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Abstract

This work aims to introduce and analyze an adaptive stabilized finite element method to solve a nonlinear Darcy
equation with a pressure-dependent viscosity and mixed boundary conditions. We stated the discrete problem’s well-
posedness and optimal error estimates, in natural norms, under standard assumptions. Next, we introduce and analyze
a residual-based a posteriori error estimator for the stabilized scheme. Finally, we present some two- and three-
dimensional numerical examples which confirm our theoretical results.
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analysis.

1. Introduction

In many important applications, as for example, in oil reservoir, contaminant transport, mesoscale blood flows, fil-
ter design and water resource problems, it is necessary to study the flow of fluids in a porous medium. The first model
to study this phenomenon corresponds to the Darcy model (see [[1]]) when it is considered that the viscosity of the flow
is a function constant and where the pressure is independent of viscosity. Time later, it was shown experimentally
that in a wide variety of industrial applications, for certain kind flow, as in the case of organic liquid, the viscosity can
depend on the pressure (see [2]). This situation is presented, for example, when the viscosity depends exponentially
on the pressure (see [2]), turning the Darcy problem into a nonlinear problem (for details on the derivation, see[3]]).

For the classical Darcy equation, there are a large number of numerical schemes that approximate the velocity
and pressure of the fluid, starting with mixed methods that consider the stable subspace of H(div; Q), as the Raviart-
Thomas elements [4] or Brezzi-Douglas-Marini family [5]. For a non complete list of these stable schemes, see
617, 18,19, 110 [11]], and the references therein.

On the other hand, in fluid dynamics simulations the use of equal-order interpolation subspaces for the pressure and
the velocity is a desirable property, but, unfortunately this choice does not lead to stable finite element methods in the
sense of Babuska-Brezzi-Ladyzenskaya (see [12]], and the references therein). In order to overcome this problem, sev-
eral stabilized finite-element methods have been proposed in the last decades. A common class of this method, adding
residual terms to the Galerkin formulation, are SUPG/PSPG or SDFEM methods (see, for instance [13, 14, 15} [16]).
A small variation of these schemes is the called Residual Local Projection (RELP) stabilized methods which rein-
troduced the residues through interpolation operators (fluctuation operators) on finite dimensional spaces through the
solution of local problems (see, for example [17] for the Stokes equations, for the Darcy equations [[18] and [19] for
the Navier—Stokes equations). When the extra terms are not residual-based, then we have, for example, the Orthogo-
nal Subscales method (see [20]), the CIP methods (see [21]), or the Local Projection Stabilization (LPS) method (see
[22]]). The LPS methods can also be seen as a simplification of the RELP method. This method considers symmet-
ric term-by-term fluctuation terms generating a simpler method, but lacking the consistency of the method (see, for
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instance [23]] for the Oseen equations and [24]] for the Navier—Stokes equations). Another list of stabilized schemes
for the linear Darcy equation are [25} 26 [27) 28} 29| 30]. A different strategy to consider this problem consists of
multi-level approximation as the Multiscale Hybrid—-Mixed (MHM) method (for details, see [31}132])).

Concerning the nonlinear Darcy equation when, for instance, the viscosity depends on the pressure, the list of
numerical schemes is not long. In [33]], an approximation of the nonlinear equation in a circular well domain using
a spectral element discretization was propose and analyzed. In [34] this strategy was extended to consider an a pos-
teriori error estimator to improve the performance of a simplified model where the dependence of pressure does not
vary too much. In [35], the authors use an Euler’s implicit scheme to extend the spectral element discretization to
the non-stationary case. A study of the convergence of a stable finite element discretization can be found in [36] for
the nonlinear problem when the dependence of the viscosity on the pressure is a bounded function. A mixed finite
element method with, a Lagrange multiplier, was introduced and analyzed in [37] for stable subspaces. The authors
also introduced an a posteriori error estimator to improve the quality of theirs results. Extending the ideas of [25], a
stabilized finite element method was proposed in [16]] when the dependence of viscosity on the pressure can occur in
several different ways. Recently, a scalable numerical formulation based on variational inequalities was presented in
[38]] and the convergence of this two last scheme was done in numerical form.

The purpose of this work is to present and analyze a stabilized finite element method for the nonlinear Darcy
equations when the viscosity can depend exponentially on the pressure, for example when this dependency satisfies
the Barus law [39]]. As in [37]], we use a change of variable that allows us to transform the nonlinear equation into a
linear problem and then, using the ideas of [25], we define a new stabilized finite element method. This new scheme
is free of mesh dependent stabilization parameters and allow the use of the classical Pﬁ X [P, elements for the velocity
and pressure. For the stability of the method, we use some tools presented in [37]], as the Banach fixed point Theorem
and a generalized Lax—Milgram Theorem. In the convergence analysis we use strategies coming from the analysis
of other classical stabilized finite element method (for details, see [40, 41]]). Thus, our contribution is the numerical
analysis of the discrete scheme, and the definition an analysis of a residual-based a posteriori error estimator.

This work is organized as follows. In Section 2] we introduce the nonlinear Darcy equation together with the
variational formulation of the linear problem that is obtained from a change of variable. This section end with some
preliminary results that will be needed later. Section [3|is devoted to prove the existence and uniqueness of solution
to the variational formulation. In Section [d] we describe the proposed stabilized finite element approximation and
include the well-posedness of this scheme. This section also includes a priori error estimates for the elements ]P’Z X Py.
In Section [5] we present and analyze an a posteriori error estimator related to the new stabilized scheme. We also
present the equivalence between the error estimator and the approximate error in natural norms. In Section [6] we
present the adaptive procedure joint with numerical results that confirm the a priori error results and the performance
of the a posteriori error estimator. Finally, in we prove a technical result that will be essential for our
adaptive scheme.

2. Model problem and preliminary results

Let Q be a bounded domain in R?, d = 2, 3 with polygonal boundary dQ divided in ', and Ty, withTp N Ty = 0
and I'p # 0. We focus in to seek the velocity and pressure solution (i, p) to the nonlinear Darcy equations, with mixed
boundary condition, given by:

op)a+Vp =f inQ,
Via =0 inQ,

p =9 onlp, @D
ii-n =0 only,

where a(p) is the drag function, ¢ € H'/?>(I'p) is the prescribed pressure in I'p, f € L2(Q)¢ is a given source and n is
the unit outward normal vector to 0.



Remark 1. When I'y = 0Q it is necessary, for the uniqueness of the solution, to impose the condition fQ p=01In
this work, we consider |U'p| > 0, which is more complex to analyze.

In the standard Darcy equation, the drag coefficient « is equal to the ratio of the viscosity y of the fluid and the
permeability « of the porous media, i.e.

a==. 2.2)

K

In this work, we follow to Barus [39]], who proposed the exponential dependence of pressure on viscosity which
is given by the function
u(s) = poe”, VseR, (2.3)

where L is a positive constant and 7 is called the Barus coefficient, which can be obtained experimentally (see [2]).

Thereby, from (2.2)) and Z.3) we get
a(s) = aqpe”, VYseR, 2.4)

Ho
where @ := —.

K
Now, thanks to the (2.4) and in view of analysis, we will rewrite the problem (2.I)) in a more convenient form. To
this end, the first equality of (2.T)) is reduced to

i= ([~ Vp) = e[+ V),
a(p) o agy

Now, defining u := @, and p := ¢™? — 1, and using (2.1)), we define the following Darcy equation

u =L(p+1)f+le in Q,
Qo &
V-u =0 in Q, (2.5)
P =@ OHFD»
u-n =0 on Iy,

where £:=agy > 0 and ¢ := ¢77? — 1. This transformation was introduced in [37]], where the authors present a similar
mixed variational formulation for (2.5), with different Hilbert spaces and using a Lagrange multiplier to weakly
impose some boundary conditions.
In the sequel we will use the following Hilbert spaces,

H:={ve Hdiv;Q):v-n=0 on I'y},

0:=LX(Q),
and the norms

Vllg = Wllave  and — llgllg = llgllo.c

forallv € Hand g € Q.

The variational formulation of problem (2.3) can be written as: Find (u, p) € H X O such that

a@,v) +b(v,p) = -noy, +y(pfv)+y(fiv)  VweH, (2.6)
bu,q) =0  VgeQ, (2.7)
where a : Hx H — R and b : H x Q0 —> R are the bilinear forms defined by
a(u,v):=e(u,v) Y(u,v) e Hx H, (2.8)
b(v.q):=(q,V-v)  Y(v,q)€ HxQ. 29

Here (-, -) stands for the L2(Q)-inner product, where we use the same notation for vector, or tensor, valued functions,
and (-, -)r,, is the duality pairing between H™Y2(Tp) and H'2(Tp).
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Also we consider the norm, on H~'/%(T'p) , given by

_ = inf ollg, 2.10
el =1 /2,1 et o) llolla (2.10)
o-n=uonlp

forall u € H™'2(Tp).
We equip the space H x Q with the product norm

lw, Dllaxg = IWlla + [irllo.q-

Throughout this paper C and C;, i > 0 will denote positive constants independent of the mesh size /4, but who may
depend on the parameter ¢.

The next result states some inequalities which will be used in the sequel.

Lemma 1. Let a(-, -) and b(-, -) be the bilinear forms given by 2.8) and (2.9)), respectively. Then, there exists a positive
constant 3y, such that

a@. v < elulglvly ¥ uveH, @.11)
bo. )l < lglgvle ¥ veH, Vge, 2.12)
b(v,q) ~
D> Byllgly  VYge . 2.13)
o AT

Proof. The proof of (2.11)) and (2-12) follows from the norm definitions. To prove (2.13), let ¢ € Q and define the
auxiliary problem:

-Az = —¢q in Q,
z =0 onIp,
Vzen =0 on 'y,

with z € H}D(Q) and [z]1.0 < Cligllg- Now, taking ¥ := Vz, we get that
V- ¥=¢qg inQ and vV-n=0 only,

thus ¥ € H, and
711 = Il q + IV - #15.q < Cligl,

So, we get
b.q) _ b(.q)
verr e~ IWlla

> Bullgllg

which proves the Lemma. O

3. Existence and uniqueness of weak solution

This section is devoted to show the well-posedness of the variational formulation (2.6)-(2.7). To this end, we will
write the variational formulation as a fixed point problem to apply the Banach’s fixed point theorem.

Let B : (H x Q) x (H x Q) — R, the bilinear form given by

B((u, p), (v, q)) := a(u,v) + b(v, p) — b(u, q),

for all (u, p), (v,q) € H x Q and let G € H’, arbitrary.
In the sequel we will use extensively the solution of the following kind of problem: Find (u, p) € H x O such that

B((u, p), (v,q) = GOv), (3.14)
for all (v, q) € H x Q. Regarding the solvability of (3:14) we have the following result
4



Theorem 2. The problem (3.14) is well-posed and the solution satisfies

1 2
@, Py < (; + ,B_b) Gl (3.15)

Proof. LetV:={ve H:V-v=0in Q} be the kernel of b(:, ). Then,
aw,v) =e,v) = elpligq = elvlly, Yy eV, (3.16)

which implies that a(-, -) is coercive in V. Thus, using Lemma [T]and (3.16), we get that problem (3.14) is well posed.
On the other hand, using [[12, Theorem 4.1], it is clear that

1
el < =Gl s

£

and !
Ipllp < — {IIGllg + &llulla},
=B, "
and the result follows. O
Let us assume that f € L= (Q)¢ and, for a given r € 0, define the linear functional F, : H — R by
F.(v):=y(rf,v) VYveH.

In the special case when r = 1, we will use the notation F instead of F. It is clear that

IF, )| < Irllogllflloglvloe  ¥YveH, (3.17)

which means that F, € H'.
Note that problem (2.6)—(2.7) can be written as: Find (u, p) € H x O such that

B((u,p),(v,q)) = F,(n + F(»)  V(v,q) e Hx Q. (3.18)
The next result guarantees the solvability of problem (3.18)). The proof is an adaptation of [37, Theorem 3.1].

Theorem 3. Assume that f € L*(Q)¢ and

1 2
(— + —)7||f||oo,9 <1 (3.19)
e B

Then, problem (B.18) has a unique solution (u, p) € H x Q and there exist a positive constant C, independent of & and

v, such that
1 2

_+_
e B

Proof. In order to prove the result we introduce the operator T : H X Q — H x Q defined by

@, Plllgxgp < C( )Ilflloo,o. (3.20)
T(w,r):=(@,p) € HxQ,
where (&, p) is the unique solution of the linear problem
B(@,p),(v,q) = F,)+ F(v) ¥V (v.q) e Hx Q.
Hence, problem (3:18) is equivalent to the following fix point problem: Find (u, p) € H x Q, such that
T(u, p) = (u, p).

5



Now, it is clear that for each (w,r) € H X Q, we have
Tw,r) =@’ p°) +Sw,r),
where (u°, p°) € H x Q is the unique solution of the auxiliar problem
B(@",p").,q) =F(») V(g eHx0, (3.21)
and S : H x Q — H x Q is the linear operator defined by
Sw,r) = (@1, p) € Hx Q,

with (i, p) € H x O the solution of the problem

B(@,p),(v,q) = F.(v)  V(v,q) e Hx Q. (3.22)
Using and (3-17), we have
1 2
IS w, Nllaxg = 1@, Plllgxg < (g + ﬁ—b)7||r||o,§z||f||oo,g~ (3.23)

Let (wy,r1), (W2, 12) € H X Q, then, using (3.23), we have
1T W1, 1) = TWa, r)ll kg = IS (W1, 1) = W2, D))l ko

1 2
< (— + —)7||f||oo,9||rl - nlloo
e P

1 2
< (g + ,B_b)ynf”wﬂ”(wl’ 1) = w2, )l o

Thus, from (3.19) and the Banach’s fixed point Theorem, we get the well-posedness of the problem (3.14). Finally,
by the triangle inequality, it follows that

I 2
@, P)llxg = 1T @, Pligxg < 1@, pP)lgeg + 1S @, pligxp < (; + lg—b)yllflloo,g(lﬁp/z +Ipllo.c),

thus, using again (3.19), we conclude the proof. O

In the rest of this work we will replace the space O = L*(Q) by Q := H'(Q), and over H x Q we will define the
following norm
0w, HII:= "> Wl + 7l .0,

for all (w,r) € H X Q.

4. The stabilized finite element method

From now on, we denote by {77,};-0 a regular family of triangulations of Q composed by simplexes. For a 77,
we will denote by T the elements of the triangulation, and by &, the set of all edges (faces) of 77, with the splitting
&Ep = Eq U Ep U Ey, where Eq stands for the edges (faces) lying in the interior of Q, &p and Ey stands for the edges
(faces) on the boundaries I'p, and I'y, respectively. As usual iy means the diameter of 7, h = rTnE'fIT): hr, and hy = |F|

for F € &,
We introduce two finite element subspaces of H and Q, given by

H, :={y € CQ)" : vlr e P(T), YT €T3} NH,
O :={q € C(ﬁ) L glr € Pu(T), VT € Ty},
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with k£ > 1, where P stands for the space of polynomials of total degree less or equal to k.
Next, we consider the following discrete stabilized scheme: Find (u;, py) € Hj, X Qy, such that

1
Bytao (W, pr)s Wiy qn)) = i - @), +v((pr + D f,vn) = 5(5_1 vy (pr + D f, v + Vqy), (4.24)

for all (v;, gn) € Hj, X Oy, where

1, _
Bseao(Wh, 1), W, qn)) := B(Wh, 11), W1, qn)) — 5(8 Yewn — V), evy + Vap) + & (V- wy, V-vp). (4.25)

Remark 2. This scheme, as well as the proposed in [16l], is based on the stabilized finite element method, for the
linear Darcy equation, proposed in [25l], however there are two major differences. The first is that our stabilized
scheme indirectly approach the nonlinear problem due to the change of variable done in Section 2] and, as second
difference, our scheme contains a € (V - uy, V - v,) term which improves the numerical results.

As it is well known, the bilinear form b(-, -) does not satisfies an inf—sup condition, using the subspaces H; and
Oy, but it satisfies the following weak inf—sup condition.

Lemma 4. There exist positive constants B, and A, independent of & and h, such that

b(vy, pn)

> By lIpalloq — Apnlia Ypn € Op. (4.26)
viel, |Ville

Proof. The proof of this result uses similar arguments to those used in [40, Lemma 3.3]. Let p;, € Oy, then there exist
pr € Rand p; € L%(Q), such that p, = p; + p;. Additionally, there exists w € H(l)(Q)d (see [12]) such that

(V-w,pp) = (V-w,p,) 2 Cilipglloalwli o (4.27)
Furthermore, let C,w € H, N Hé (Q)? the Clément interpolate of w (see [42]). This interpolation operator satisfies

1/2

AW = Cwlid b < Calwllig, (4.28)
KeTy,

and
ICwll1 < Cslwlli . (4.29)

Using (@.27) and integration by parts, we get that
(V-Cyw,pn) = (V-Cww, pj)
= (V- (Cw =w),pp) +(V-w,p})

> )" (Cw = w, Vpi)k + Cillpjlloalwlh o
KeTy,

Using Cauchy-Schwarz inequality and {.28)), we obtain

1/2 1/2
(V-Cow, i) —[Z e ICiw - w||é,,<] [Z h%(anzné,K] + Cillpjllo.alwlh.o
KeTy, KeTy

12
> {—Cz[z hiHVPle(Z),K] + C1||PZ||0,Q} lwlli o,
KeT}

and, in consequence
(V-Cuw, p1)

1/2
2 Cillpjloa = Caf ) HlVPliik | - 4.30
wlhia tpslloe Z[Z rdl thO,K] (4.30)

KeTy,
7



We can assume (see [40]) that, for a reasonable mesh, there exist z;, € Hy,, z;, # 0, such that

(V- z, Pi)

> Callpallo.o- 4.31)
1zll1.0

Let v, := ||w||IIQChw + 6||Zh||[hzh, with § > 0. It is clear that ¥, € H), and using #30), @31)), we get

~V-Cww,pr)  (V-zp, i) (V- zu, pp)
Wil 1znll1.0 1zzll1.0

V-9, pp) =

12
> Cillpplloe — C2 [ Z hiHVP;‘,ll(Z),K] + 0C4l|pnllo.e — 6CslIpylloq
KeT),

1/2
> Cellpallo.a — C1 [ > hilwp;;né,x] ;
KeTy,

assuming that § < C;/Cs. On the other hand, note that the definition of ¥, and #.29) shows |[74llg < CllFnllia <
C C3 + C 6, and hence, we have that

(V- vi, pn)

1/2
2 2
> Csllpalloa = Co| Y. WVl x|
thH;, ||vh”H

KeTy
which conclude the proof. O

The following result will be fundamental to prove the well-posedness of the stabilized finite element scheme. The
proof is based on the same arguments used in [41, Lemma 4.1].

Lemma 5. Let By (-, -) be the bilinear form defined in @.23). Then there is a positive constant B, independent of h
and &, such that

B.
sup Db P On@n)) o g 4.32)
Vngn)eHpx0p Nwn, gnlll

for all (uy, p,) € Hy, X Q.

Proof. Let (uy, py) € H, X Qp, and let w;, € H), be a function for which the supremum in Lemma@is attained, and
such that ||wpllg = lIpslloq. If we consider w, = —w;,, we have

—(pn, V- wy) _ (P, V -wp)
%71l (Wil

> Bullpallog — Apalia,

and therefore,
—(pns V- W1) = Bullpallg o = Alpali.alWill- (4.33)



Then, for (v, g5) := (u, — Wy, py), with 6 > 0, we get that
Bgtav (W, pr)s Wns qn)) =Bsao (@, pr), @, pr)) — 0 Boeor (@, pi), W3, 0))

=B (@, P1), @, p1)) = 6 [ Batan (@, 0), (94, 0)) + Baaa((0, pi), (3, 0))

1
2 2 -1 2
=§8”uh”0,g +e]|V- uh”(),g + 53 |Ph|1,g

_ _ _ 1 _
-0 zs(uh, W) +e(V-up, V-wp)+ (p, V-Wy) + 3 (Vpp, Wh)]

1
2 2 -1 2
=§8 ”uh”o,g +e]|V- uh”o,g +z€ |ph|1 Q

_ _ _ 0 _
- Ee(uhs W) —6e(V -up, V- Wp) =6 (pp, V- Wy) — 5 (Vpp,wp)

1 2 2 | T 2 _
Z§8||uh||0,g +ellV-wllgg + 7€ Ipnli o + 0Bw Ipnlly o — 6AUpalia lWalla

5 - _ ) _
- Eg(u/u wy) —0e(V - up,, V-wy) - 3 (Vpn, Wp)

1 2 2 1 -1 2 2
ZEEHuhHO,g +¢]|V- uh”()’Q + 28 |P/1|1,Q + 6By “ph“og

- - 0 _ _
= =&lunlloalWilloo — 6e IV - unlloollV - Willoa — E'Phh,Q”WhHO,Q = 0ApplialWilla.
P
Now, using Young’s inequality 2ab < — +y b?, for all @, b,y > 0, and the fact that |||z = [lpallo.q, we get

Y

1 1
Bsean (@, pr)s Vs qn)) Z§8||uh||ég +e|V- uhll(zm +

567 paha + 0B Ipallg
o

- oIl = <7

. ;—; I¥ il = °5 7 -l
_ &mhﬁﬂ - P

- ;—;lphﬁ,g - &zﬂllwh”%’

1 ) 0
>—gll- — 2o+ell—=—]| IV ulf

25( " ) ”uh”og 5( 2)’2) I uh”o,g

(., & 81\, ,

+ — —_—_—— —

3 (3 273 274) Iph|1,g

oey) ogyr  Oys 5/174) 2

r (g, - 2 - 22 0B T 8

1 ) o
>—gll - — Zotell—=—]IIV-ul?
—28( Y ) ”uh”()ﬂ 8( 272) Il uh”on
1{ _, 1) o1 5 5
+ = - +0C ,
3 (‘9 2v3 2)/4) |ph|1,g 10 ”ph”ag
with Cig > 0, if vy, ¥2, y3 and 4 are chosen small enough.

2 -1
Now, if we choose 0 < § < min {2)/1, 2y,, %, 81/2}, we have
Y3

Baiao (@, p)s 0> 1)) = C (@, pi)lI- (4.34)
9



On the other hand, using the definition of v, g5, 6 and the triangle inequality, we have

s, gl < Ve llunlla + 6 Ve llpalloa + Ipallia < C i, pl,
thus, using @.34), we complete the proof. O

Remark 3. This result is also valid for the continuous spaces H and Q and it will be used in the analysis of the a
posteriori error estimator proposed in SectionP|(for details, see LemmalI2). On the other hand, if we use stable sub-
spaces of H and Q, as for example, Raviart-Thomas elements of degree k, for the velocity, and piecewise polynomial
elements of order k, for the pressure, or the Brezzi-Douglas-Marini spaces of order k, for the velocity, and piecewise
polynomial elements of order k — 1, for the pressure, Lemmal[dis also true (for details on stable subspaces, see [43]).
In both cases the proof is similar to that proposed for Lemma[I2| and therefore @24) can be seen as an augmented
finite element method when stable subspaces of H and Q are used.

Concerning the well-posedness of the stabilized discrete problem (4.24), we have the following result.

Theorem 6. Let B, > 0 as in @32) and B. > 0 as in (A]). If

min{B,, .} &'/

3 in (4.35)

Y flleoq <

then the discrete stabilized problem @.24) has a unique solution (uy, pp) € Hy X Q).

Proof. As in the continuous case, we write the solution of the problem (@.24), like the solution of a fixed point
problem. Thereby, given r € L*(Q), we define the linear functionals

F; :H,xQ,— R and F°’:H,xQ,— R,

by

Fiwn,qn):=y(r fovn) - %(S_IVFf, evy + V),

Fwp,qp):=wp-n,0)r, +y(f,vn) — %(S_IYf, vy + Vqp).
Now, we can write equation (#.24) as

Bsab(@n, p)s Wi, qn)) = Fp, 0nsqn) + F*O0noqn) Y (Vhqn) € Hiy X O
If we assume that f € L*(Q), the functional F* satisfy
IF; i, gn)l < Ylirlloallflls.alvalloo + %8717||r||0,9||f||oo,9 {elvilloa + IVgnllo.q}
< y& lrllo.all flle.all s, gl + %s*‘ynrno,gnfum,g {2 + 1} lon. gl

8_1/2 ~
< == {3+ &2l fle.allvs. gl (4.36)

Moreover, let T), : Hj, X Q, — H), X Oy, the operator defined, for a given (wy,, r;) € H, X Oy, by
Tw(Wh, ra) = (@n, pr),
where (@), py) € H, X Oy, is the unique solution of the linear problem
Bswab (@, pr)s Wn, qn)) = Fy vnsqn) + F*vnoqrn) Y (Vi qn) € Hy X Q.
In this way, the discrete problem (4.24) can be written as follows: Find (uy, py) € Hj, X Qy, such that

Ty (up, pr) = (W, pp).
10



Now, we can observe that

TyWh, 1) = W), pi) + S (Wi, 1) Y (Wh, rn) € Hjy X O,

where (u), p) € H; x Oy is the unique solution of the auxiliar problem

B (W, p)s W @) = F*Wpoqn), Y 1) € Hy X O, 4.37)
and Sy, : H;, X Q, — Hj, X Qy, is the linear operator defined by
SnWh, i) = (@p, Pr) € Hy X O,
where (ity,, py) € H, X Qy, satisfies the problem
B (@ns pr)s Wi, qn)) = Fy,Vnqn)s Y Vi, qn) € Hy X Op. (4.38)
Furthermore, using the continuous dependence result and inequality (@.36), we have that
-1/2

2
Let (w}l, r,i), (wi, r]%) € Hj, X Q. Then, from (@.39) we have

LS 5w 7T = 1N, )l < {3+ Alnulloall flleoo- (4.39)

1 1 2 2 1 .1 2 2
WTww,,, 1) = Ty, riDlll =NIS w (W, 173,) = S p(wy,, F)I
1 2 1 2
:”|Sh(wh Wy, I, — rh)l”
&12

<
2Bs

~-1/2 1 2
{3+ 2 = rilballflleg

-1/2 1 2 1 2
{3+ A flwlllwy, = wi. i = .

Thus, using condition (4.33]), we have that

1
Tww5 ) = Tuwi, il < S 1108, = w1, = )l
The result follows using the Banach fixed point theorem. O

We consider the Lagrange interpolants I, : H*'(Q) — H, and J; : H*'(Q) — 0 such that (see [44] for
details):

lu — Lulo <Ch*™ lul,gq, (4.40)
Ip = Twplia <Ch*7|plsa, (4.41)
forallu € H(Q)? and all p € H(Q) with/=0,1and 1 < s <k+ 1.

Lemma 7. Let (u, p) and (uy, pj) be the solutions of (3.18) and @.24), respectively. If (u,p) € H*'(Q)? N H x
HY(Q), then it holds

8_]/2 _
|Boan (@ =, p = i), O, gl < —— (B + & "V fllsonllp = pallog n, g, (4.42)

Sforall vy, qn) € Hy X Q.

11



Proof. Using the regularity of the solution (, p) of (3:18)), we can prove that eu —y(p + 1)f —Vp =0,V -u = 0 and
p = ¢ on I'p. Now, using integration by parts and the definition of By (:, ), we have

Byao (@ — wp, p = pr), Wn, qn)) = Baao (@, p), W, qi)) — Bsan((Wn, pr), Vi, qn))
=e@,vy) + (p,V-vp) —(qn, V - 1)

1
- z(s_l(su —Vp),evy+Vgy) +e(V-u,V-v,)
1
= n e m @), = y((pu+ DFvi) + S Yo+ DS evi + V)
= (eu—y(pn+ Df = Vp,vy)

1
- 5(871[811 - Vp —v(pn + Df], evi + Vap)
1
=(y(p — pu)f.vu) - 5(8’17(17 - p)fevi + Vay)
1 1
= 5(7(17 = p)fvi) — 5(8_17(17 —p)f>Van)

1 - -
<5 (1P = pulballflsae™ +9lp = pulloallfleae™ } 1105 gl
-1/2
"2
-1/2
<——G+& ") Yflwllp = prlloa 16 gnll

(1 + &)Yl fllollp = pallog 0V, gl

and the result follows. O

Theorem 8 (Main Result). Let (u, p) € H**'(Q)? N H x H*'(Q), be the solution of (318) and (uy, py) € Hj, x Oy,
solution of @24). If we assume ([E33)), then it holds

i@ —up, p — pll < Ch* {(s” + Dlulirio+ @2+ +1) ||p||k+1,g},

with C > 0 independent of h and &.

Proof. Let
") =T, p—Jpp) and (e}, e)):= @y — L, p — Tnp).
Using the definition of By given in (@.23)), and Cauchy—Schwarz inequality, we have

Bstab((nu’ Up), (Vlu th))

1 - D
=", vn) + ",V -vy) — (gn, V- 1*) — 5(6 Yen" = Vi), evi + Vau) + e(V -1,V - vp)
} 1 )
< {81/2“77"”0,9 + & 2P lloq + IV - 7*lloq + 3 "+ D[l lloq + & lia] + 2V - U“llo,n} s, gl

1 1
< {5 B + Dlilloa + "+ DIV -1*lloa + &2 lloq + 3 e+ 1) |n"|1,g} 1w, gll- (4.43)

Using lemmas|[5]and[7} and inequality #.43), we get that
Byav((€):€)), Whs 1)) = By (11", 117), Vs 1)) — Bsian (@ = wp, p = pi), Vs qn)

1/2

1 _
<|3 B + Dlin“lloa + "+ DIV - 1lloa + &2 loo+

I _
5 2+ DI lhallon anli+
g 12
—5 G+ D lwllp = palloa s, gl

12



Now, using Lemma [5]and @.33), we have

Bs e el

1 _
<= B2+ Dl"llog + (" + DIV - 1"lloa + &2’ llo.a+

2
L 1n P e -1/2
5 E 2+ DI ha + =G+ yiflsallp - pilloa
1 -
<5 G+ Dli'loa + (62 + DIV - 7'lloq + &~ I llo.o+
L oap 2 112
38 @2+ DI ha+ ——G+e ) fllsall@ - us, p = pll
1 -
<5 G+ Dillloa + (&2 + DIV - n"lloa + &l oo+
I - Bs
58 @2+ DIha+ 5 e =i, p = polll (4.44)

Furthermore, using the triangle inequality and ([@.44)), we obtain

i@ —un, p = plll <NG* 7l + C {(s‘/2 + DIl + &2 log + e ("% + 1) |n"|l,g}
1
+ 5 i =i, p = pi)ll
thus
i@ —up, p— pwlll <C {m(n“, O+ 2+ DIl + & 2P llog + 7' (672 + 1) |n”|1,g}.

Finally, using the properties of I, and J}, we have

G, nP)Ill < C H* {8”2 llulles 1.0 + ||p||k+1,g},

and the result follows. O

5. A posteriori error analysis

In this section, we present a residual a posteriori error estimator for the stabilized finite element method (#.24).
Let I'pj, be the partition of I'p, inherited from the triangulation 77, and define the mesh size hp := max{|F|: F € I'p,}.
For simplicity, we assume that

e fis apiecewise polynomial in Q;i.e f X e P(K), VK € T, 1 = 0.

e ¢ is a continuous piecewise polynomial in I'p j;i.e ¢ € CO(FDJ,), <p|F ePy(F),VFeTlpy, [ >0.

For each K € 7}, and each F € Ep, we define the residuals

Rx :=(y (pn+ Df —eu, + Vph)'l(,

Rr :=(¢ _Ph)'F-

13



Thus, our residual-based error estimator is given by

12
0= {Z ni} : (5.45)

KeTy

where, for each K € 773, we have that

2 2 2 2 -1 2
Mi =Rl + &IV willg + D b IREIG - (5.46)
Fc&(K)NEp

Lemma 9. Let (u, p) € H x Q and (uy,, py) € Hy, X Qy, be the solutions of (2.5) and [&24), respectively. Then, for all
(v,q) € Hx Q, we have

Ban (@ —up, p = pr), (v, )
1 - —
= -n¢-ppr, + 3 (s Vyip—pu)f.ev—¢ 1/ZVq)

1
) I;ﬂ (6 2R, = 571/2Vg) +(@.V - wi) = £(V -,V ).

Proof. Using (2.6), (2.7), @#24) and integration by parts, we get that

B (@ — up, p — pr), v, q))
=B (1, p), (v, q)) — Bsao (s, pr), (v, q))

= mr, +Y(p+ DFY) = 5 (7 (p+ D ev + V)

— & y) = (P V¥ +(q,V ) + % (&7 (eun — Vi), ev + Vg) = & (V -y, V - v)
=v-nor, +y(p+Df.v)+e(V-u,V-v)—e@pv) = (pr,V-v)+(q,V-up)

+ % (&7 eun = Vpu =y (p + Df).ev + Vg) = & (V -y, V - v)
= -1, — pr, + (Y (p+ Df — sy + Vp,v) +&(V-u,V-v) +(q,V - up)

+ % (™ (eun = Vpu =y (p + Df).ev + Vg) — e (V- up, V - v)
= 1,0 = pwry + (P = p)f V) + V(pp + Df —eup + Vpp,v) +£(V-u,V-v) +(q,V - up)
(7' (p = p)f).ev + Vg) + % (&7 ewn = Vpu =y (pu + Df),ev + V) = & (V -, V - v)

=010 = i, + VP = pf) + ) Rk +(V -,V -0) + (g, V - up)
KeTy

- % (' (0 — pwf).ev + Vq) - % KZ,:‘ (7' Ri). ev +Vq), —&(V-u,, V-v)

N =

1 - —
=(v-n,¢ = ppr, + 5 & Py(p - pf. v — 1PVg)

1
+ 5 [;. (g_l/z('RK),gl/zv — 5_1/2Vq)[< + (q,V . uh) — S(V . uh,V . V),
h

and the result follows. O
To introduce the main result of this section, we need to define the following mesh—dependent norm for the pressure

1/2
1Pl = { D [l + |p|i,<]} :

Kewp
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for all p € Q, and for all F € &, where wr is the set of elements K of 77, such that F € 0K.

Lemma 10. There exists C > 0, independent of h, such that
W15 o5 < C (A WG & + Pl i}
forall K € Ty, and all y € H'(K).
Proof. See [45, Theorem 3.10] or [46} (10.3.8)]. O
We are ready to prove the efficiency and reliability of the error estimator (5.43)).

Theorem 11. Ler (w,p) € H X Q and (uy, py) € Hy, X Qy, be the solutions of (2.5) and @24), respectively, and
suppose valid &33)). Then, the following holds

I = up, p = pu)lll < C&™"/* max {1,5‘1/2} 7

where C > 0 is independent of &,y and h, and

2 2 2 2 2
g < C {a b = wnllf x + Bxllp = palllc + > lp- phuw,‘},
Fc&(K)NEp

for all K € Ty, where Bk := max {y||fllw.q, 1}

Proof. From [47, 48] we have the following inverse estimate [|¢ — pallij2r, < Chz)l/ 2||go — pullor,, thus using Cauchy-
Schwarz inequality, the definition of norm || - [|_1/2r,, given in (Z.10) and Lemma([9} we get

Bgean((w — up, p — pi), (v, q))

1 -1/2 1/2 -1/2
<Clv - nll-iyor, i = pallizr, + 5 &7 Plp = puloa Vlifllsalle — &2 Vglloo+

1 -1/2 1/2 -1/2

5 2 & PIRkloxlle* = &7 *Valok + ligloallV - uslloa + 1V - willoall¥ - vlog
KeTy,

1/2v

1
-1/2 — _
<C P IWllulle = pillor, + = €2llp = pllog YIfllog ey — 712 Vgllo.a+

2
1 Z 8—1/2”R I 172, _ o112y v V. v
7 klloxlle v —& gllo.x + llgllollV - unllog + €IV - unllollV - vlloo
KeTy,
1/2
_ 1 i
<ClWlay ) hi e =pullspp + 57 2lp = pilba Yifloa {2 Wloa + &7 lgha) +
Fcép
1/2 172
C{ O [ IRKIG &« + £ 119 - wilf | D B + 81V VI i + 7 lhglly  + 57" gl |
KeTy, KeTy
1 _ _
<5 2P = ploaNfllon {7 Whoa + & lghaf +
1/2
— 14— _ 1/2
ci> {s IRkl + eIV - mallf e+ > &7y ||Rp||3f} {eliviiy, + &7 llglf o)
KeTh, Fc&K)NEp
_ _ 1
<e'2max {1,672} {5 lp = pulloa Ylfloa + Cn} . Il (5.47)
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Additionally, from Lemma[12] (#33)) and (5.47), we arrive at

Bc |||(u _ uh,p _ ph)”l < Sup Bstab((u —Up, p— ph)’ (v7 Q))
,9)eHx0 v, @l

— — 1 - -
<e” P max(Le” ) S lp = pilloa Mfllog + Ce™' P max {1672} g

3+&712

<t 71/2} 7

e p - prllia YIfllog + C e/ max{l,s
Be _ _
SEL||P—ph||1,g+C$ 1/2max{l,$ 1/2} 7,

and therefore,
i@ =, p = p)ll < C&™ 2 max {1,672 7.
On the other hand, using the definition of Rg and (2.3)), we deduce that
IRkllo.x =Ily puf +v f — eun+ Vpullox
=llypuf +eu—ypf—Vp—cup+Vpillox
=lly (pn = p)f + €@ —up) + V(pr = plllox
<llp = pullox Y Ifllo.x + €llu —uzllox + |p = pali k-

In addition, as V- u = 0 in Q, we have
IV - upllox = IV - @ —upllox.

Similarly, as p = ¢ on I'p, using the triangle inequality, Lemma[T0and the mesh regularity, we have that

R IREIG = h'llp = pulls < € ) [P = pully  + 1P = il |-

Kewr

Finally, using the definition of nx and (5.48)—(5.50), we get the result.

6. Numerical results

(5.48)

(5.49)

(5.50)

In this section we present some numerical tests that illustrate the performance of our adapted stabilized finite
element method given in #.24). In particular, we confirm the results presented in Theorem [8]and the quality of the a

posteriori error estimator (5.43)) for the Darcy equation (2.3).

The stabilized finite element scheme was implemented using the open source finite element library FEniCS [49].

We will use the following notation for the error in velocity and pressure, respectively
ey =l —wupllg,  and e, :=lp— pallio,
while the convergence rates are denoted by

log(et /el

T o th € ) ’
logrign-ty: Wit x et pl

(X)) =

where m is the polynomial degree, /', hi"!, and, ¢!, ¢! represent two consecutive mesh sizes and two consecutive

errors, respectively.
Finally, we define the effectivity index E as follows

n
E = .
(e — up, p = p)lll
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Our adaptive algorithm is given by

Algorithm 1 Adaptivity procedure

Require: 6 € (0, 1) and a coarse mesh 77,

1: Solve the stabilized discrete scheme (@.24)) on the current mesh.
2: For each K € T, compute the local error indicator g given by (5.46).

3: Given K € 77}, such that g > 6 max ng-, mark K and generate a new mesh 77, refining the marked elements.
K'eTy,

4: If the stop criterion is not satisfied, go to step 1.

6.1. Analytic solution

In this example, we will test the approximation capability of the stabilized method in a non-convex domain with
a nearly singular solution close to the origin of coordinates. We will also show that our error estimator adapts the
meshes where it is expected and has a good effectivity index.
In this case our domain is Q := {(x, y) € R?: x%* + y2 < 1}\(0, 12, with Ty := (0, 1)x{0}U{0}x(0, 1) and T'p := dQ\T'y.
The data f and ¢ are such that the exact solution is given by

1_x2_y2
(x=cP+ -0

u(x,y):=[(x—c +(y -1 (c-y,x-0), plx,y):=

where ¢ = 0.025. For the drag function (2.4)), we take @ = 1.0, while y = 1,1072, 107
In Tables—@we show the approximation error using ]P’% x P and ]P’% x P,. We note that the errors on the velocity
and pressure have the order predicted by Theorem [8] On the other hand, the error estimator 5, given by (5.45)), has

a quite good quality reflected on the fact that effectivity indexes are close to the unity. Note that there is a small
degradation of the effectivity index when € goes to 0.

h L llp=pillie [ rp) [ lle—willa [ r@ |1l —upp—pall ] n E
0.079946 | 2056.657064 - 54.729693 - 2111.386757 1888.309544 | 0.894346
0.039990 | 1318.996805 | 0.641253 | 28.518113 | 0.941022 1347.514919 1315.964898 | 0.976587
0.019998 | 868.049234 | 0.603722 | 13.842753 | 1.042973 881.891987 854.508058 | 0.968949
0.010000 | 463.443573 | 0.905514 | 5.588739 | 1.308725 469.032312 460.407948 | 0.981612
0.005000 | 235.075873 | 0.979267 | 1.851054 | 1.594176 236.926927 234.680437 | 0.990518
0.002500 | 115.909138 | 1.020132 | 0.579464 | 1.675556 116.488602 115.857322 | 0.994581

Table 1: IP’% x P; stabilized scheme with a quasi-uniform refinement and ¢ = 1.

h lp—pilhe | np) | le-wlag [ rG@ ] ll@—umnp-p)l ] n | E
0.079946 | 2055.714421 - 5464.968894 - 2602.211310 1884.365482 | 0.724140
0.039990 | 1319.171243 | 0.640401 | 2851.557217 | 0.939039 1604.326965 1316.475766 | 0.820578
0.020000 | 868.110785 | 0.603812 | 1381.329850 | 1.045919 1006.243770 854.723621 | 0.849420
0.010000 | 463.470837 | 0.905531 | 558.754010 | 1.305961 519.346238 460.505925 | 0.886703
0.005000 | 235.078411 | 0.979337 | 185.072224 | 1.594125 253.585634 234.689286 | 0.925483
0.002500 | 115.909236 | 1.020147 | 57.943499 1.675370 121.703586 115.857687 | 0.951966

Table 2: IP% x Py stabilized scheme with a quasi-uniform refinement and & = 1072,
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h L lip=pilie | np [ le-wle | rn@ [ l@-u.p-pll ] n E
0.079946 | 2055.705163 - 546489.178588 - 7520.596949 1884.326586 | 0.250555
0.039990 | 1319.173081 | 0.640392 | 285155.519779 | 0.939019 4170.728279 1316.481140 | 0.315648
0.019998 | 868.112101 | 0.603811 | 138413.649790 | 1.045919 2252.248599 854.727871 | 0.379500
0.010000 | 463.471114 | 0.905533 | 55875.284002 | 1.308893 1022.223954 460.506911 | 0.450495
0.005000 | 235.078437 | 0.979337 | 18507.189808 | 1.594124 420.150335 234.689375 | 0.558584
0.002500 | 115.909237 | 1.020147 | 5794.347388 1.675368 173.852711 115.857691 | 0.666413

Table 3: IP% x P stabilized scheme with a quasi-uniform refinement and £ = 1074,

h [ llp=pllia | rnp) [ le—wlla | r@ [ IlI@—u,p—pl | n | E
0.0799 | 1107.895742 - 60.328929 - 1167.701879 967.730613 | 0.828748
0.0399 | 470.076480 1.237528 | 18.287520 | 1.761370 488.364000 457.382915 | 0.936561
0.0199 | 169.449270 | 1.4726600 | 3.462993 | 2.410449 172.912263 170.783398 | 0.987688
0.0099 | 51.791285 1.710069 | 0.686595 | 2.335218 52.477880 51.906513 | 0.989112
0.0049 13.031846 1.990669 | 0.080419 | 3.094040 13.112265 13.041533 | 0.994606
0.0024 3.230428 2.012244 | 0.009300 | 3.112197 3.239729 3.230962 | 0.997294

Table 4: IP% x [P, stabilized scheme with a quasi-uniform refinement and & = 1.

W [ lp—plia | n@ | lw-wly | nw [le-w.p-poll[ 7 | E
0.079946 | 1107.408226 - 6033.736118 - 1710.781838 967.887247 | 0.565757
0.039990 | 470.062955 | 1.237020 | 1828.499303 | 1.723048 652.912885 457.301064 | 0.700401
0.019998 | 169.448973 | 1.472322 | 346.295943 | 2.401102 204.078568 170.782099 | 0.836845
0.010000 | 51.791298 1.710316 | 68.659412 | 2.334812 58.657239 51.906578 | 0.884913
0.005000 13.031845 1.990668 8.041910 3.093847 13.836036 13.041530 | 0.942577
0.002500 3.230428 2.012244 0.930030 3.112189 3.323431 3.230962 | 0.972176

Table 5: ]P’% x P, stabilized scheme with a quasi-uniform refinement and & = 1072,

h [ lp=plie [ @ [ le-wla [ r@ [ II@-unp—p)ll] n E
0.079946 | 1107.408586 - 603374.475161 - 7141.153338 967.888845 | 0.135537
0.039990 | 470.062821 | 1.237021 | 182849.680322 | 1.723453 2298.559625 457.300247 | 0.198951
0.019998 | 169.448970 | 1.472321 | 34629.590957 | 2.401101 515.744880 170.782086 | 0.331137
0.010000 | 51.791298 1.710316 6865.941117 2.334813 120.450710 51.906579 | 0.430936
0.005000 13.031845 1.990668 804.191016 3.093847 21.073755 13.041530 | 0.618852
0.002500 3.230428 2.012244 93.003039 3.112188 4.160459 3.230962 | 0.776588

Table 6: ]P% x P, stabilized scheme with a quasi-uniform refinement and £ = 10~*.

In Figure [I] we show some of the adapted meshes obtained with Algorithm[I] Note that most of the refinement is
close to the origin due to the fact that the exact solution has a singularity at the point (c, ¢) with ¢ = 0.025, which is
close to (0,0). Finally, in Figure 2] we compare the approximated solution, obtained by our proposed scheme, and the
exact solution. Note that the approximated solution has a good agreement with the exact one.

18



¥y
AAA

e,
V4
ALY

<

Aﬂ%n

VAL
SRR

N

SO
OXRSS
Vil wv
O
Vv

<

|

N

0,

N

AVA
CRKLS
ANAVATAYS

P
¥4

N

AN
Vi

/\

N/
&

AN
B

N
7

S

9

3
AN

Y

AV

|
NS
Ay
A

NRDE
Favay,
7

Th,16 (bottom left) and 77,20 (bottom right).

5
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exact_velocity X velocity X
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L L

Figure 2: Components of the exact solution (left column) compared with the approximated solution (right column) obtained using IP’% X Py on the
final adapted mesh of 178,596 elements.

6.2. A reservoir simulation
For our second problem, we have taken a reservoir problem from [16]. Here Q:=(0,2) x (0,1), @9 = 1 and
v = 0.005. On F}) we prescribe p = pgm = 1.0 and on T %), P = Penn = 5. On the rest of the boundary we impose
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| L=2 |
| |
v-n=0 P = Patm v-n=0
'y rp Ty
=i
P = Penh P = Penh H=1
3 ry
'y
v-n=0

Figure 3: Sketch of Q with Dirichlet boundary conditions for the pressure in F}) and F%,, and normal trace zero for the velocity in I'y.

As in the previous example, we show in Figure ] some of the adapted meshes obtained with Algorithm [T} Note
that most of the refinement is close to the FID, which is consistent with the physics of the problem. Finally, in Figures
[5]and [} we compare the approximated solution, obtained by our stabilized scheme, and the exact solution. Note that
the approximated solution has a good agreement with the exact one.
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Figure 4: Suite of adaptive meshes: 77,
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Figure 5: Isolines of the pressure using IP’% X IP; finite element spaces, corresponding to the solution with 1,286 elements on the initial mesh (top),
the solution with 6,994 elements on the adapted mesh (middle) and the reference solution on a fine uniform mesh with 773,034 elements (bottom).
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Figure 6: Isolines of the velocity magnitude using IP% x IP; finite element spaces, corresponding to the solution with 1,286 elements on the initial
mesh (top), the solution with 6,994 elements on the adapted mesh (middle) and the reference solution on a fine uniform mesh with 773,034 elements
(bottom).

6.3. A 3D simulation
Let Q := (0, 1), and let f such that the exact solution is given by

1
u(x,y,z) = 5(—y2,zz,x2) and p(x,v,2) =2+ xyz.

We assume that I'p := {0}x]0, 1[x]0, 1{U]0, 1[x{0}x]0, 1[U]O0, 1[x]0, 1[x{0} with ¢:=2, and T'y := OQ\['p. We
choose @p = 1.0 and y = 0.25, i.e. £ = 0.25.

In Table[7] we present the approximation errors and our a posteriori error estimator 7. As in the two-dimensional
case, we can see that the errors on the velocity |[u —u,||g and pressure ||p — pillo.o show a perfect agreement with those
predicted by the theory. Moreover, the effectivity index for the residual a posteriori error estimator 7 is close to one.



h Jlp=plie] n@ [le-wlg | n@ [l@-w.p-p)ll| n [ E

0.866025 | 0.264920 - 0.232318 - 0.352355 0.279711 | 0.793833
0.433013 | 0.155252 | 0.770946 | 0.078652 | 1.562548 0.174038 0.162626 | 0.934427
0.216506 | 0.082301 | 0.915627 | 0.023047 | 1.770898 0.085467 0.086156 | 1.008067
0.108253 | 0.041952 | 0.972170 | 0.006394 | 1.849788 0.042436 0.043960 | 1.035904
0.054127 | 0.021103 | 0.991305 | 0.001730 | 1.885972 0.021173 0.022123 | 1.044853
0.027063 | 0.010570 | 0.997446 | 0.000462 | 1.904757 0.010580 0.011078 | 1.047037

Table 7: IP’? x Py stabilized scheme with a quasi-uniform refinement and ¢ = 0.25.

Finally, we present the approximated solutions obtained with the stabilized scheme in a highly uniform refined
mesh in Figurelzl Here we used ]P’f x P; elements and we observe that the overall results are in accordance with the
expected ones.

i nHia
AR ¥ . ! ’4» s
Wl ﬂu"}’.’%"g."bm}@;-m; o
] AR AR e
/ ‘v‘ﬁ M' it 11{ " hf' torgt "
s b t 1

1
f ty ot ly
! vl

Figure 7: Approximated solution. Velocity magnitude (top left), velocity vectors (top right), velocity streamlines (bottom left) and isovalues of the
pressure (bottom right). We use ]P’? X IP; elements on a uniform mesh of 1,572,864 elements.
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Appendix A.
Lemma 12. There exists a positive constant B, independent of &, such that

sup Do) 0o0)) gy gy, (AD

v.g)eHxQ . plll

forall (u,p) e Hx Q.

Proof. Given p € L*(Q), from the proof of Lemmam there exists w € H such that V- w = —p and |w|lg < Cl|pllo.a-
Then, for (v, q) := (u — dw, p), with 6 > 0, we have

leab((u’ P)’ (v’ CI)) = Bstab((u’ p)y (ll, P)) -0 Bstab((u’ p), (W, 0))
= By (@, ), (1, p)) = & Ban((@, 0), W, 0)) + By (0, p), (w,0))]

1 2 2 1 -1 2
= 55”1‘”09 +¢]|lV- u”()’Q + 58 |p|1’g

-0 %s(u,w)+8(V~u,V~w)+(p,V-w)+ %(Vp,w)}

1 2 2 1 -1 2
= 55”1‘”09 +¢]||V- u”()’Q + 55 |p|1’g

5 5
- Es(u,w)—6s(V-u,V'w)—6(p,V~w)— i(Vp,w)
1 1
= yeluliq + eIV ulg + 57" Iphig +dllplhq
5 s
- Ee(u,w)—és(V-u,V-w) -3 (Vp,w)

1 2 2 1 -1 2 2
'9”””(),(2 +e|V- u”()’Q + 5‘9 |p|l,Q + 6||p”0,Q

> —
2
0 0
- §8||u||0,g||w||o,9 = oel|V - ulloallV-wloa — §|P|1,Q||W||0,Q-
The result follows using similar arguments as in the proof of the Lemma 3} O
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