the Yosida approximation of —C?.

Definition 6.1. Let Conditions H1.1, H2.2, H5.1, H5.2 hold. Assume that: (i)
WL, W2, ..., are real valued independent Wiener processes on (Q,S, (St)tzo ,IP’) ;

(ii) € is a Fo-measurable random variable belonging to L? (P,b); and (i) n is a

natural number. Choose En =n (n + 02)_1. Then, we define X™ to be the unique
continuous solution of

t n t
Xt =¢+ / G" (s) XJds+ ) / LY (s) X"dWk, (6.6)
0 =10

where G (s) = R, G (s) Ry, and L} (s) = Ly, (s) Ry, with s > 0 and k € N.

Remark 6.2. The range ofﬁn is a subset of D (CQ) and C2R,, € £ (h). By Hfin <

1, Conditions H2.2 and H5.1 implies that G™ (t) and L} (t), with k = 1,...,n,
are bounded operators in b whose norms are uniformly bounded on compact time
intervals. It follows that X" is well-defined.

The following three lemmata provide a priori estimates for X™.
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Lemma 6.5. Suppose that C' satisfies Conditions H1.1, H2.2, H5.1-H5.3. Let t > 0.
Then E||X7||* < E||¢||>. Moreover, for all x € b we have

2R (x, G™ (t) ) + Z L} (t) x| < 0. (6.7)

Proof. Since the range of R, is a subset of D (02), Lemma 6.4 leads to (6.7).
Using complex [t0’s formula yields

e < i e 3 [ g o X (6:5)

Set 7; = inf{t >0:||X}"|| > j}. By (6.8), EHXMT < E||¢]*. Because X"
is pathwise continuous, 7; /" oo as j — oo. Applying Fatou’s lemma we get

2
E|X7|° < liminfj oo E | X5, | < Elg)* 0

Lemma 6.6. Adopt Conditions H1.1, H2.2, H2.3, H5.1-H5.3. Suppose that £ is a
Fo-measurable random variable of LZ (P,h). Then

E[CX?|? < exp (ta (1) (EIICE|® +ta O EJE]?) (6.9)

Proof. Due to [|CG™ (t)] < ’ R, ||, combining Condition H2.1 with
Remark 6.1 gives

ICG™ ()] < K (1). (6.10)

Applying Lemma 6.3 we obtain

2R <02En:¢, G (1) Enx> + i ICLE () | < a(t) Hénx
k

2
.
for all x € h. It follows that for any £ € N we have
|CLE ()] < Ky (t), (6.11)

where K, (t) is a non-decreasing non-negative function.
Let y belong to D (C) and t > 0. We proceed to show that

2R (Cy,CG" () y) + Z ICLE &)yl < a (@) yllc:. (6.12)

To this end, fix € D (C?). Then R,C%z = C?R,z. Using R, is self-adjoint we
deduce that
(Cz,CG™ (t) z) = <02Rnx, G (t) Rnaﬁ> ,

and so Lemma 6.3 leads to

oR (Cz, CG™ (¢ +Z ICLE (¢) 2| < a () Hﬁznx

2
e
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As HRn R,x

core of C, a passage to the limit now gives (6.12).
From (6.10), (6.11) and Lemma 6.5 we obtain

E[CG™ () X7|* < llca™ 0IPElIE)* < K () E |l

- 2
< 1 and C commutates with R, ‘ < [lz]|%. Since D (C?) is a
c

and
n n)2 n )2 2 2
ElCLE (6) X[” < [CLg &I E[IE]]" < Kx () E[IE]”
Then according to, for instance, Propositions 1.6 and 4.15 of [12], we have CX]* =
Y a.s. for any ¢t > 0, where

Y™ =C¢ + / CG™(s) XPds+ ) / CL} (s) X dWk.
0 P
Choose 7; = inf {t > 0: ||Y}"|| > j}. Lema 6.5 implies

n n n 2 -2 n 2 2
E[R(Yih,, CLE () X2)| < 2ICLE ()P E g

Then, applying It6’s formula yields

E|

n
)/;f/\‘l‘]‘

2 tAT; n
=E|C¢|>+E / (23% (Y,CG™ () XI) + > |CL; (s) X:||2> ds.
0

k=1
Since Y* = CX?" a.s., combining (6.12) with Lema 6.5 we have

2 t
B2, | <EICE +a ) [ BICXTI ds+taE ]
0

This gives

2 t
BV, < liminf B[V | <EICER + ta BN +a() [ EIvIPds
J—00 0

n
}/;/\Tj

Hence, the Gronwall-Bellman lemma leads to (6.9). O
Lemma 6.7. Fiz T > 0. Under the assumptions of Theorem 3.1,

E|X]"~ X7|” < Kre(t—s), (6.13)
where 0 < s <t <T and K¢ is a constant depending of T and &.

Proof. Consider 7; = inf {¢ > 0: || X*|| > j}. Using It6’s formula we have
2

E Hth/\Tj - X.;L/\Tj
t/\Tj n

B [ (2R(xr - X0 0n) X))+ DI ) X ) s
SAT; k=1

By Condition H2.1, combining ||R,|| < 1 with R,C C CR, yields

la™ () =))* < K (¢) ||«
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for all x € D (C). Since X belongs to D (C) a.s., from (6.7) we deduce

2 tAT;
B|xp, - X0, | <2 [ e mxnar
SAT;
’ t/\Tj
<K(®E / X7 X7
s/\'rj

Fatou’s lemma now implies

SAT;

2 t
BIX; - X7 < lmintE X3, - X0 <K@ [ VEIXPIE VX

Applying Lemmata 6.5 and 6.6 we obtain

E X7 — X2|? < K (¢ — 5) E€IPVE |CE> +E > + 1.

O

Finally, we obtain a strong C-solution of (1.1) by means of a limit procedure.

Definition 6.2. For any natural number n, we define (Q5§’")S>O to be the filtration

that satisfies the usual hypotheses generated by & and W', ... W™, Lett be a non-

negative real number. By 6§’W we mean the o-algebra generated by UneNQSf’". As
&EW _ &W

usual, 3" = Ne>o B3 -

Lemma 6.8. Let C satisfy Conditions H1.1, H2.2, H2.3, H5.1-H5.3. Suppose that

¢ € L% (P,b) and that inequality (6.13) holds. Fiz T > 0. Then, we can extract
from any subsequence of (X" (£)), ey @ subsequence (X" (£)),cy for which there

exists a (qu_,‘_w) -predictable process (Zy (§)),e(0,1) sSuch that for anyt € [0,T7,

te[0,T]

X' (€) —poe Ze (€)  weakly in L2 ((Q Q5f’W7IP>) ,h) . (6.14)
Proof. Let (x;);cy be an orthonormal basis of L? ((Q, QS%W,]P’) ,f)). Combin-
ing the Cauchy-Schwarz inequality with (6.13) we obtain the equicontinuity of
the family of complex functions (E (x;, X" (£))),cn, With j € N. Using Lemma
6.5, the Arzela-Ascoli theorem and diagonalization arguments we deduce that can
extract from any subsequence of (X" ()),cy @ subsequence (X" ()), oy such
that E (x;, X™ (£)) is uniformly convergent in [0,7] for any j € N. Lemma 6.5

now shows that X;'* (§) is weakly convergent in L2 ((Q, @%W,P) ,h) for any

t € [0,T). Since X[ (¢) is 5" -measurable, for any t € [0,7] there exists a
Q’)f’w-measurable random variable v; satisfying

X (€) —poo by weakly in L2 ((Q ij’W,IP’) ,h) : (6.15)

Assume that (e;); .y is an orthonormal basis of h. According to (6.15) we
have

(e, XI™ (€)) — oo (eg,1)  weakly in L2 ((Q,@f’W,P) 7<c) ,
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Applying (6.13) and Fatou’s lemma yields
E|(ej, v — a)[* < Lminf E |(e;, X[ () = X{™ (§)° < Kre (¢~ ).

—_~—

It follows that (ej, 1) has a (@?;W) o T]—predictable version (ej, ) (see, e.g.,
te(o,

Proposition 3.6 of [12]). We define a to be the set of all (¢,w) belonging to [0, T] x

such that Z?:l (ej,1), (w) ej converge as n goes to co. The proof is completed by

choosing

_ ) 3 e ), (w)ey, i (tw) Ea
Z (&) (w) { 0. j=1 1\ ¥y J (o) ¢ a )
Thus Z (§) becomes a version of 1. 0

Lemma 6.9. Adopt the assumptions and notation of Lemma 6.8. Let t belong to
[0,T). Then E||Z; (€)|I> <E|€]*, Z: (€) € Dom(C) a.s., and

ECZ @) <exp(a(®)t) (BICEI® +a@E[E?).  (616)
Moreover, for all j € N we have
LI (8) X% (€) — koo L (£) Z4(€)  weakly in L ((Q QSf’W,]P’) ,h) . (6.17)
If in addition G (t) € £((D (C), ||I|l),h), then
G™ () X (€) — koo G (1) Z0 (€)  weakly in L? ((Q @f’W,IP’> ,f)) . (6.18)
Proof. Combining Lemma 6.5 with (6.14) we obtain IE 12, (&)|I” < E||¢]|°. Consider
U in L2 ((Q &V p ) ) Since ’

convergence theorem shows that R U—poo Uin L? ((Q, ®§’W,IP> ,b). Using
(6.14) yields

E (U, B X} (€)= E(Bu U X[ () —iw E(UZ1 (). (619)

nooo I, the dominated

Let L € £((D(C),|llo),b)- Set L™ = LR,. Due to ‘ R,

Cén, applying Lemma 6.6 and the Banach-Alaoglu theorem we deduce that any
subsequence of (X" (£)),cy contains a subsequence denoted (to shorten notation)

by (X" (£));en such that (L™ X" (€)),cy and (C’EMXZ” (£)>lEN are weakly con-
vergent in L2 ((Q,Qﬁf’w,[?) ,h). Hence (RMX{” (€), LM X (€), C Ry, XM (g))

converges weakly in L? ((Q, ®§’W,IP) ,h3) by (6.19).

Since L € £((D(C),||llc),h), D(C) x L(D(C)) x C(D(C)) is a closed
set in h3 = b x h x h. Therefore {(n,An,Ln) :n € L2 ((Q, QSf’W,]P’) ,h)} is a
closed linear linear manifold of L? ((Q,@f’W,P) ,h?’). Thus, this set is closed
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with respect to the weak topology of L2 ((Q QSE W ) f)3> (see, e.g., Theorem
3.12 of [31]). Using (6.19) we now get that ( o X (E), LM XTI (€),C Ry, X (f))

converges weakly to (Z; (€),LZ; (£),CZ; (£)) as | — oo in L? ((Q, [CH A IP’) ,h3).
This leads to

L™ X (€) —pmoe L; 24 (€)  weakly in L2<(Q765’W7P>,b)7 (6.20)

and so (6.17) holds by Condition H2.2. Taking L = C in (6.20) and using Lemma
6.6 we get (6.16).

Suppose that G (t) € £((D(C), |-ll¢) h)- By (6.20), G (£) R, X[ (€) con-
verges weakly to G (t) Z; (€) as n — oo in L? ((Q7 Qﬁf’W,IP’) ,f)). Hence
where U € L? ((Q, Qif’w, ]P’) ,f)). This gives (6.18), because R, is self-adjoint. [

Remark 6.3. Let x be an element of L? ((Q, Qﬁf’m,P) ,(C), with t € [0,T]. Then,
there exist (@g’m)s>0—p7’edictable processes H',--- | H™ such that:

(i) HY,--- ,H™ € L?(([0,T] x Q,v ®@P),C), where v denotes the Lesbesque
mesure on B ([0,T1]).

(i) x =E (\I&™) + X7, o Hidw.

Lemma 6.10. Assume the setting of Theorem 3.1. Suppose that (X" (£)),cy and
x are as in Lemma 6.8 and Remark 6.3 respectively. Let x € ). Then

Nk t
lim E<Xx,z / LI (5) X (€) dwg'>
— 00 — 0

—1E<xx Z/ E))dWJ>

Proof. Throughout this proof, H!,--- , H™ are as in Remark 6.3. From Condition
H2.1 and Lemma 6.2 we get

Z”Lk Jyll* < K () lylle - (6.21)

for all y in D (C) and t > 0.
Using Lemma 6.5, basic properties of stochastic integrals and Fubini’s theo-
rem we deduce that for all n > m,

IEZX< Z/ L7 (s) X (€ dWJ> Z/ EH! (z, L7 (s) X1 (€)) ds.
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Due to (6.17),

dominated convergence theorem to obtain

>y

t

[ B o1 () X () ds i [ EH (oL () (Ze(€)
for any j =1,...,m. Hence
klirg@E<xx Z/ L™ (s) XI™ (& dWJ> Z/ EH? (x,L; (s) 7 (Zs (€))) ds.
Combining (6.21) with Lemmata 6.5 and 6.6 we deduce that
mo et
> [ B (oL ()7 (22 ) ds = ZEX JACEACEACITE
j=1"0
whenever n > m, and that
Z/ (€)dW] — o Z/ (€)) dW?
in L? (P, h). This gives
ZEX [ en@nz@yavi =3 [(Breom @)
j=1

O

Lemma 6.11. Adopt the assumptions of Theorem 3.1. Assume that T and Z are
defined as in Lemma 6.8. Then for all t € [0,T] we have

= ' S) T S N t S) T k a.s
—§+/0 G (s) e (Zo (€))d +k§_j/ Li () 7 (Zo (€)) AWE  as,

Proof. Consider z € b and let (X"*), _ be as in Lemma 6.8. According to Lemma
6.10 we have

Nk t
lim E<x:c,_z | @ xee dwg>

_IE<X$Z/ ))dWﬂ>

Since E (x/&5") € L? (P,C), using (6.18) and Lemmata 6.5, 6.6 we obtain
t
[ B (@6 o)X @) B (v /es")) ds
0

e / E (2, G (s) 7 (Zs () E (x/&E™)) ds.
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To this end we apply the dominated convergence theorem. Hence (6.14) implies

Ex (, Z (€)) (6.22)

=Ex<x,£+/0 G (s)m(Zs (5))d8+2/0 (@, Lj (s) 7 (Zs (5))>dW3>.
j=1

Using a monotone class theorem (e.g., Theorem I1.21 of [13]) we extend the
range of validity of (6.22) from y € L? ((Q, Q5f’m,IP’) 7(C) to any bounded x be-

longing to L? (<Q7 @f’W,IP> ,C), which completes the proof. O

Proof of Theorem 3.1. Consider T' > 0. First, we combine Lemma 6.2 with Ito’s
formula to deduce that there exists at most one strong C-solution of (1.1) on [0, T
(see proof of Lemma 2.2 of [23] for details). Second, for all ¢ € [0, 7], we set

Zthg—‘r/ G (s)me ( dS—‘rZ/ Ly (s) 7o ( (5))de

where Z (§) is described as in Lemma 6.8. According to Lemma 6.11 we have that
Z7T is a continuous version of Z (£). Hence Z7 is a strong C-solution of (1.1) on
[0,77], and so ZT is the unique one.

Finally, we define ) to be the set of all w satisfying Z" (w) = Z*" (w) for
all n € N and any ¢ € [0,n]. For any ¢ > 0, we choose

) Zp(w), if weQandte0,n)]
Xt(§>_{0, if wé

Thus X (£) is the unique strong C-solution of (1.1) on [0, oo]. O

6.3. Proof of Theorem 3.2

Proof of Theorem 3.2. From Condition H3.2 of Hypothesis 3 we deduce that (1.1)
has a unique strong C-solution X (£) in [0, co[. Using the same arguments as in
the proof of Theorem 3.1 of [23] we obtain

E|X: (9)” =Ell¢)® (6.23)

for all ¢ > 0. For the reader’s convenience, we next outline the proof of (6.23).
First, we set

?n:inf{tso: [ to @1 @01 ”Hc)f <()|>” ds >n}m

where 7' > 0 and 1 stands for the indicator function. Using Condition H3.1,
It6’s formula and Novikov’s criterion we can assert that (HXM?” (f)\|2) 0.1] is a

tefo,T
martingale. Second, we consider the stopping time

T =T ANinf{t € [7,, T] : [ X ()] < [[ Xz, () /2}-
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The martingale property of HX n (E)H2 leads to

E (I1Xins, O 15,<)

1 tATh CX,

n (”XW" OF 1 [ s (1 IO )
0 |

FAGIL
= [ B (lex. @) as

We thus get E (|| Xinz, (€I 17, <)) —noo 0, and so E (11X, (©)I7) = E (1I¢]1°).

which implies (6.23) due to E || X, (€)||> < E||€]>.
Assume that T' > 0 and n € N. We now choose

o =inf {t > 0: || X; ()| > n} AT.

Combining Condition H3.1 with It6’s formula we obtain
t/\‘rn

e, (O = 161"+ 3 [ R0, Lo X (@) WE (020
From Conditions H2.1 and H3.1 we have

DB [ OROXL(©) L (6) X () ds < Ko (1Bl

IN

IN

where K, 1 is a constant depending of n and T'. Hence (6.24) shows that || X ™ (¢)||?
is a martingale. Applying Fatou’s lemma yields the supermartingale property of

(||Xt (g)||2) . Therefore (||Xt ©|l ) is a martingale by (6.23).
te[0,T) €[0,77
Finally, we can prove (3.1), that is the Markov property of X, (§), using

techniques of well-posed martingale problems (see, e.g., proof of Theorem 3 of
[24]). O

6.4. Proof of Theorem 5.1
We start by proving a basic inequality (i.e., relation (6.25) given below).

Lemma 6.12. Let f € C{)’O (R,C). Then

& s@| vl < (i +o) £

where ||-|| stands for the norm in L? (R, C).

2
2
+2|£1%,

Proof. Throughout the proof, we restrict the domain of all operators to C§° (R, C).
Moreover, as usual in physics, we set p = —i% and ¢ = x. Then

2
P +¢%) =p" +2p°p+¢" +p[p.¢*] + [ 0] p.
Since pg?p is a non-negative operator,

P +¢%)° > p*+q* +p[p.¢%] + [¢* ] p-
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Using [p, q] = —i we get
[p,¢°] = [p.dla+qlp.q] = —2iq.
Hence p [p,¢*] + [¢*.p] p = =2, and so
(£ + @ ) +2101F = |21 + |2,
which establishes the desire inequality. O
Lemma 6.13. If f € C5° (R",C), then

l~afl + e s @) < | (-a+1eR) r@| 2als?,  ©29)
where ||| denotes the norm in L? (R",C).

Proof. Let j and k be different natural numbers lying between 1 and n. According
to the fact that the operator z; commutes with the positive operator —9%/9z3,
we have (f, =0 (23f) /0z}) > 0 and (f, —230% (f) /0x}) > 0. Hence

(£.(-6+12)"r) Zg <f( o +xk)2f>

0% 02 9 9
+ Z f’axiaﬁf +(f, 2323 f) ) -

J,k=1,..n;j#k
Using Lemma 6.12 yields (6.25). d

Using Lemma 6.13 and the integration by parts formula we deduce the next
auxiliary result.

Lemma 6.14. Let f € C§° (R,C). Assume that ¢ : [0,00[ x R™ — C™ is such that
for any t € [0,00[, ¢ (¢,-) is Borel measurable and

lo (t,2)] < K (t) (1 + |z]) (6.26)
whenever x € R™. Then for all t > 0,

o) o0 <K@ (|(-2+ 1) r@] +17). @2m)

Proof. Applying first the Cauchy-Schwarz inequality and then using (6.26) we
deduce that

e (t,) e V|

i (6.28)

0
ek (t,) aTCkf

Z/n L Jof) g (0) 5o () do (0),

where ¢y, stands for the kth coordinate of .
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Combining the integration by parts formula with the Cauchy-Schwarz in-
equality we get

> [ on e

Using again the integration by parts formula and the Cauchy-Schwarz inequality
yields

—Affdv

R

<2(I-afIP+17P). (6.29)

= 5 0 0 —
S [ ol g @) g T @) )
= | [ bl T@ a0 @ +2z/ 04T (&) 5 f (@) v ()

< P sfi-an+a /. |x|2|f|2du(x)+4;/" Mfz

From (6.29) it follows that

dv.

el e @) T @ @) < (1= + el o]+ 1017)

(6.30)
According to (6.28)-(6.30) and Lemma 6.13 we have (6.27). O

Combining the integration by parts formula with density arguments we get
the following simple equality.

Lemma 6.15. Let f € C§° (R, C). Suppose that ¢ is locally in L* (R,R). Then

ére(i/R@(x)f(x)CZ; (x)d:v) _o.

Proof. We first assume that » € C? (R, R). Combining Leibnitz’s formula with the
integration by parts formula we deduce that

R (i [e@ T @) = #(i [ 1@ )
—%<i4w(w)f()dd;2f() )

This implies R (z Jr o (@) f(2)f" () da:) = 0. The proof is completed by using
that C? (R, R) is dense in L}, (R,R). O

loc

We now provide a tool for treating the dissipative terms of the right hand
side of the inequality described in Condition H2.3.
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Lemma 6.16. Consider C = —A + |z|°. Let ¢ € C2(R™,C). Then, for all f €
Cg° (R™,C) we have
R <02f, ol f> +lICof1* < ICAI IR [C @] £+ T, @l f 1) + T, ] I -
Proof. Rearranging terms yields
(Cof.Cofy = (C2 el ) (6.31)
= ((¢C +[C,¢) £, (eC +[C.o) £ = {CF. (IeP € + [C1eP] ) 1)

Substituting [C, |<p|2} =[C, gl v+ @ [C,¢] into (6.31) we obtain

(Cof,Cofy = (C2 10l £) = (@IC. 61 £,CF) = (CF,1C, @ of) + ICs el I
Thus, the lemma follows from the Cauchy-Schwarz inequality. O

Proof of Theorem 5.1. Due to |z|? is locally in L2 (R™,C), C' is essentially self-
adjoint on C§° (R™,C) (see, e.g., Theorem X.29 of [29])). From Lemma 6.12 we
obtain that D (C) = D(-A)ND <|x|2> By Hypothesis 4, Lemma 6.13 lead to

Conditions H2.1 and H2.2. Moreover, applying a functional version of the mono-
tone class theorem and the dominated convergence theorem we obtain Conditions
H1.1 and H1.2.

Using the definition of G we deduce that for all f € C5° (R",C),

2R(£,G () )+ D> Lk (t) f* = 0.
k=1

According to C§° (R", C) is a core of C' we have that Condition H3.1 holds, as well
as Condition H2.4.
Let f € C§° (R™, C). Since

R(C =it (1) =R ((~6-+1oP) 1.~ (~alof +9(0.) 1),
combining Lemma 6.15 with Fubini’s theorem yields
R(C2f,~iH (1) f) = ~Ri (=0 f =& (o £) (~alaf +9(6,) 1)

By —A is a non-negative operator, %i<—A (|az:|2 f) ) |x|2f> = 0. Lemma 6.15,

together with Leibnitz formula and Fubini’s theorem, now show
Ri <A (|x|2 f) : (—a z? + g (¢, -)) f> — oRi <v (|x|2) oY/ gt f> .

From the Cauchy-Schwarz inequality follows that

Ri (A (1al 1) (—alal +9(t,)) £)] < 4 (Hv (1) « 95 + 119 2. f|2) -
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Due to —A is self-adjoint, according to Leibnitz’s formula, Lemma 6.15 and Fu-
bini’s theorem we have

Ri (=00 f, (~alel +9(t,) £) =20 (~0£,V (~alal* + g (t,)) ¢ V),
and so
i (=29 1. (—alal* +9(8.)) £)]
<a (o + |7 (~ale +g.0) o vs] ).
Using Hypothesis 4 and Lemma 6.14 we deduce that
R(C?f, =il (t) f) < K () |I£1&-
Since ¢y (t,-) € C? (R",C),
[ (8, )] ] = =fDbn (1) = 2V i (1, 7) » V.

Hence

Ok () [C, bk (t,)] f = —fbr (t,) Ay (t,+) — 201 (t,)Vi (t,-) e Vf

and
[C,m} o (t,-) f
= [k (t,) D (8,-) = 2f [V (1, )] = 20 (¢,-) Vi (1,-) » V .
By (5.1) and (5.2), Lemmata 6.12, 6.14 and 6.16 lead to
—R(C2f,|on () £) + ICon (1) fIP < K @) 111

Therefore Condition H2.3 holds with ®; = C§° (R, C), and so Hypothesis 2 holds.
Thus, Theorems 3.1 and 4.1 show our statement. O
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