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Abstract

In this paper, we analyse a linear transmission elliptic problem in a bounded domain,
applying the already known Hybrid High-Order (HHO) method. This approach gives ap-
proximation of unknowns in the interior volume of each element and on the faces of its
boundary, in the following sense: obtaining L?-projection on the space of polynomials of
total degree at most k£ on the mesh elements and faces. Thus, we obtain a non-conforming
discrete formulation, which is well posed, and after a condensation process, we can reduced
it to another scheme defined on the skeleton induced by the mesh. This allows us to obtain
a more compact system and reduce significantly the number of unknowns. We point out
that we need to introduce an auxiliary unknown in order to deal with the non homogeneous
transmission conditions, that will act as Lagrange multiplier. We prove that the method is
optimally convergent in the energy norm, as well as in the L?-norm for the potential and a
weighted L?-norm for the Lagrange multiplier, for smooth enough solutions. Finally, we
include some numerical experiments that validate our theoretical results, even in situations
not covered by the current analysis.

Keywords: Linear interior transmission elliptic problem, Polytopal Meshes, Hybrid High-
Order method, Gradient reconstruction operator, Potential reconstruction operator.

1 Introduction

Transmission problems appear in many areas of engineering and science. They can involve
multiple distinct materials or fluids with different densities, diffusions, conductivities, Youngs
modulus, or Poisson ratio. For example, they appear in the calculation of magnetic fields of elec-
tromagnetic devices [51, 152]], in problems of fluid mechanics and subsonic flow [38} 39, [14],
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in incompressible multiphase flows [53]], in models of electroporation [48]] and electrohydrody-
namic [S3]], and many other fields.

There are two types of transmission problems, exterior and interior. The work developed
here corresponds to an interior one. In turn, interior transmission problems fit into interface
problems, which can be found in material properties [61]], modeling solid mechanics problems
[59, [14], in fluid dynamics [37, 9], and many other important phenomena in science and engi-
neering.

On the other hand, the numerical solution of exterior problems usually combines the Fi-
nite Element (FE) method with the Boundary Element (BE) method (see, e.g. [7, 43, [15]).
FE method was proposed, for interface problems, in [39, |12 22]. Also, it is possible to com-
bine local discontinuous Galerkin (LDG) method with BE method, which does not require any
continuity condition across the interelement boundaries, it is robust with respect to discontin-
uous coefficients, and it allows the use of different polynomial degrees in each element (see
[16, 117,145, 118]).

Moreover, interface problems are divided into interface-fitted and unfitted mesh. The former
is built on body fitted mesh that does not allow the interface to cut across any of the elements in
the mesh, while the latter does not impose that restriction. There exists several methods, such as
immersed interface method [57, 146, fitted FE method [12]], unfitted FE method [49], embedded
FE method [35], multiscale finite element methods [23]], extended finite element (XFE) method
[5,159], fitted HDG method [48]], unfitted HDG method [64), 136], for example. Also, there are
works considering a curve as interface. We can refer to the classical FE methods [4, 8], and
HDG method [54, 163]].
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Figure 1: An interface-fitted mesh (left), and an unfitted mesh (right).

Interface-fitted mesh is also known as body-fitted or interface conforming, i.e. the meshes
are tailored to fit the interface, (cf. left plot in Figure . Besides, the jump conditions across the



interface can be easily incorporated into a standard FE formulation [12} [22]]. There are sophis-
ticated use of approximate interface-fitted meshes [63]] and the use of Virtual element methods
on an interface-fitted mesh [21]].

However, interface-unfitted mesh is more used in time dependent problems, where the inter-
face moves with time or during iteration (free-boundary), and when the boundary or the internal
interface is curved. This is caused since generating a body fitted mesh of relatively high quality
is challenging and computationally costly, especially when complex and/or moving interfaces
are involved. In this sense, it may be advantageous to use the same mesh on the domain for
different, nearby, locations of the interface.

A well-known disadvantage for unfitted mesh approach, is the difficulty to capture the com-
plex geometry of the interface and to enforce jump conditions across the interface accurately.
The resulting linear system may not be always symmetric and its conditioning has a strong de-
pendence on how the interface cuts the mesh cells. Furthermore, a rigorous error analysis is
difficult to perform.

In this work, we consider an interface-fitted mesh, since we handle with a polygonal in-
terface. In transmission problems, in general, it is identified/recognized an internal domain, a
transmission or internal boundary, and an external (annular) domain. In the existing bibliogra-
phy only Dirichlet and mixed conditions on the external boundary are addressed. In this paper
we consider pure non-homogeneous Neumann condition on the exterior boundary. This work
is not addressed to non mathching transmision mesh, although it is possible to extend our study,
following the analysis in [S0]].

Now, we focus on the well known Hybrid High Order (HHO) method, introduced in [32}31]],
which has been applied to a great variety of problems, thanks to its ability to handle phys-
ical parameters. We can mention, for example, linear diffusion problems [32, 31]], quasi-
incompressible linear elasticity [30], nonlinear elasticity problems in the small deformation
regime [11], nonlinear Leray—Lions problems [26, 27]], Stokes problem [2], incompressible
Navier-Stokes equations [10]], and finite deformations of hyperelastic materials [1], among other
problems.

Its design relies on discrete unknowns that are broken polynomials on the mesh and on its
skeleton, from which two key ingredients are devised:

(1) Local reconstructions, that are performed by solving small, parallel problems inside each
element, and conceived so that their composition with the natural interpolator of suffi-
ciently smooth functions yields a projector on local polynomial spaces (see Lemma (3.3).

(i1) Stabilisation terms that penalise residuals, and are defined at the element level, so they
ensure stability while preserving the approximation properties of the reconstruction.

These ingredients are combined to formulate local contributions, which are then assembled
as in standard Finite Element methods. We mention several advantageous features. Manage-
ment of polytopal meshes (with possibly hanging nodes), which is an actual topic that is con-
sidered to deal with cracks and other kinds of discontinuities induced by material defects [39].
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Support arbitrary approximation orders in any space dimension, and exhibits a reduced com-
putational cost, thanks to the compact stencil, along with the possibility to locally eliminate a
large portion of the unknowns (see Section 5 in [[19]]), is achieved. Then, we deal with a (linear)
system defined on the skeleton of the mesh.

In lowest-order version (k = 0), HHO method can be linked with the unified framework
Hybrid Mixed Mimetic (HMM) method [28]]. In high-order, there is a link of HHO approach
with HDG method [24]], a connection with High-Order mimetic (HOM) [58]], and with the non-
conforming version of the Virtual Element (VE) method [3]]. In addition, we find a description
of the relation between HHO and VE methods in [56l], with an analysis that differs from the
standard VE method described in [62].

We point out that a transmission problem with curved interface, has been studied in [13],
applying an unfitted finite element method (introduced in [49]]), with the philosophy of HHO
method. However, we point-wise that this paper does not include numerical experiments. In
this work, we applied the standard HHO method for a linear transmission problem with non ho-
mogeneous transmission conditions, extending the application of the HHO approach described
in [32]. We remark that the analysis here is quite different to the presented in [13], since we
introduce an auxiliary unknown living on the transmission interface, that acts as a Lagrange
multiplier. As result, we derive a discrete mixed HHO formulation.

The rest of this paper is organized as follows. In Section |2} we introduce the model problem
and discuss its well-posedness, at continuous level. In Section |3} we describe the main analysis
tools, the Degrees of Freedom (DOFs) in the context of HHO method, and the potential recon-
struction operator, with its key properties. In Section 4, we introduce the discrete problem and
study its stability. In Section [5| we perform the a priori error analysis, first in the energy-norm,
and then in the L?-norm under additional elliptic regularity assumptions. In Section @ we dis-
cuss the aspects of the computational implementation. Finally, in Section [/, we present some
numerical experiments, which are in agreement with our theoretical results.

2 Continuous settings

In this paper, we will work with two disjoint domains. Let €2; be a bounded and simply con-
nected domain in R%, d € {2, 3}, with Lipschitz-continuous boundary I'; := 0);. Let 25 be
the annular region bounded by I'; and a second Lipschitz-continuous curve Iy, that is strictly
contained in R? — ), (see Figure . For any connected subset X C ) with nonzero Lebesgue
measure, the inner product and norm of the Lebesgue space L?(X) are denoted by (-, -)x and
|| - ||x, respectively.
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Figure 2: Geometry of the problem

Next, we consider the following transmission interior model problem: Find u; : ; — R and
ug : 2y — R such that

—Awuy = f in Oy, (1a)

—Aus = foin €y, (1b)

Uy —us =gon 'y, (1c)
Vui-ny+Vuy-ne =gy on Iy, (1d)
Vus -mg = gs on I'y, (le)

/U1+/ UQIO, (lf)
(951 Qo

where f; € L?(Q) and f, € L*(Qy) are the forcing terms, g € H'/?(T',) is the jump of traces
of solutions on 'y, g; € H~Y/2(I'y) and g5 € H~'/2(T';) are the jump of normal component
of fluxes on I'y, and the normal component of w5 on I';. Here, n; represents the unit outward
normal to the boundary of €2;, while n, denotes the unit outward normal to the boundary of €2,
given by 02, := I'; UT'5. Also we impose the following compatibility condition

/Q i+ ; fo 4+ (g1, D, + (g2, 1), = 0, (2)

for the well-posedness of problem (.

The starting point of the HHO method relies on finding a primal-mixed variational formu-
lation of (I). We consider the equations —Au; = f; in ;, ¢ € {1,2}, and after integrating by
parts, we deduce that

(Vuy, Vor)a, — (Vug - na, vy (v1))r, = (f1,v1)a, 3)

(Vua, Vug)a, — (Vug - g, g (v2))r, — (Vg - 12, v (v2))r, = (f2,v2)q, , 4)

for all (vi,v9) € H'(Q) x H'(Qy), where (-, -)r, denotes the duality pairing of H~/2(T';)
and H'/?(T;) with respect to the L?(I';)-inner product, and analogously for (-, -)p,. In addition,
Yo o HY Q) — HY?(0Q,) and v : HY(y) — HY/?(052) correspond to the trace operators

5



on each subdomain. Then, using (Id), introducing the auxiliary unknown ¢ := Vu; - n; €
H~/2(I'y), and taking into account (Te), (@), and (@), we obtain

2 2
> (Vui, Voo, = (91,75 (02))r, = (92,7 (v2))rs — (€% (1) = 7 (02))r, = D> (fir vi)er, -
i=1 i=1
)
Further, we can formulate the jump of the traces of u; and uy on I'y, as
(Ao (un) =7 (u))r, = (A, ghr, VA€ HTVA(T), (6)
We now introduce the Hilbert space
U = {(U17/U2) S HI(QI> X Hl(QQ) : (Ula 1)91 + (U27 1)92 - 0} ) (7)
provided with the norm ||(v1, v2)|[3 := ||}, +|v2]3 o, and Q := H~Y/2(I';), with its usual
norm || - ||=1/2,r,. Then, the variational formulation reads as: Find ((u1,u2),&) € U x @ such
that
a(u1, uz), (v1,v2)) + b((v1,v2),§) = F(v1,v2) V(v1,v2) € U, (8a)
—b((u1,u2), \) = G(\) VA€ Q. (8b)
where a : U X U — Rand b : U x () — R are bilinear forms defined as
a((wla w2)7 (Uh UQ)) = (th Vvl)Ql + (vaa VU2)92 v (wla w2) 5 (Ula U?) e U x U7
b((UhU?)? )‘) = <)‘77(—]~_(U2) - ’7()_(U1)>F1 v((UhU?)? )‘) eUx@,
while the linear functionals F' : U — Rand G : () — R, are given by
F(Ul7v2> = (f17U1>Ql + (f27v2)92 + <91776F<U2)>F1 + <g2776r(v2)>1“2 V, ) (U17U2> < U?
G\ = (\ghr, YAEQ,
Lemma 2.1 b is bounded.
Proof. First, we fix ((v1,v2),A) € U x Q. Then, we have
b((v1,v2), A) < I[A=1z2,r, (1% (02)ll1/20, + 11 (@0)]l1/2.0,)
<|[All=1z2m [[(vr, v2)][u s
and we conclude the statement. 0

Remark 2.1 Thanks to the boundedness of bilinear form b, we can define a bounded linear
operator B : U — @', induced by the bilinear form b, such that

[B(Ul,’ljg),)\] = b((Ul,U2>,>\) V(’Ul,’Ug) EU,V)\GQ,

where |-, | stands for the duality pairing induced by the operator and functional used in this
case. It is not difficult to deduce that B((vy,v2)) = R*(7 (v2) — 75 (v1)) V(v1,v2) €
U, where R : HY*(')) — HY?*(T',) represents the canonical Riesz operator between
H=Y2(T'y) and HY*(T'y), while R* : HY?(I'y) — H~Y*(Ty) corresponds to the adjoint
(Hilbert) Riesz operator of R. Hereafter, (-,-),r, denotes the inner product on H"(I'y), r €
{—1/2,1/2}. Finally, Ker(B) is characterized by

V :=Ker(B) := {(v1,v2) € U: vy (v1) = (v2) on T'1}. )
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Lemma 2.2 a is bounded in U x U, and V -elliptic.

Proof. The continuity of bilinear form a follows from the Cauchy-Schwarz inequality. To prove
the coerciveness of a on V, we first set {2 := Q; UT'; U Qy. Next, given (vq,v2) € V, we define
the following measurable function
. v, a.e €
v { vy, a.e. €. (10)
Since v; € HY(), va € HY (), and v, (v1) = 7 (v9) on 'y, we infer that v € H'(2), with
J v = 0. Then, thanks to the Poincaré-Wintinger inequality, the seminorm | - |, o is equivalent
to|] - |10 in HY(Q) N L3(92), we deduce

a((ur, u2), (vi,v2)) = [IVullg, +1Vell50, = [Volle
> (1+C)  lia
= (14 M v)l, (1)
where C, > 0 is the constant of Poincaré. u

Lemma 2.3 B is surjective.

-1 -1

Proof. Given A € H~Y/2(I';), there exists z := —<%‘> (R) A€ [HH(Q)]F ¢ HY(Q),

such that A = R*(vq (2)), where 7o := 7o (q,)- For more details, we refer to [41] (pages
1

196-198). Now, by setting ¢ := ——————— [ 2, we introduce (vy, vo) € H () x H'(Qy)
]+ Q2] Jq,

such that v; := 2z + ¢ and v, := ¢, which in addition verifies that (vy,1)q, + (v2,1)q, = 0,
letting us to conclude that (v1,ve) € U. Then, since 74 (v2) — 75 (v1) = 75 (—2) on 'y, we
infer that

B(v1,v2) = R (79 (v2) =79 (1)) = R (79 (=2)) = A.

We now establish the unique solvability of the variational problem.
Theorem 2.1 (Well-posedness) The continuous problem (8)) is well-posed.

Proof. Taking into account Lemmas [2.1] [2.2] and [2.3] we invoke well known Babuska-Brezzi’s
theory, to conclude that the variational problem (8) is well-posed. U

Remark 2.2 For A € HY/*(T'}) given, and (v1,vy) € U defined as in the proof of Lemma
there holds

b((v1,v2), A) = (A, 79 (v2) =79 (vi))r, = (A, 79 (=2))r,
= (RY) Wy = 1Mo,
In addition, there exists Cryp = Crye(|€1], [Q2]) > 0 such that
(v, v) [ < Cue [|2[l1 g, -
As result, we can establish the so called inf-sup condition for b:

Sup b((w1>w2)a)\) > b((Ulavz),)\) > 071/2 ||/\||2—1/2,I‘1

> > e A Y[
wrwneonioy @ w)|lu = ({01, v)[[u 2 ey /20

(12)



3 Discrete settings

We begin this section giving a general description of the discrete spaces, operators that we need
to introduce for the discretization of the transmission problem, including some approximation
properties. For simplicity, we let {2 be a domain with polygonal boundary. Then, we introduce
H C R* as a countable set of meshsizes having 0 as its unique accumulation point and {7, }nex
be an h-refined admissible mesh sequence of Q) (see Section 1.4 in [29]). Each mesh 7}, is a
finite collection {7} of nonempty, disjoint, open, polytopal elements such that Q = UTeT;,, T.
In addition, there is a matching simplicial submesh of 7, with locally equivalent meshsize and
which is shape-regular in the usual sense. We also assume (for simplicity) that for each 7" € Ty,
either T C Q; or T C €y, and that there are no hanging nodes on the transmission boundary
I'. We call a face, any hyperplanar closed connected subset F' of Q with positive (d — 1)-
dimensional measure, such that (i) either there exist T, Ty € T, with F' C 977 N 975 (and F
is called an interface) or (ii) there exists 7' € T, such that F© C 07T N 0f) (and F is called a
boundary face). Interfaces are collected in the set F;™*, boundary faces in F?, and we set the
list of faces on skeletal induced by T, as Fy, := Fi** U Fr.

On the other hand, given T' € T, Fr := {F € F,|F C 0T} denotes the set of faces
lying on the boundary of 7" and, for each I € Fr, nrp is the unit normal to /' pointing out
of T. In an admissible mesh sequence, the diameters of the elements (hr) and the diameters
of the faces (hr), linked to each element, are uniformly comparable, card(F) is uniformly
bounded, the usual discrete and multiplicative trace inequalities hold on element faces, and the
L?-orthogonal projector onto polynomial spaces enjoys optimal approximation properties on
each mesh element. In what follows, A < B denotes the inequality A < C'B with positive
constant C' independent of the polynomial degree £, and the meshsize & of 7,, which is set as
h .= maXxrer, hT.

Lemma 3.1 (Approximation property of Orthogonal projector) Given an integer [ > 0,
there exists a real positive number C,, depending on p (mesh regularity parameter) and [, such
that, for all h € H, and all T € Ty, denoting by w\. the L*-orthogonal projector on P4(T), and
forall s;t € Rsuchthat (0 < s <t <[+ 1, there holds

v — wholsr < Coh|vlyr, Yo e H(T). (13)
Moreover, there exists C’a > 0, such that, for all 1/2 < t < [+ 1, there holds

v — wholloor < Cobli Plolur, Vv e HY(T), (14)

where, given v > 0, | - |, denotes the usual seminorm on Sobolev spaces H"(T).

Proof. We refer to the proofs of Theorems 3.2 and 3.3 in [44]. [

3.1 Degrees of freedom

Let a polynomial degree & > 0 be fixed. For each T € 7T}, we define the local space of DOFs as
Uk .= PX(T) x (HFG?T Pk, (F)), where P%(T)) (resp., P%_, (F)) is spanned by the restrictions



to T (resp., F') of d-variate (resp., (d — 1)-variate) polynomials of total degree < k. The global
space of DOFs on the domain (2 is then defined as,

oo (100 < (17500
TeT FeFy,

Givenv,, = ((UT)TeTh, (vp) e ;,L> c H'%h , we introduce its restriction to the element 7' € T},
as vp = <UT, (vF) pe ;T) ¢ Uk, In addition, by v, we denote the function belonging to
P%(T5), such that vy|p = vy VT € T,. These notations allow us to introduce the usual

seminorm on Q’;— (see Lemma 4 in [32])

|VhH1Th Z HVTHlT ) HXTH%,T = HVUTHg,T + ‘XTﬁ,aTu (15)
TETh

forall v, € HkTh and all v, € U%., where

|XT|%,8T = Z hi'llvr — UT”%,F‘

FeFr

Now, for each T' € T;,, we define the local reduction operator I%. : H'(T) — U¥. such that, for
eachv € HY(T),

Lo = (who, (Tho)rer,), (16)
where 7% and 7% are the L?-orthogonal projectors onto P%(T') and P%_, (F'), respectively. The
corresponding global reduction operator llfrh : HY(Q) — H’;-h is defined by

14 v = ((tho)rer, (Thv)per,) Vv e HYQ). (17)

3.2 Local Gradient reconstruction

For all T' € T, we define the local gradient reconstruction operator G% : Uk — VPA+(T)
such that, for all v := (vr, (vr)rer,) € Uk and all w € PATH(T),

(Ghvp, V) = (Vor, Vw)r + Y (vp — v, Vw - ngp) p, (18)
FeFr

where np is the unit normal to face F' pointing out of element 7. We define the potential
reconstruction operator pi : Uk — P¥™(T) such that, for all v, € U%,

VpkHVT = G]%XT /p’%“vT = /UT. (19)
T T

Lemma 3.2 (Characterization of p%.™ I

holds for allv € HY(T):

and polynomial consistency) The following property

(V(v — piHIEo), Vw)r =0 Yw € PEY(T). (20)
Consequently, for all v € PE™(T'), we have
Py = w. 21)
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Proof. We refer to the proof of Lemma 3.1 in [34]. |

Lemma 3.3 (Appr0x1mat10n properties for pk“Ik) Let a polynomial degree k > 0, an inte-

gerq € {0,--- ,k}, and 6 € (1/2,1] be given. There exists a real number C' > 0, depending
on p (mesh regularity parameter), possibly on d, k, q, and 0, but independent of hr, such that,
forall h € H, forall T € Ty, and all v € HIT(T), there holds:

o= 5 T+ 12 0 — 5 T
e [0 = T B2 [V 0= T < O ol @D

Proof. We adapt the proof of Lemma 3 in [32]]. First, we fix v € H9'*9(T), with q € {0, ..., k},
and notice from the orthogonality property (20), that

V(v —pi' L)|lor = sup  [|[Vo—Vzor
2€PRTH(T)
< V(=75 lor < B 0llgr1ssr s (23)

where we have used the approximation property of 7r’“+1 (witht =¢+ 1+ 9dand s =1).

Now, from the definition of pA™ and 1%, we observe that v — pkHITU € L3(T). Then,
applying the very well known inequality ||z|lor < hrl|zli7, V2 € HY(T) N L3(T), togehter
with (23)), we infer that

lv = P oo S hrl| V(v = i Tro) oz S AE T Jollgrarsr 24)
The consecutive use of a continuous trace inequality, and (24), yields

145
pkHIkUHO or Sllv— pkHIkUHOT + b3 V(v — pkHIk U)“o TS h S )H ”q+1+5T
(25)
Finally, for to bound h3/ |V (v — ki T50) ||o. o7, We introduce +7% Vv inside the norm, obtain-
ing

hTHU —

3/2 HV - pk+11k < h3/2 va — WTVUHMT + h3/2 ||7TTVU vpk—f—llk

HoaT UHO@T :

Using the approximation property of 7. (applied componentwise to Vv with t = ¢+ ¢ and
s = 0), we infer that

hr || Vo = 7690 ]l0 o S B0 21y (26)

Now, we apply the discrete trace inequality, using the fact that card(F7) is uniformly bounded,
and that Vpi ' Tjv € [PA(T)] ? to infer

5
Ieh Vo — Vb Tolloor < b1V (0 = P T50) oz S RSP 0llgsipor . @7)

Finally, the proof is concluded from and . O
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4 HHO formulation

From here on, we consider g, € L3(T), g2 € L*(Q), Q := Q UT; UQy, and let Ty, be a
triangulation of (2, satisfying the geometric assumptions given in Section Next, we introduce
the triangulations induced by 7, of each subdomain €;, i € {1,2}, that is

Tin :={T €T, : T CQ},

with F; , being the list of faces on skeleton, induced by 7;,, i € {1,2}. Moreover, by 'y,
and I'yj,, we denote the partitions of I'; and I's, respectively, induced by 75 ;,. At this point
we require also that the partition of transmission boundary I'y inherited by 7j, I'y 5, is quasi-

uniform in the sense: considering hy, := Fm%x hp, there exists Cgy > 0, independent of the
€5 1,h

meshsize, such that
Cqu hF1 < hyp VFe Fl,h . (28)
These notations allow us to introduce the discrete spaces

uh o= JI P ) x| I] B | ie{L2}.

TET; n FeF;n

Then, each element v, , € Hlfrh is characterized by v, ;, = ((ULT)TE%M (vivp)pe;@», i €

. . . k;70 k
{1,2}. Now, we set our discrete approximation space, as U7~ x @y, where
2
ko __ - k k . —
H?’h = Y, = (XLhaXQ’h) EETM XHTM : Z Z (vir, 1) = 0 5,
i=1 T€T;

and QF :=P% | (T'y;,). From here on, we adopt the following notation. Given )\, € QF, we set
Ar = Mp|p, forall ' € I'y . Then, we introduce the characterization A, := (Ar)rer, ,. The
space QF is provided with the weighted L?—norm

IMllF,, = D helXell e, Y= (Ap)rer,, € Q. (29)

FGFLh

We introduce the seminorm | - ||, : U% =~ x Uk — R, which is given, for each (v, ,,v,,) €
. . , :
u'ﬁ,h X HTz,h’ by

(v o)l = Ivanllin, + IVasliz, + D he'llone —varllsr  (30)
FEFLh

Proposition 4.1 The map || - ||, defines a norm on Q%O.
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Proof. Ttis enough to check that forall (v, ;,,vy,) € UTh (15 Vor)lln =0= (Vi 4, Vo) =

(0,0). Let (v;4,vy;) € U be such that ||(v; ;, Vo)l = 0. By definition of || - ||, this
implies

VT € 71}1 VULT =0 |, VF € Fr ’ULT‘F = V,F (31a)
VS e E,h V'UQ,S =0 , VF € Fg 1)275|F = U F (31b)
VF € Fl,h V1,F = Vg F. (31c)

We have from @), that vy p is constant on each 7' € 7y, and that on each interior face
F € Fyp, there exist 71, Ty € Ty with F' C 0Ty N 0715, such that vy 1y |, = v1rp = Vi,
Then, we infer that, there exists a constant C; > 0 such that v; p = C1 V F' € Fy .. In a similar
way, we can deduce from , that there exists Cy > O such that vy p = C5 VF' € Fy . Now
by (B1c), we have that on each transmission face F' € I'; , there exist " € Ty, and S € Top
with F' C 91T N 0SS such that,

Cy = Ul,T|F =V1,F =V F = UQ,S|F = C2>

which allows us to state that vy = vo g = Cy Y (71,S) € Tin X Tap. Finally, due to the

condition ZTGTM (vir, V) + ZSETQ,h(vQ,S, 1)s = 0, we deduce that C; = Cy = 0, and we

conclude the proof. U
Now, for each T' € Ty, we introduce a; : Uk x UY — R given by

ar(uy, vy) = (GTUT7GTVT> + jr(up, vy), (32)
where
Jr(ar, vr) Z hp' (m(up — —PL?HUT) (v — R];“—HXT))Fa
FeFr
with

k+1 . k+1 k k+1

Then, we set the bilinear form a, : U X UkTO — R, as

an((y p,U95), (V1 5, Vo)) = Z ar(Wy 7, vy p) + Z as(Uy g, Vs g), (33)
Te,Tl,h Se7~2,h

which can also be written as

ah((ﬂl,mﬂzh)a (Xl,hazz,h)) = Ah((Hthth) (v, o Yo h)) + jh<<u1,h722,h>> (Kl,mXQ,h))?
(34)
where the consistency contribution A : Q%O X Q’%LO — R and the stability contribution

k0 k0 .
ho H’rh X HTh — IR are, respectively, defined as

Ah((ﬂl,hauz,h)y(Xl,sz,h)) = Z <G§“HT>G’7€“XT)T (35)
TeTh
and
jh((gl,hng,h>7 (Xl,hazzh)) = Z jrur,vr). (36)
TeTh

12



We also introduce the bilinear form by, : Q’frf X Qﬁ — R, which is defined as

bh((zl,hazzh)a)‘h) = Z (Ap, v, p—V1F)F v(zl,ha!Zh) < H%Oa Ap 1= ()\F)FeFLh S Q'Z
Fel'y
(37
Then, the discrete scheme associated to (8) reads as follows: Find ((u, 5, 1, ), &) € Q];lho x QF
such that

an((y , Uy 5), (V155 Vo)) + 00 (V15 Yor), 6n) = Fu((¥y 4 You)) V(¥4 Vas) € 2%07
(38a)

—bp((Wy Uy ), An) = Gr(An) YA, € QF (38b)

where, for each (v, ;,,v, ;) € Hkﬁ and \;, € QF, we define the discrete linear functionals as:

Fh(XLhaXz,h) = Z (fl,’Ul,T)T-i- Z (f27712,s)s+ Z (91;U2,F)F+ Z (92,U2,F)F7

TET SETon FeTy Fely,

(39)
and G (M) = (An,g)r,,. In what follows, we recall the well known relationships between
[~ lo.ry and [| - [ 12,0,

Lemma 4.1 There holds
19]1-1/20, < lgllor, Vg€ L*(T), (40)
Pallors S e Al caar, ¥ € QF (41)

Proof. A proof of is available in [60] (page 115), while (1) can be proven in the same
spirit of the proof of Lemma 4.6 in [42]]. U

From here on, given v, € H’;-h, we denote by vy, the L*(Q) function such that v,|r = vr,
for all T' € T,. Next result, which can be seen as the corresponding to Lemma 8.3 in [33]] for
Neumann boundary condition, will be useful for proving the continuity of linear functional Fj,.

Lemma 4.2 There holds
lvallog S Ivulln Vv, € U, (42)

Proof. The proof for general domain (2 is provided in the appendix of this paper. However,
when (2 is convex, the proof of (42) can be done usign a different argument, more constructive,
which is described next.

Letv, € Q%O. Since v, € L3(12), there exists a unique weak solution z € H'(Q) of

0z

—Az =wv, in Q, — =0 on 0N. (43)
ov
Since Q is convex, we can ensure that 2 € H2(Q) and |[|2]|2.0 < [|va]lo.q (cf. [47]). This allows
us to introduce 7, := —Vz € [H'(Q2)]?, which satisfies:
div(,) = v, in Q, 7,-vr=0 on 09, and ||7|lia S ||lvnlloq- (44)

13



Then, taking into account the fact that 7, € H(div;(2), and the first two statements in (44)), we
have

ol = (vn, div(T))e = (vn, div(7u))e, + (v, div(7))e,

- Z {_(vvl,T,Tv)T + Z (7o - ”TFWLT)F}

TeTi,n FeFr

+ Z {_(VUQ,TaTU)T + Z (7o - nTF;UQ,T)F}
TG'TQ,h FeFr

= Z {_(VUI,Ta To)r + Z (T - mrp, 017 — U1,F)F}

Te,Tl,h FeFr

+ Z {_(VUQ,TaTv)T + Z (To - Mrp, Vo7 — Uz,F)F}
T€7—2,h FGJ'—T

+ Z (T M1, v1F —Vop)F. (45)
FGFLh

Now, applying Cauchy-Schwarz, Minkowski and continuous local trace inequalities, we notice

Z {_<VU1,T77'U)T + Z (To - Mrp, V17 — Ul,F)F}

T€7-1,h F€.7:T

< > <|\w1,THo,TrmHo,T+ > (hellowr = vnpllor) (h;/zrmuw»

T€7’17}L FE]:T

1/2
< ||21,h||1m,h{ > (Inllfr + hT||Tv||(2),8T)}

TE€T1.n

1/2
< ||21,h\|1,ﬂ,h{ > (Inligr + IITvllﬁ,TJrh%ITvliT)}

T€T1.n

S eialliza llmolle, -

Proceeding in analogous way, we deduce that

Z {_<VU2,T77-U)T + Z (T Nrr, V27 — U2,F)F} N HQ27hH1,7‘2,h ||Tv||1,92 )

T€7-2,h FeFr

and
1/2

Z (1o mi,v1r —Vorp)r S Z Wit llvrp — UQ,F“(Q)’F Ik

FEFl,h Ferl,h

1,9 -
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Considering these relationships, and applying Minkowski inequality one more time and the
regularity property in (4)), (@5)) yields to

lonlloe < llnllallvallog
and we conclude the proof. U
Lemma 4.3 Bilinear forms a;, and by, , as well as linear functionals Iy, and G},, are continuous.

Proof. Let us establish the continuity of the discrete bilinear forms a;, and b,. Thanks to the
continuity of ar (see [32]), and applying Cauchy-Schwarz and Minkowski inequalities, we have

’ah((ul,mﬂzh)a (Xl,}mXQ,h))’ S HELh LTin * HXLh LT, T ”HQ,hHl,Tz,h ) HXQ,hHl,B,h
2
(i ) (Il + Ivaalis, )

< a1z )l (1 s 22 ) -

1/2

%,Tl,h + [|uy

Now, for by, after applying Cauchy-Schwarz and Minkowski inequalities, and Lemma 4.1}, we
obtain

1/2 1/2
bn (g, 1), M) < | Y B lwr e — uapllf 5 > helAellf s
Feln Felyn
< Iy, o ) lln Ay, -
(46)

Next, we prove the continuity of the discrete linear functional F},. First, we notice that

Z (91, v27)F = Z (91,02, — c2)Fr + c2(g1, D, (47)
FeFip FeFin
Z (g2, v2,p)F = Z (92, va.r — Ca)r + c2(g2, )1, (48)
FeFap FeFan
h 1
whnere ¢ = — U2 h-
€] Ja,
Applying Cauchy-Schwarz inequality appropriately, we have
1/2 1/2
Fa Wi o)l < lfillogn | D lonrller |+ Ifellocs | D llvaslles
T€7-1,h 567—2,},,
1/2
Hllgrllory | X2 oar=ealldr ]+ leal 19672 llgnl -1,
FEFLh
1/2
lgellors | Y2 lver —calldr |+ leal 191 llgall-yjor,
FEFQJL
(49)
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Thanks to Minkowski inequality, (@7), and the fact that |cy| < [Q2|7Y2 ||vg.|]0.0,, We Obtain
1/2

oo lvanllo g, + Z [va,p — o[ 5 ;. (50)

Ferl,hUFQ,h

[En (V1 Yop)| < C | Jorn

1
where C = (|I£ilBg, + If2l3a, + ll91]P1/ar, + lloelor, + lloalBr, + llg2li3r,)

Now, we bound the right hand side of (50). First, since v, € Q%O, we apply Lemma
and get

loralloa, + Nvzalloo, = llunlloe < lvalls- (51)

L k0
On the other hand, considering z, := ((’UQ’T — C)TeTy s (Vo F — 02)F€]-‘2,h> € HTM, and

denoting by 7;,(z,) the discrete trace of z,,, such that v,(z,,)|r = va.r — ¢, Oneach F' € Fo,
we apply Theorem 6.7 in [33], and deduce

Z ||vg,Fp — C2||(2),F = ||7h(Zh)||(2),aQQ N ||Zh||%7’2h = ||X2,h||i7'2,h . (52)
FEFLhUFQ?h
Finally, taking into account and (52), we conclude from (50)
|Fh(X1,ha!2,h)| S (Xl,halz,h)mha (53)

which ensures the continuity of F},.
Now, for the continuity of the discrete linear functional G}, we recall that g € HY?(T'}) C
L*(Ty). Then, we have

GhOW = Y (i, he29)r < 1o gllor, [Pl (54)
Felin
where « is a parameter defined on I'; ;, such that a|p = h;l for each F' € I'y 5. O

Remark 4.1 The linear operator By, : Q%O — QF, induced by by, is characterized by

Biu(Vy 4 Von) == (Vo —vir)rer,, YV (Vip Von) € Hk;? : (55)
Introducing V;, := Ker(B,), we establish the following result.
Lemma 4.4 (Ellipticity). a,, is V,-elliptic.
Proof. From (37), we characterize the kernel of By, as

Vi = {(V1: Vo) € H%O toLp = vap V€T

Now, taking (v, ;,V,,) € V, and considering the fact that || - ||, 7, is equivalent to || - |[a,7; ,
(cf. Lemma 4 in [32]), we have
ah((zl,h7z2,h)7 (Xl,h7z2,h)) = ||Xl,h||i,"r1,h + ||X2h||z7‘2h
e HXI,hH%,TLh + Hb,h”%ﬂa,h
= Nwpn o n)lli- (56)
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Lemma 4.5 By, is a surjective operator.

Proof. Given A, € QF, we can define (v, ,,v,,) € Qkﬁ?, such that v = 0,VT € Ty,
. :{ —Ar , FGFL}L
’ 0 , F e fl’h\FLh
As in the continuous case, here we can establish also the so called discrete inf-sup condition,
which will help us later to obtain an a priori error estimate corresponding to \y,.

,and v, , = 0, j,. Then, the operator By, is surjective. []

Lemma 4.6 There exists C' > 0, independent of the meshsize, such that

sup bn (Kh ) )‘h)

v, €UL\{0} vl

> Cl A, YA€ Q). (57)

Proof. Let Xy, := (Ap)rer,, € Q;\{0}. Then, we construct w;, := (W, ,,W,,) € H%O\{O}
as in the proof of Lemma.5] and we notice that

lwullz =2 )" r'lAeller < eIl - (58)

FGFLh

Then, taking into account (58)) and the fact that hp, < hp, forall F' € I'; 5, we have

~Y

bn (v, An) S bn(Wp, An) h1/2H)\h||(2),r1

sup > e 2 | Anllre,, - (59)
vevtn Il Il ~ " Tallor,
This allows us to conclude the result. O

Proposition 4.2 (meshsize). The discrete problem is well-posed.

Proof. 1t is a straightforward consequence of Lemmas and[4.5] We omit further details.
O

It is important to notice that bilinear form «a;, induces another seminorm on Hlfrl X Q% W
that is given by

||(K1,h722,h)||3,h = ah((¥1,h7¥2,h)7 (Xl,hazz,h)) , v (Xl,hvzlh) € g’f&h X Q%h . (60)
Next result could be useful in the rest of this work.

Corollary 4.1 There exists n > 1, independent of the meshsize, such that

N &p Yo )l < N &psYor)llan ¥V (VihVas) € Vi, (61)

k,0
H(X1,h>Xz,h)Ha,h <] (Xl,h>¥2,h)|”h v(¥1,h?¥2,h) € QT,L . (62)

Proof. (6])) follows straightforwardly from the V,-ellipticity of a;, (56), while (62)) has been
established in the proof of Lemma4.3] We omit further details. O
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S A priori error analysis

From here on, we assume that exact solution u; € H'%(€);), and 6; € (1/2,1], and Au; €
L*(Q) for i € {1,2}. These assumptions allow us to see ¢ belonging to L*(T;), and consider
g1 and g, as elements in L*(T';) and L?(I';), respectively. In addition, we introduce U, , :=
lle,hul € Qkﬂ’h, ﬁzh = 1’7“—27huQ € H%h, where l%h, for i € {1,2}, denotes the global
interpolation operator that is defined in the same spirit as in (I7)), and Eh € QF is such that
Enlp = Th(E), for each F € 'y It is not difficult to check that (4, ,,4,,) € H%O. We

recall again that, given i € {1,2}, v,, = ((’ULT)TG’];JL, (U@F)Fefi’h) € Uy, and we set
Vin € Ps(’ﬁﬁ) such that Ui,h|T = Ui VT € 7;,h'
Now, we introduce the product space X, := Q%O X QF, provided with the norm

1/2
10 wan) M)l = (Ian )l + 1AW, ) ¥ (Y Van) ) € Xa,

and the consistency error as the linear functional &, (((uy,us),€);-) : X, — R such that, for
each ((vy 1, Vap), An) € X

En(((u,uz),§); ((Xl,h>X2,h)>)\h)) :ah((ﬁmaﬁzh)a (Xl,hv!Zh)) + bh((ll,hazzh))agh)
—bn (W, Uy 1), An) + Gr(An) — F(Vyp, Voy) -

In our case, we notice that

bh((ﬁl,haﬁz,h)7)\h) = Z (W?uz - W];“Uh)\F)F

FeFl,h

= > Ard () = % w))r = Augr, = Gu(h) VA €QF,

FEFLh
and thus, the consistency error reduces to

En(((u1,uz2),€); ((21,ha22,h>7)‘h» :ah((ﬁl,haﬁZh)v (Kl,haXQ,h)) + bh((Xl,mXQ,h))agh)

- Fh(zl,hazzh) = gh(((uh u2)7 5), (Xl,}wzzh)) .
(63)

The latter implies that

[1ER(((u1, u2), €); )]

x; = [1En(((u1,12), €3l (64)

with X7 and Q%O’* denoting the dual space of X;, and Q%O, respectively. The following result
will help us to bound (64).

Lemma 5.1 There holds, for each (v, ;,,v,}) € H'%lo :

Fh(XLhaXQ,h) - bh((XLh;XQ,h)a Eh) = Z(Vvl,T, VU1)T + Z Z(VM "NrR, V1, F — U1,T)F

TeTin Teh nFeFr
+ E (Vg s, Vug)s + E E (Vug - nigp, v p — va5)p.
SE'TQJL 567’27;1 FeFs

(65)
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Proof. Since f; = —Au; in §; (weak sense), and after performing an element-wise integration
by parts in (f;, v;n)a,, With @ € {1,2}, we obtain that two first addends of F}, (cf. (39)) can be
written as

(fi,oin)o, = Z (Vuy, Voir)r — Z Z (Vuy - nrp,v1.7)F, (66)

TeTn TET:  FEFr
(fovan)as = Y (Vup, Ving)ls— > > (Vg ngp,v25)r. (67)
SG'Tth SG'Tth FeFg

Now, using the fact that Vuy - nqy + Vus - ny = gy a.e. onI'y, and Vuy - ny = g9 a.e. on I,
and that there exist 7' € 7y, and S € Ty, such that ny = npp on 0€2; and ny = ngp on 081y,
we can write the last two addends of F}, as

Z (g1, v2,0)F = Z (Vuy - npp,vop)p + Z (Vug - ngp,vor)r, (68)

FEFL}L FEFL;L FEFL}L
Z (Qz,vz,F)F = Z (Vuz : nSFav2,F)F- (69)
FEFQJL FEFQ,}L

From the definition of Eh, property of 7f., the fact that ¢ = Vu; - mq a.e. on 'y, and that there

exist T € Ty and S € Ty, such that ny = nyrp = —ngp on 'y, we derive
on((¥1 5 Vo) &n) = Z (Vui - nrr, v r)F — Z (Vuy - nrp,v1p)F (70)
FeTy, FeTy

Finally, from equations (66)-(70), knowing that v; r is single-valued, and the normal component
of Vu; is continuous on skeletal induced by 7; 5, i € {1,2}, we conclude the proof. O

Lemma 5.2 Assuming that u; € HI (T ), i € {1,2}, and q € {0, ..., k}, there exists
C > 0, independent of the meshsize, such that

1ER(((u1, u2), €); )]

1/2

2(q+9 2(q+06

X;; S C (hl(q 1)||U1||?{‘1+1+51(T1,h) +h2(q 2)||UQ||§{<1+1+52(7-2’}1)> 3
(71)

where h; := max hr,i=1,2.
TeTin

Proof. First, we take (v, ,,v,,) € U5 . Then, after noticing that GkI%.(w) = VphHI5(w),
for any w € H(T), T € Ty, and introducing %, 7 := p?“lf}(ul\T), for each T' € Ty, and
U5 = pi Ik (ug|s), for all S € T3, we have

an((Wy 1,0y 4), (V145 Vo)) = Z(Gl}ﬁl,iﬁ Glfril,T)T + Z Jr(@y 7, vy 1)

Teﬂ,h TE7—17h
ko~ k .
+ Z(Gsﬂz,&Gs!z,s)S + Z]S(l_12,Sa!2,s)
567—]1’2 SE'TQ,h
= Z(VULT, VULT)T + Z Z(ULF — v1,T, v\?Zl,T : nTF)F
TE'Tl,h TE'TLhFE]:T
+ ) (Voas, Vigg)s+ Y (var —vas, Vilas - misp)p
567-27}1 SE'TgthEJ:S
+ Z Jr@, 7, vy ) + Z Js(Uy 5, Vo g) - (72)
TE'TL}—L 567—2,h
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At this point, from (72)) and Lemma(5.1], we can write the consistency error as

gh(((ul,W)af); (XumXQ,h))
= Z(VULTy V(\Ujl,T - Ul))T + Z Z(ULF — v, v(\dl,T - Ul) : nTF)F

T€7—17h TG'TL]—LFEJ:T
T T,
+ Z(sz,s, V(tg,s —ug))s + Z Z(Uz,F —Ug.g, V(lUg s — Us) - Ngp)p
SETon SETanFeFs
T T
+ Z Jr(Uy 7, vir) + Z Js(Uy g, Vs 5) - (73)
T€7’17h Se%,h
Ts T

Applying Cauchy-Schwarz inequality, followed by the approximation properties of pk“I’} (cf.
(22)), with T either in 71 j, or in 735, and the definition of the norm || - [|17; ,, we can estimate
T, %9, T3, and T4 as

s
[Tl + [Fol S ¥ pllir, - A ] garvin o7y (74)

[Fal + [Fal S ¥anllizs, - B8 sl grorivssry ) - (75)

Invoking now Theorem 8 in [32], we deduce h . Y2k (@ Ui, p— Ry, )| |F S haTo
VF e Fr,where T € T;p, i € {1,2}. This allows us to estimate %5 and T¢ as

Ui prasi+o; (T)>

1%sl S 1¥anllzin - BTl gossvon ) (76)

hQ+52

%6l S MI¥2nllimn - ho ™ sl garresn(r, ) - 77

Then, from (74)-(77), we deduce that for each (v, ;,, v, ) € H%O
En(((ur,u2), €); (Y1 4, Vo)) o %)
(q+61) 2(q+62)
] SR 1 el A L

Finally, yields to an upper bound for ||&,(((u1,us),£): )||U5ro and thanks to (64), we
conclude ([7T). ' O

Theorem 5.1 (Energy error estimate). Assuming that (uy,uy) € HI1HU(Ty ) x HIHI02(T, 1),
with q € {0, ..., k}, there exists C > 0, independent of the meshsize, such that:

(1, h7ﬁ2 h) - ( by Uo, h))vgh —&n)llx,

1/2
(¢+0 2(q+32)
<cC (h a 1)||u1||Hq+1+51(7’1,) + h; (q+02 ||u2||im+1+52(7_2 h)) , (79)
where h; = j{nsl_x hr, i =1,2. Moreover, applying Lemma there also holds
i,h

+0 2(q+62)
S 3 IV Vit < Rl 1 R e A [ T

1= 1T€Th

(80)
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Proof. Since bilinear form ay, is coercive on V, and by, satisfies a discrete inf-sup condition, with
corresponding constants that are independent of the meshsize, we can apply a variant of Lemma
A.11 in the appendix in [33]], which is valid according to Remark A.12 in this same appendix.
As result, we can establish a global discrete inf-sup condition: For any ((w; ;,, Wy ), (x) € Xp:

Ah(((ﬂl,mﬂzh)? Ch); ((Kl,ha Kz,h)a An))

(W1 Wa ), Gl xS sup , (81)
b Y (Vana ) AW EXA\ (O} (Vs Vou)s An)[x,
where the bilinear form 4;, : X, x X; — R s given by
Ah(((ﬂl,haﬂZh)vCh)v ((Xl,haiz,h)a An)) = ah((ﬂmaﬂz,h), (Xumlz,h)) (82)

+bn (V1 4y Vo )5 Ch) — bn((Wy , W), An) -

This allows us to apply Corollary A.13 in the appendix in [33]], with 1, := F} andm, := G,
which yields us to

(@) o) = (W 8))s 6 = Ik S NER(((un,12), 65 )|

Then, follows straightforwardly from Lemma[5.2]
Finally, in order to derive (80), we realize, after applying triangle inequality, that

X5 -

IVu; = Vo rlloz < Vs = Vort Iy (uilz)llox + VP Lr(uilr) — Vo w pllor

(83)
foreach T € T;p, ¢ € {1,2}. Thus, is deduced from (83)), after invoking and Lemma
3.3l We omit further details. O

Remark 5.1 (L?-error estimate of the projection of the trace error). Concerning the L?-norm
of &, — &, Theoremestablishes that, for q € {0, ..., k} :

2 5 5
16 = &ullrn, S AT llgnsam, + 78 ullgssm, - (34)

On the other hand, we know that

h;/lz 1€n — &nllory S 1€ = Enllry . (85)

since we are assuming that the partition on Iy is quasi-uniform (cf. (28)). Then, from (84) and
(83]), we deduce that

= —1/2 1) 6
||€h _£h||0,F1 5 hFl/ (htﬁ_ 1||u1||q-|—1—i-51,7'1,h + hg+ 2Hu1||Q+1+52,7'2,h> : (860)

Our next aim, is to provide an error estimate in the L2-norm of the projection of the errors
— -k ~ : .
ein i= T3 u; — u;p, for each i € {1,2}, where given u, ;, := ((ui’T)Tenh, (U/Z"F)Fe}‘i’h), we

define u; j, as an element of L?(€);), such that

=mhu; VT € Tin,i€{1,2}. (87)

._ k
Uip|r :=w;r and (Wﬂ’hu,) .
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To this end, we introduce the following auxiliar problem: Given (wy,ws) € L*(Q) x L*(y)
with (wy, 1)o.q, + (w2, 1)o.q, = 0, we look for (z1, z2) € U, such that, in weak sense, verifies

—Az; =w; in Qy, (88a)

—A zp = wy in (88b)
z1—29=0o0onTI", (88¢)
Vzi:n1+Vz-ny=0onTly, (88d)
Vza-mg=0o0nI,5. (88e)

Since the transmission conditions in (88)) are homogeneous, it is known that 88)) is equivalent
to: Find z € H'(Q) N L(Q) such that:

—Az =win Q = 91UF1UQQ,
0
Z _Qonly =09, (89)
8’"/2
with w € LE(Q) such that w|g, = w; and w|q, = we. In this case, z|q, = 2z and z|q, = 2.
Then, we assume further regularity on z, the weak solution of B9), so that = € H*(Q) N L3(Q),
and there exists C' > 0, independent of the meshsize, such that

12ll0 < Cllwlliq

or, equivalently

2130, + 2230, < C (lwillgq, + lws

3,92) . (90)

We remark that this assumption holds when, for example, the domain ) := QU T'y U €y is
convex. From here on, we introduce h := max{hy, ho}.

Theorem 5.2 (convergence estimate of the projection of the potential error). Assuming that the
exact solution (uy,us) € HITYOL(T] ) x HIPH02(Ty ), with g € {0, ..., k}, and there holds
the elliptic regularity property (O0), we have, for k > 1:
HW%,,L’M —uipllog, + HW%,huz — Uz,p |00
1/2
2(g+6 2 2(g+6 2
Sh (O s s, + B el s, ) oD

For k = 0, assuming in addition that f; € H%(T;;), fori € {1,2}, g1 € Po(T'y;) and
g2 € Py(T'y 1), there holds

||7r071’hu1 —uyplloq, + ||7T(7)-2’huz — U2 p|l0.0

1/2
2(6 2(o
S b (Il + 13 el s, )
1/2
2(1+0 2(1+446
+ (BRNAIR 5, + B 2URIES,) ©2)

Proof. Let ((21,22),m) € X := U x HY2(T'}) be the solution of the corresponding mixed
variational formulation associated to (88)), where 1) := V z1 -ny on Ty is introduced as auxiliary
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unknown. This formulation can be seen as (), with F(vy,vs) := (wy,v1)q, + (w2, v)q,, and
G(A) := 0. Next, we denote by ((z, 1,22 ,), M) € Xy, the unique solution of the mixed HHO
scheme corresponding to (88), that is

Ah(((ZLh?Zz,h): nh)v ((Xl,hvzlh)v )‘h)) = (w17 ULh)Ql + (w2> UQJ”L)QQ v((zl,hvzlh)v )‘h> € Xp.
(93)

We notice that there holds V((v, 1, Vo 1,); M) (Wy 1, Wop), Cr) € X!

Ah(((ﬂmaﬂz,h)a Ch), ((Xl,hszh)? An)) = Ah(((Xl,sz,h)a —An), ((ﬂl,haﬂzh)a —Cn)) - (94)

As a result, we notice that (93) can also be written as

Ah(((zl,fwzlh)? Ah)? ((Zl,hvzzh)v —Uh)) - (whvl,h)ﬂl + (vaU?,h)fb v((zl,h?XQ,h)>/\h) € Xy
95)

This lets us to state that the dual consistency error is given by

~

En(((z122),m) (s Vo), An)) = An(((¥1 0 ¥ )5 An)s (@1 s Zo ), —Tn)))

- (w17 Ul,h)Ql - (w27,02,h>92 )

where ), = Is. (2) € Uk i€ {1,2}, and ), = (W}‘;(mp))
’ 7, 5 Fel
it is not difficult to check that V((v, 1,, Vo 1,), An) € Xy, there holds

€ QF. Thanks to (94),
h

1,

5;:(((21, 22)7 7])? ((21,11722,11), _)‘h)) = Ah(((/z—\l,h7z2,h)a ﬁh>7 ((Xl,h7z2,h)7 /\h))
- (w1,U1,h)Ql - (wz,UQ,h)Q2

::5h<((21722)7n)7 ((XLh?XZh)?)‘h)) : (96)

Now, invoking Lemma A.14 in the appendix in [33] with U := U, P := H-Y/2(I'}), U}, := H%O,
provided with the || - ||,—norm and interpolator 1, := Ilfrh (cf: (T7)), Py := QF, equipped with

|| - ||r, ,—norm and interpolator J), = wf. = (7}, , ap = ap, and b, = by. In
’ ’ FEFL}L
addition, we introduce L := L%(Q), with the reconstruction operator rj, : U, — L such that

ri(vy,) := vp. Then, the error estimate (A.30) in [33|] reads as

Hﬂ-!;—l,hul —uipnllo + ||7T]7c‘2,hU2 — Uz.pl0,0,

< (@ ), 60) = (@ g B)s &), sup 1€3(((21, 22), m), -]

X3
(wl,WQ)ELg(Q)vangl ~
T
+ sup 5h(((U1,U2)>§)a ((/Z_\l,mzzh)’ﬁh))
£w1,w2)€L%(Q)»||wHQ:1 P
T,
7

Then and are obtained after bounding the terms on the right hand side of (97).
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i) Bounding ¥,. From in Theorem[5.1} we have

(g p 050), &) — (@4 T0), &) ||,

s 5
S WM llgres 7, + 08 el lgvs 73, - ©8)

From (96)), we notice that

1E8(((21, 22),m), )llx; = [1€n(((21, 22),m), )]

which is estimated by applying Lemma[5.2|with ¢ = 0 and 6, = 5 = 1, yielding to

1En(((21, 22),7), )]

X5

x; S (hllzillen + hallzall20,)
S b (lfwilloor + Hwallog,) (99)

where the last inequality has been obtained after applying the ellipticity property (90).
Then, from (O8)) and (99)), we deduce

|$1| 5 h <h3+51||u1||q+1+51,7'1,h + hg+62|’u2||Q+1+52,T2,h> . (100)

ii) Bounding T,. At this point, we need to consider two cases: k > 1 and k = (.

ii.A) The case k > 1. Taking into account (63)) and the orthogonality property of pit* @0), we
proceed as in the derivation of (T3), and obtain

Enl((ur, 1), ©), (B pBop))) = 3 S (wher — wher, V(i — w) - nre)r

TG'TL]—LFE]:T

J/

-~

¢
+ Z Z(va% - 7T§Z2, V(tg,s — uz) - Nsr)r

SETon FEFs
S
+ Z Jr(Uy 7, 2y 7) + Z Js(Us 5,25 5) -
T€7—1’h 567—2’},,
& ¢
(101)
Now, taking into account and (withl = q > 1 and t = 2), we deduce
€1 S D0 R a2 2 - (102)
TeT,n
On the other hand, we notice that
jT(ﬁl,T’zl,T) SjT(ﬁl,Tvﬁl,T)l/QjT(zl,T7zl,T)l/2
S (B i lgavs,) (hr |21 o) (103)
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and then we derive

€] S D A Junllgrrsar |2 o (104)
T€7—1,h

Proceeding in analogous way, we find that

€] S )0 W sl lgpassr l22llar (105)
TETa,n

€4 S RS ugllgrssr |22 2 (106)
TeTon

Now, thanks to (102)), (103)), (I04), (I06), and the elliptic regularity property (90), we are
able to bound

En(((ur, u2),€), ((Z11,,22))) (¢f. (IO1)), and then Ty, arriving to

1/2

2(qg+1+6 2(qg+1+6
Tl S| D AR s+ > R P |- (107)
TG,rl,h T€7—27h

ii.B) The case k = 0. It is not difficult to establish

(flaW%21>T = (W((z]“flazl)T = (W%fl - fi,z —W%ZDT + (flazl)T VT e 71,h,
(108)

(f2>7rgz2)s = (W?@f2,22)s = (Wg*f2 — f2, 2 —772*22)5 + (f2>22)s VS e 75,}“
(109)

(g1, 7%22)F = (g1,22)p VF €Ty,
(110)

(92, 7p22)F = (92,22)F VF €Top.
(111)
Now, taking (vi,ve) = (21, 22) € U in (8d), we have

(fi,20)00 + (foo22)e, + (91,7 (22))r0 + (92,7 (22))r,
= (Vu1, Va)o, + (Vuz, Vaz)a, + (€70 (22) — 70 (1)1,

-~

=0

and from (108)-(TTT]), we deduce that
Z (fi,mpz1)r + Z (f2smg22)s + Z (91, Tp22)F + Z (92, Tp-22) 1

TE'TL}L SE'TQJL Fel'y Fel'y )y,

= > WA —foa—mha)r + Y (18fa — fo 2 — 192

Te€T1,n S€Ta,n
+ (Vui, Vi), + (Vug, Vzg)o, . (112)
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Then, taking into account (63) and (112)), we have

En(((u1,u2),8), (@1,ha22,h)a mh))
= Z [(Vpé“lguth%“lg"Zl)T - (Vul,Vzl)T]

TeT,n
A

-~

¢

+ Z [(Vpglgulavpglgzl>8 - (VUQ,VZQ)S]

S€7~2,h
N

>

g

()

+ Z jT(ﬁLTaZLT) + Z jS(ﬁzs@zs)

TeT1,n S€Tan

J/

J/

N N

E3 (A

- Z (W:OFfl — fi,z1— W%zﬂT - Z (ng2 — fa, 29 — Wgzg)s .

T€7—1,h SeB,h

-~ -~

@5 G6

In order to bound &, we first notice that

(113)

(VUb VZl)T - (VplTIOTUb Vp%rIOTZQT = (VU1 - Vp%plo:rul, Vz — Vp%pIOTZQT,

and, after take into consideration (22), we deduce

1/2
2(146
@l S | X s | ke
TeT,n
Proceeding in similar way, we also derive
1/2
2(146.
&l S| )] W sl 35, |22[2,0, -
SeTan
Next, applying (103)) with k = 0, we obtain
1/2
2(146
&l < | X0 Ml | ke
TETL;L
1/2
2(146.
LTI NN | | SO I E P
TeT,n
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For €;5, we apply Cauchy-Schwarz inequality, and approximation theory, to have

€5 < > I7hfi = Allrllzan — 7oz llr

T€7'1’h

< ST (WAl ) (hrlzlir)
T€7—1’h
1/2

)
SIS B NAIR S| Tl (118)

TET1,n

Analogously, we derive
1/2

€ < | D0 rNRIRL ] b, (119)

TG'Tth

Then, Ty is bounded from (114)-(119). Finally, the conclusion is also achieved in this
case, thanks to (100) (which also holds for k = 0). We omit further details.

0J

Following the ideas given in the proof of Theorem 2.32 in [33)] (see also the proof of Theorem

6.3 in [20]), and with the help of Theorem we can establish a super convergent L*-error
estimate of the reconstructive potential error.

Theorem 5.3 (L>*-error estimate). Assuming that (uy,up) € HITOU(T] ) x HITIT02(T, ),
with q € {0, ..., k}, and the elliptic regularity property (90), we have, for k > 1:

HPQHEM - U1||0,91 + Hpi—HHQ,h - U2||0,92

1/2
2(q+6 2(g+6:
Sh (Bl s m, + 55 el (120)

For k = 0, assuming in addition that f; € H%(T;;), fori € {1,2}, g1 € Po(T'1;) and
g2 € Py(T'y 1), there holds

ppwy g, — willog, + [Phusy, — uslloo,
< 201 2 209 2 1/2
S b (B s, + B3 Ml s, 7, )

) 1/2
L) (121)

2(1+6 2(1+68
+ (BNAIR 5, + 0

6 Computational implementation aspects
We start remarking that the condition (vyp,1)q, + (vap, 1), = 0 given in the definition of

discrete space H%O, make it difficult to find a basis. Then, we impose this restriction in the
HHO variational formulation with the help of a Lagrange multiplier. This procedure yields to
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the following equivalent discrete scheme: Find (u, ;,0,,,a, &) € Hlfrl . X Hf}“ x R x QF
such that

Z ar(, p,vy7) +a ( Z (1,7, 1)1 + Z (UQ,Sal)S) + Z (vo,p — V1.1, EF)F

TET T€T1,n S€Tah Fel'y
+ Z as(Uy 5; Vs g) +/3< Z (1, )7 + Z (U2,S71)s) + Z (o, p — ur,p, A\F)F
Se€Tan TeT1,n SETa Fel'y
= Fu(¥i¥on) — GaAn)  V(¥ip ¥op B, 00) € Uy, x UL xR x QF, (122)
where we rewrite (39) as
Fh(V1h»V2h (fi,vir)r + Z (91,v2.F)F
TE 1,h FE]'—TPIFLh

+Z (f2:v2,8)s + Z (92, v2,F)F ¢

S€T2,n FeFsnla p
Z Fi(vip)+ Y Fi(vag), (123)
TeTi,n S€Ta,n
and
Gh(An) = Z (Ar,9)r Y = (Ar)rer,, € Qp . (124)
FeFLh

l+n

For integers | > 0 and n > 0, we denote by N,ll = ( ]

) the dimension of the space

polynomial in R"™, of degree at most l.
Now, given v, ,, in the global discrete space U7— we collect its components with respect

to the polynomtal bases attached to the mesh cells and faces, in a global component vector
denoted by V(i) € RNFO) with

N (i) := dim(U%. ) = card(T; ) x Nj + card(F; ) x Ny, for i€ {1,2}. (125)

Here, N¥ and N% | denote the dimension of the corresponding local cell and face bases (d
represents the space dimension). We can decompose the global vector of coefficients as

Vie(i) = {] , (126)

where the vectors V(i) and V£ (i) collect the coefficients associated to element-based and face-
based DOFS for each subdomain, respectively.

Also, the restriction of Viz(i) over their components associated t0 T, OT and S, 0S are
denoted by the local component vectors Vrr, € RY T and Vors € RY s, respectively. In similar
way, we can split these local vectors as
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with Vi, Vg, and Vs, Vg, collecting the coefficients associated to the bases of the elements T,
S, and their linked faces, correspondingly.

Expressing the functions in the discrete formulation (I122) as a linear combination of its
respective basis functions, we obtain the following problem: Find (Urx(1),Urr(2),a,§) €
RNF() x RNF?) x R x RN# such that

> Vi, AT)Urs, +a( S ViMr+ Y VStMS) + > VR = VA" Mprér

Teﬂ,}L T€7~1,h Se7‘2,h FGFI,}L

+ > vgfsA(S)Usfsm( > MiUr+ > MgUS) + > NoMpp(UR - U
S€Ta,n T€T1,n S€Ta,n Felyn

=) Vig F(T)+ Y Vi F(S)— Y MG, (128)
T€T1,n S€Tan Fel'yp

forall (Vir(1), Vir(2), 8, A) € RVF) x RNF(2) 5 R x RN?, where Nk := card(T'y,) x N¥_,.
Here, the local matrices A(T), A(S) represent the local bilinear forms ar and ag respec-
tively. The local vector F(T), F(S) represent the linear functionals Fy. and F?2 in re-
spectively, and G represents the linear functional (Ar, g)r in . The vector My € RN
collects the average of the local base functions on ' and for each I' € I'; ,, we define Mpp =
(i, ¥j)l1<ij<nt_» where ; represent the face polynomials on F.

In order to eliminate the element-based DOFS (by static condensation), we divide in blocks
the following matrices

A(T) = ””””” _ ; F(T) = { ******** ] ; (129)

AS)= |~ Az _ : F(S) = [FS} : (130)

Arranging the equation (I128) in a matrix form, where we collect/assemble the submatrices Arr,
Arrr Arrrr P Frpin Arr(1), A7r(1), Azr(1), Fr(1), Fr(1), and Ass, Asrg, Arsrs, Fs,
Fryin A7r(2), Arr(2), Axr(2), Fr(2), F£(2), respectively, we obtain the linear global system
corresponding to the discrete problem :

A 0 [ A() 0 ML) 0 T TU) ] [ Fr()]

L0 AR 0 A2 M)l 0 || Ur(2) | | Fr(2).

A 0 JAg() 0 b0 =M | | UF(1) || FE(1)

ffffff 0 A2 0 Amp(2) 0 M | | UF2) | | Fr2) |

M) P ME2) |0 0 0 0 || a | |0

i 0 0 —M{T Mfr 0 0O 1L & | | —Gr |
(131)
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where Mr(1), M7(2), Gr and Mrr collect the vectors My, Mg, G and the matrices Mg, re-
spectively. Ur(1), Ur(2), Ux(1), Ux(2) and & assemble the coefficients of the local unknowns
Ur, Us, Ug,, Uz, and &g, respectively. Now, we compact the system (131), as

[ Arr |Ar M7 0 J[Ur] [ Fr ]
A [ A 0 Mpr || U || Fr | 132)
Mp ] 0 00 || N I 0

0 M0 o0 & —Gr

Then, computing the Schur complement of the block A1 of the system , we deduce another
linear system, on the skeleton, as follows:

Agr = ApArpAry | — A A My Mpr | | Ur || Fr = ApAgrFr
ffffff “MpAppAry | =MpApMr i 0 || e | = | —MpAgFr |
My 0 0 &r —Gr
(133)
Instead of solving the global system ([32), whose size is
2
> [card(Tin) x Nj + card(Fip) x Nj_y| + N+ 1, (134)

=1

we solve the reduced system ([[33)), whose DOF corresponds to the skeleton of the mesh, then
its size is
card(Fy ;) x N¥ | + card(Fyy) x NF | + Nk 4 1. (135)
Therefore, we obtain Ug, the vector of coefficients of variables polynomials faces and r, the
vector of coefficients of the auxiliary variable transmission £. We remark that the faces on trans-
mission boundary are counted three times, two times for the skeleton mesh of each subdomain,
and one more for the transmission condition.
Denoting by H the usual assembling procedure based on a global DOF map, we can

assemble all matrix products appearing in (I133) directly from their local counterparts for each
T and S of their subdomains, as

Fr — Ap ATk Fr — Fr, — Abp AThFr | ASpAnhMr —— Abs ATt My,
h 6777‘

t -1 t -1
Arr — AppdrArr < — Arrr — App AppArrr,

My A7 My = > MEAp My + Y M{AGEMs,
TET1n S€Ta,n
and MyA; Br= Y MpApBr+ Y MLAGBs
TeT1,n SeTan
Besides, from the static condensation (Schur complement), we can recover the global vector
U, obtaining

Ur = A7L [FT _ Eﬁﬁf} . (136)
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Letting o« = 0 in U 7, yields
Ur = Agy(Fr — AzzUs), (137)

After a post-processing procedure, we obtain the local vectors Ur and Ug in each subdomain,
as follows

Ur = A7k <FT _ ATfTUfT) , Us=Ag (Fs _ ASfSUfS). (138)

7 Numerical results

In this section we present a comprehensive set of numerical tests to assess the theoretical results
we have obtained. In all cases, we consider a family of uniform simplicial meshes, piecewise
polynomials of degree at most k, with k € {0, 1,2, 3,4} to approximate the exact solution. The
experimental order of convergence (r), is computed as

r = log(er/ez)/log(hy/hz),

where eT and ez are the errors associated to the corresponding variable considering two con-
secutive meshes T and T, respectively.

The numerical tests have been run considering a modification of the code used in [19],
which is based, in turn, on the one developed by Di Pietro in [30, 32]. The implementation of
local gradient reconstruction operator (I8), L?-orthogonal projectors mk. and %, are based on
the linear algebra facilities (robust Cholesky factorization) provided by the Eigen3 library [40].
The reduced system on the skeleton is solved by using SuperLU [25] through the PETSc
3.4 interface [6].

From here on, given (uy,us,§) and (U, ;,, 1y, &) the unique solutions of ) and (38),
respectively, we introduce the potential error as

e Energy norm of the potential error: ||(U, 5, Uy ) — (W 5, Wy 1) |[a,ns

e L2-norm of the flux error: (||Vu; — VhpZJrlHLh 0 )1/2

0,02

2 k+1
0.0, T [[Vuz = Vipp ™ ua,

>

e Discrete norm of the projection of the trace error: ||§Z — &Iy

L2- norm of the projection of the trace error: th —&llor,,

[ ]
e L2-norm of the potential error:
k 2 k 2 /
lurn — 77 willoq, + lluzn — 77, vallg 0.l ;
e L2-norm of the reconstructive potential error:

k+1

1/2
(||U1 _pi+lul,h||g,ﬂl + [|luz — py 1—12,h||3,92>

)

where U ), = l%hui € H%h,fori € {1,2}.
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7.1 Example 1: Regular test case

We solve a transmission problem with subdomains €, = (0,1)% and Q5 == (—1,2)%\ Q; (see
Figure[3), such that the exact solution is given by

uy(z,y) = (e’”—l)(x—l)(ey—l)(y—l)—62—1-56—% , ua(z,y) = sin(mz) sin(my). (139)

On the transmission boundary, we have nonhomogeneous jump of trace of their potentials,
and also nonhomogeneous jump of normal trace of their fluxes. Table |l| shows the histories of
convergence of the energy norm of the potential error and the flux error vs meshsize, noticing
that they converge at the optimal orders k + 1, when the exact solution is approximated by
piecewise polynomials of degree at most k € {0,...,4}. On the other hand, in Table |2} we
show the corresponding history of convergence of the auxiliary unknown &, considering the
discrete trace (29) and the standard L*>—norms. We observe convergence in both two cases, for
k € {0,...,4}, with orders k + 3/2 and k + 1, respectively. In Table we include the histories
of convergence in L?—norm of the potential and reconstructive potential errors, which behave
as O(h**2). We remark that all these results are in agreement with Theorems and
as well as Remark[5.1] considering 61 = 6 = 1, and they can also be observed in Figures
S|and (6] In the case of &, we notice that rate of convergence in || - ||r, , is 1/2 faster than the
predicted by Theorem

2 2
1.5} 1.5
1 1
0.5t 0.5
0 0
-0.5 -0.5
-1 s ‘ ‘ -1
-1 -05 0 0.5 1 1.5 2 -1 -05 0 0.5 1 1.5 2

Figure 3: First two simplicial meshes for Example 1.
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4.02 =
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10-81 10°L 4.98 —o—k=
——k =
—~v—k=4
10710 L . . L 10—10 L L L L
10728 1072 10718 107! 1072° 1072 10°1° 107!
(a) Energy norm of the potential error vs. h (b) L?-norm of the flux error vs. h

Figure 4: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 1)

1001 100 [
102t 1072t
2.52
245,
107 1074}
351
07 5 10°9F
107° ) 549 1078}
1023 102 1013 10" 1027 10 104 10
@ [[&n = Enllry , vs. b ®) [1€n — &nllo,r, vs. h

Figure 5: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L?—norm (Example 1)
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1072} 1072¢
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100} T
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(a) L2-norm of the potential error vs. h (b) L?-norm of the reconstructive potential error vs.
h

Figure 6: Rates of convergence of the L2-norm of the (a) potential error, and (b) reconstructive
potential error (Example 1).

Table 1: Histories of convergence of the energy norm of the potential error and L?-norm of the
flux error, considering k € {0,1,2,3,4} (Example 1)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 1.16e+00 4.68e-01 5.85e-01 1.05e-01 1.27e-01

7.32e-02 7.21e-01 0.817 2.96e-01 0.790 9.15e-02 3.187 2.03e-02 2.835 3.59e-03 6.127
3.66e-02 3.91e-01 0.883 8.50e-02 1.798 1.31e-02 2.803 1.36e-03 3.903 1.11e-04 5.010
1.83e-02 2.00e-01 0970 2.23e-02 1.928 1.70e-03 2.946 8.65¢-05 3.970 3.38e-06 5.041
9.15¢-03 1.00e-01 0993 5.67e-03 1.978 2.15e-04 2.985 5.43e-06 3.993 1.04e-07 5.021
4.58e-03 5.02¢-02  1.000 1.42e-03 1.997 2.69e-05 3.001 3.40e-07 4.005 3.24e-09 5.015

L?-norm of the flux error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 7.23e-02 2.82e-01 1.81e-01 2.80e-02 1.57e-02

7.32e-02 2.76e-01 -2.302 1.13e-01 1.567 1.89e-02 3.883 6.74e-03 2.448 8.31e-04 5.047
3.66e-02 1.34e-01 1.047 2.54e-02 2.158 1.38e-03 3.774 4.13e-04 4.030 4.18¢-05 4.314
1.83e-02 6.5%-02 1.021 4.37e-03 2540 1.04e-04 3.727 2.44e-05 4.080 1.51e-06 4.795
9.15e-03 3.28e-02 1.006 7.35e-04 2572 9.25e-06 3.492 1.49e-06 4.034 4.92e-08 4.937
4.58e-03 1.64e-02 1.003 1.44e-04 2.360 9.57e-07 3.278 9.23e-08 4.019 1.56e-09 4.984
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Table 2: Histories of convergence of the L*>—projection of { — &, in || -||r, , and || -||o,r, norms,
for k € {0, 1,2, 3,4} (Example 1)

165 = &nllr,
k=0 k=1 k=2 k=3 k=4
h eIror rate eIror rate error rate eIror rate eIror rate
1.31e-01 3.94e-02 2.56e-01 6.39e-01 9.66¢e-02 1.67e-01

7.32e-02 1.40e-01 -2.174 2.0le-01 0.419 5.8%-02 4.096 2.49e-02 2.329 3.26e-03 6.760
3.66e-02 2.87e-02 2285 4.10e-02 2291 5.68e-03 3.376 1.02¢-03 4.613 8.82e-05 5.210
1.83e-02 5.48e-03 2388 7.26e-03 2499 5.13e-04 3470 4.43e-05 4.523 2.02e-06 5.445
9.15e-03 1.00e-03  2.454 1.27e-03 2.518 4.54e-05 3.497 1.96e-06 4.501 4.47e-08 5.501
4.58e-03 1.79e-04 2487 2.22e-04 2519 4.01e-06 3.507 8.65¢-08 4.506 1.05e-09 5.417

160 = &nllor,
k=0 k=1 k=2 k=3 k=4
h eIror rate error rate eIror rate error rate error rate
1.31e-01 3.94e-02 2.56e-01 6.39¢-01 9.66e-02 1.67e-01

7.32e-02 1.98e-01 -2.769 2.84e-01 -0.177 8.34e-02 3.500 3.52e-02 1.734 4.62e-03 6.164
3.66e-02 5.74e-02  1.785 8.20e-02 1.791 1.14e-02 2.876 2.04e-03 4.113 1.76e-04 4.710
1.83e-02 1.55e-02 1.888 2.05e-02 1.999 1.45e-03 2970 1.25e-04 4.023 5.73e-06 4.945
9.15e-03 4.00e-03 1.954 5.07e-03 2.018 1.82e-04 2997 7.82e-06 4.001 1.79e-07 5.001
4.58e-03 1.01e-03 1.986 1.25e-03 2.019 2.27e-05 3.006 4.89%-07 4.005 5.95e-09 4.916

Table 3: Histories of convergence of L?-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} (Example 1)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 2.59e+00 6.82e-01 5.52e-01 8.61e-02 1.11e-01

7.32e-02 6.65e-01 2338 1.61e-01 2477 3.93e-02 4.542 9.08¢e-03 3.864 1.52e-03 7.369
3.66e-02 1.60e-01 2.053 1.93e-02 3.064 2.90e-03 3.759 3.16e-04 4.848 2.35¢-05 6.016
1.83e-02 3.97e-02 2.013 2.23e-03 3.111 1.92e-04 3.918 1.02e-05 4.956 3.59¢-07 6.032
9.15e-03 9.90e-03 2.003 2.69¢-04 3.054 1.22e-05 3.976 3.20e-07 4.988 5.54e-09 6.017
4.58e-03 247e-03 2.004 3.32e-05 3.022 7.66e-07 3.999 1.00e-08 5.004 8.68e-11 6.005

L?-norm of the reconstructive potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 2.66e+00 7.52e-01 5.64e-01 8.86e-02 1.11e-01

7.32e-02 7.15e-01  2.259 1.70e-01 2.559 3.99e-02 4.551 9.12e-03 3.906 1.52e-03 7.369
3.66e-02 1.71e-01  2.067 2.03e-02 3.065 2.93e-03 3.768 3.17e-04 4.849 2.36e-05 6.015
1.83e-02 422e-02 2.017 2.34e-03 3.116 1.93e-04 3.920 1.02e-05 4.957 3.60e-07 6.031
9.15¢-03 1.05e-02 2.004 2.81e-04 3.057 1.23e-05 3.977 3.21e-07 4.988 5.57e-09 6.016
4.58¢-03 2.63e-03 2.004 3.47e-05 3.023 7.72e-07 4.000 1.01e-08 5.005 8.71e-11 6.006
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7.2 Example 2: Another regular test case

We solve (T)) with subdomains Q := (1,2)% and 2y := (0, 3)? \ Qi, and the data are such that
the exact solution is
: . 4

uy(z,y) = sin(mx) sin(my) — = ug(z,y) = cos(mx) cos(my). (140)
We notice that in this case, g1 and g, are nonhomogeneous on I'y. Tabled| shows the history of
convergence of the energy norm of the potential error and the flux error, when approximating
the exact solution with piecewise polynomials of degree at most k € {0, 1,2,3,4}. In both two
cases, we observe that the rate of convergence is k + 2, as predicted by Theorem with 0,
and 6y close to 1. Concerning the auxiliary transmission unknown &, in Table |5\ we report the
corresponding histories of convergence of the projection of & — &, in a weighted L?>— norm
as well as the usual L?>—norm, for comparison. We notice that the rate of convergence of &
in the weighted norm is close to k + 3/2 (which is 1/2 faster than the predicted by Theorem
. Also, we observe an order of convergence k + 1, for € in the usual L?*-norm, which is in
agreement with Remark The histories of convergence of L*>—norm of the potential and the
reconstructive potential errors, are provided in Table|6] We notice that the rates of convergence
for these errors are k + 2, in agreement with Theorems[5.2land[5.3] Figure[/|shows the first two
initial meshes of the domain, considered in this numerical simulation, while Figures @ and
resume the information given in TablesH|5|and|6] respectively.

3 3
25t 2.5
2 2
1.5¢ 1.5
1 1
0.5+ 0.5
0 : : : 0
0 05 1 15 2 25 3 0 05 1 1.5 2 25 3

Figure 7: First two simplicial meshes for Example 2
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Figure 8: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 2)
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Figure 9: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L?—norm (Example 2)
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Figure 10: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 2)

Table 4: Histories of convergence of the energy norm of the potential error and L?-norm of the
flux error, considering k € {0, 1,2, 3,4} (Example 2)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 8.74e-01 1.00e+00 6.11e-01 1.14e-01 1.24e-01

7.32e-02 7.20e-01 0.334 2.94e-01 2.104 9.07e-02 3.276 2.0l1e-02 2981 3.56e-03 6.102
3.66e-02 391e-01 0.882 8.44e-02 1.801 1.30e-02 2.803 1.35¢-03 3.899 1.12e-04 4.996
1.83e-02 1.99e-01 0970 2.22e-02 1926 1.69e-03 2941 8.63e-05 3.967 3.39e-06 5.039
9.15¢-03 1.00e-01 0.993 5.65¢-03 1.975 2.14e-04 2982 5.43e-06 3.991 1.04e-07 5.023
4.58e-03 5.02e-02 1.000 1.42e-03 1.995 2.69e-05 2.999 3.40e-07 4.004 3.26e-09 5.010

L?-norm of the flux error

k=0 E=1 k=29 k=3 k=4
h €Iror rate €rror rate €rror rate €rror rate error rate
1.31e-01 7.45e-01 3.00e-01 1.53e-01 2.90e-02 2.51e-02

7.32e-02 2.75e-01 1.716 1.09e-01 1.732 1.95e-02 3.532 6.73e-03 2.507 8.89¢-04 5.738
3.66e-02 1.33e-01 1.042 2.50e-02 2.126 1.62e-03 3.594 4.19e-04 4.007 4.14e-05 4.424
1.83e-02 6.58e-02 1.019 4.54e-03 2.463 1.30e-04 3.637 2.47e-05 4.085 1.50e-06 4.792
9.15¢-03 3.28e-02 1.006 7.92e-04 2519 1.15e-05 3.496 1.50e-06 4.041 4.90e-08 4.931
4.58e-03 1.64e-02 1.003 1.54e-04 2367 1.13e-06 3.354 9.26e-08 4.023 1.56e-09 4.979
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Table 5: Histories of convergence of the L*>—projection of { — & in || -||r, , and || -||o,r, norms,
for k € {0, 1,2, 3,4} (Example 2)

1€ = &nllr,.
k=0 k=1 k=2 k=3 k=4
h error rate error  rate  error  rate  error  rate  error  rate
1.31e-01 3.38e-02 5.43e-01 1.72e-01 1.43e-01 3.04e-01
7.32e-02 2.08¢-01 -3.127 3.16e-01 0.933 8.74e-02 1.164 3.53e-02 2.399 4.99e-03 7.061
3.66e-02 436e-02 2258 7.33e-02 2.107 9.84e-03 3.151 1.53e-03 4.527 8.52e-05 5.870
1.83e-02 8.21e-03 2408 1.48e-02 2.306 9.09e-04 3.435 6.87¢-05 4.478 1.56e-06 5.772
9.15e-03 1.48e-03 2471 2.75e-03 2.432 8.09e-05 3.490 3.06e-06 4.490 3.22e-08 5.600
4.58e-03 2.63¢-04 2496 4.92e-04 2485 7.16e-06 3.505 1.35¢-07 4.504 1.30e-09 4.636
1€ — Enllory
k=0 k=1 k=2 k=3 k=4
h error rate error  rate  error  rate  error  rate  error  rate
1.31e-01 3.38¢-02 5.43e-01 1.72e-01 1.43e-01 3.04e-01
7.32e-02 2.95¢-01 -3.722 4.46e-01 0337 1.24e-01 0.569 4.99¢-02 1.803 7.05¢-03 6.466
3.66e-02 8.71e-02 1.758 1.47e-01 1.607 1.97e-02 2.651 3.06e-03 4.027 1.70e-04 5.370
1.83e-02 2.32e-02 1908 4.19e-02 1.806 2.57e-03 2.935 1.94e-04 3.978 4.41e-06 5.272
9.15e-03 5.92e-03 1971 1.10e-02 1.932 3.24e-04 2990 1.22e-05 3.990 1.29e-07 5.100
4.58e-03 1.49¢-03  1.995 2.78e-03 1.984 4.05e-05 3.004 7.66e-07 4.003 7.36e-09 4.135
Table 6: Histories of convergence of L?-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} (Example 2)
L?-norm of the potential error
k=0 k=1 k=2 k=3 k=4
h error rate error rate  error  rate  error  rate  error  rate
1.31e-01 2.81e+01 1.41e+00 6.02e-01 6.80e-02 1.11e-01
7.32e-02 7.05e-01 6331 1.67e-01 3.671 4.17e-02 4.589 9.33e-03 3.413 1.57e-03 7.321
3.66e-02 1.69¢-01 2.062 2.02e-02 3.048 3.01e-03 3.792 3.25¢-04 4.844 2.45e-05 6.007
1.83e-02 417e-02 2.015 2.35e-03 3.106 1.99e-04 3.921 1.05e-05 4.951 3.74e-07 6.033
9.15e-03 1.04e-02 2.004 2.82e-04 3.059 1.26e-05 3.975 3.32e-07 4.985 5.76e-09 6.018
4.58e-03 2.60e-03 2.004 3.46e-05 3.027 7.94e-07 3.998 1.04e-08 5.003 8.99e-11 6.012
L?-norm of the reconstructive potential error
k=0 k=1 k=2 k=3 k=4
h error rate error rate  error  rate  error  rate  error  rate
1.31e-01 5.39e+01 1.46e+00 6.13e-01 7.14e-02 1.12e-01
7.32e-02 7.57e-01 7331 1.75e-01 3.646 4.23e-02 4.595 9.37e-03 3.490 1.58e-03 7.321
3.66e-02 1.80e-01 2.075 2.12e-02 3.050 3.04e-03 3.799 3.26e-04 4.845 2.45e-05 6.006
1.83e-02 443e-02 2.019 2.45e-03 3.109 2.00e-04 3.923 1.05e-05 4.952 3.75¢-07 6.032
9.15¢-03 1.10e-02  2.005 2.94e-04 3.061 1.27e-05 3.975 3.33e-07 4.985 5.79¢-09 6.018
4.58e-03 2.76e-03  2.004 3.61e-05 3.029 8.00e-07 3.999 1.04e-08 5.003 9.03e-11 6.012
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7.3 Example 3: A numerical singularity

We solve transmission problem (I)), considering Qy == (—1/2,1/2)% and Qy = (—2,2)?\ Q,
with given data such that the exact solution is

Ty
z—0.55)% + 2’

=Yy
22+ 92

ul(‘ray> = ( UQ(I,y) = (141)
We pointwise that in this case, uy presents a singularity at (0.55,0), which is close to T'y. For
this example, we consider two families of simplicial meshes: one conforming mesh and the other
non-conforming, with hanging nodes just on I'y. We emphasize that the latter is not covered by

the current theory, so our aim is to check the robustness of our scheme in this situation.

7.3.1 Results when solving using conforming meshes

From Tables[7} [8| and |9} we observe that the method converges at the optimal rates of conver-
gence, in agreement with Theorems and and Remark[5.1] Figure[lI|shows the first
two conforming meshes, considered in this situation, while in Figure |12\ we display the rates
of convergence of energy norm of the potential error and L2-norm of the flux error. Moreover,
the rates of convergence of §, — & in || - ||r,, and || - ||o,r, norms, are shown in Figure
Information contained in Table[9)is reported in Figure

2 2
1.25} 1.25
0.5 0.5
0 0
0.5 0.5
-1.25} -1.25
-2 : : -2
2 -125 -05 0 05 125 2 2 -125 05 0 05 125 2

Figure 11: First two conforming meshes for Example 3.
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Figure 12: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 3, conforming meshes)
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Figure 13: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L?—norm (Example 3, conforming meshes)
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Figure 14: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 3, conforming meshes)

Table 7: Histories of convergence of the energy norm of the potential error and L?-norm of the
flux error, considering k € {0, 1,2, 3,4} (Example 3, conforming meshes)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 7.57e-01 1.85e+00 1.87e+00 1.22e+00 6.09e-01

1.10e-01 1.01e+00 -0.419 1.16e+00 0.689 5.87e-01 1.718 3.59e-01 1.814 4.43e-01 0.472
5.49e-02 6.46e-01 0.635 4.09e-01 1.500 2.60e-01 1.170 2.89%-01 0.311 1.86e-01 1.249
2.75e-02 3.68e-01 0.816 1.76e-01 1.221 1.57e-01 0.730 6.79e-02 2.095 2.63e-02 2.828
1.37e-02 2.32e-01 0.662 1.0le-01 0.798 3.47e-02 2.166 7.69e-03 3.127 1.65e-03 3.978
6.86¢-03 1.28¢e-01  0.861 3.22e-02 1.650 529e-03 2.721 7.10e-04 3.444 8.89e-05 4.220
3.43e-03 6.60e-02 0.952 8.77e-03 1.878 7.32e-04 2.854 4.91e-05 3.854 3.07e-06 4.856

L2-norm of the flux error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 7.04e-01 1.01e+00 8.45e-01 6.18e-01 3.88e-01

1.10e-01 9.90e-01 -0.505 6.79¢-01 0.582 3.34e-01 1.375 2.33e-01 1.446 1.42e-01 1.490
5.49e-02 6.36e-01 0.637 2.80e-01 1.274 1.62e-01 1.046 8.60e-02 1.433 5.29¢e-02 1.419
2.75e-02 3.61e-01 0.821 1.33e-01 1.081 6.23e-02 1378 2.60e-02 1.729 9.36e-03 2.505
1.37e-02 2.28e-01 0.656 5.26e-02 1.328 1.20e-02 2364 3.71e-03 2.797 6.98e-04 3.725
6.86e-03 1.26e-01 0.859 1.41e-02 1.907 1.56e-03 2.949 2.82e-04 3.724 3.77e-05 4.221
3.43e-03 6.51e-02 0951 3.27e-03 2.107 1.87e-04 3.062 1.98e-05 3.830 1.49e-06 4.659
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Table 8: Histories of convergence of the L*>—projection of £ — & in || -||r, , and || -||o,r, norms,
for k € {0, 1,2, 3,4} (Example 3, conforming meshes)

1€n = &nllr,
k=0 k=1 k=2 k=3 k=4

h eIror rate error rate error rate error rate eIror rate
2.16e-01 3.11e+00 8.67e+00 9.49¢+00 6.14e+00 2.87e+00
1.10e-01 4.23e+00 -0.457 5.52e+00 0.668 2.74e+00 1.842 1.27e+00 2330 2.11e+00 0.457
5.49¢-02 2.68e+00 0.658 1.66e+00 1.732 8.86e-01 1.623 1.36e+00 -0.097 8.49¢-01 1.309
2.75e-02 1.09e+00 1.299 4.01e-01 2.052 6.98¢-01 0.346 2.90e-01 2.239 9.73e-02 3.134
1.37e-02 391e-01 1476 2.85¢-01 0.489 1.32e-01 2.391 246e-02 3.539 6.48¢-03 3.888
6.86e-03 1.20e-01 1.708 7.96e-02 1.845 1.38¢-02 3.258 2.01e-03 3.622 2.18¢-04 4.906
3.43e-03 2.89e-02 2.054 1.70e-02 2.225 1.45e¢-03 3.253 1.14e-04 4.135 6.66e-06 5.030

Héh - S}L”O,Fl
k=0 k=1 k=2 k=3 k=4

h error rate error rate eIror rate error rate eIror rate
2.16e-01 4.40e+00 1.23e+01 1.34e+01 8.68e+00 4.06e+00
1.10e-01 847e+00 -0.970 1.10e+01 0.154 5.47e+00 1.328 2.55e+00 1.817 4.22e+00 -0.056
5.49¢-02 7.58e+00 0.159 4.69e+00 1.234 2.51e+00 1.124 3.85e+00 -0.595 2.40e+00 0.810
2.75e-02 4.37e+00 0.797 1.60e+00 1.551 2.79e+00 -0.156 1.16e+00 1.738 3.89¢-01 2.633
1.37e-02 2.21e+00 0979 1.61e+00 -0.008 7.46e-01 1.894 1.39e-01 3.042 3.67e-02 3.391
6.86e-03 9.59¢-01 1.207 6.37¢-01 1.344 1.11e-01 2.757 1.61e-02 3.121 1.74e-03 4.405
3.43e-03 3.27e-01 1.554 1.93e-01 1.725 1.64e-02 2753 1.29e-03 3.635 7.54e-05 4.530
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Table 9: Histories of convergence of L2-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} (Example 3, conforming meshes)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 5.06e-01 6.75e-01 6.25¢-01 3.30e-01 1.24e-01

1.10e-01 4.61e-01 0.138 2.17e-01 1.679 9.01e-02 2.870 4.26e-02 3.036 6.30e-02 1.001
5.49e-02 1.29e-01 1.830 3.40e-02 2.672 1.76e-02 2.348 2.28e-02 0.900 1.29e-02 2.276
2.75e-02 2.13e-02 2.605 5.51e-03 2.631 6.56e-03 1.430 2.41e-03 3250 8.32e-04 3.970
1.37e-02 5.27e-03 2.008 191e-03 1521 7.08¢e-04 3.195 1.15¢-04 4.367 2.63e-05 4.959
6.86¢-03 1.41e-03 1907 2.94e-04 2706 5.16e-05 3.786 6.16e-06 4.229 7.34e-07 5.172
3.43e-03 3.74e-04 1912 3.73e-05 2978 3.55e-06 3.861 2.21e-07 4.804 1.24e-08 5.893

L?-norm of the reconstructive potential error

k=0 E=1 k=29 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 7.01e-01 7.13e-01 6.30e-01 3.32e-01 1.25e-01

1.10e-01 5.96e-01 0.238 2.33e-01 1.659 9.24e-02 2.846 4.35e-02 3.013 6.31e-02 1.011
5.49e-02 1.83e-01 1.699 3.83e-02 2.598 1.88e-02 2.292 2.29e-02 0924 1.30e-02 2.277
2.75e-02 3.96e-02 2217 7.31e-03 2394 6.65¢-03 1.502 2.42e-03 3.248 8.35e-04 3.969
1.37e-02 1.06e-02 1.884 2.14e-03 1.766 7.16e-04 3.197 1.16e-04 4359 2.64e-05 4.957
6.86e-03 2.81e-03 1.924 3.22e-04 2735 5.22e-05 3.786 6.20e-06 4.237 7.37e-07 5.173
3.43e-03 7.23e-04 1.959 4.07e-05 2985 3.59%-06 3.864 2.22e-07 4.805 1.24e-08 5.892

7.3.2 Results when solving with meshes having hanging nodes only on I';

The purpose here is to exhibit the robustness of the method when a family of meshes with hang-
ing nodes only on I'y is considered. We emphasize that this case is not covered by the current
analysis. From Tables and |2} we observe that the different errors we have considered,
go to zero at the optimal rates of convergence as indicated in Theorems and as well
as in Remark[5.1} Figure[7|shows the first two initial meshes (with hanging nodes on I'y) of the
domain, to perform this numerical simulation., In addition, Figures and resume the
information given in Tables and respectively. This gives us numerical evidence that
the approach can be extended to deal, at least, with hanging nodes on I'1. This could be the
subject of future work.
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Figure 15: First two meshes with hanging nodes on I';
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Figure 16: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 3, nonconforming meshes)
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Figure 17: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace

norm || - ||r, ,, and (b) Standard L?—norm (Example 3, nonconforming meshes)
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Figure 18: Rates of convergence of the L2-norm of the (a) potential error, and (b) reconstructive
potential error (Example 3, nonconforming meshes)
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Table 10: Histories of convergence of the energy norm of the potential error and L2-norm of the
flux error, considering k € {0, 1,2, 3,4} using meshes with hanging nodes on I'; (Example 3)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 7.19¢-01 1.73e+00 1.75e+00 1.17e+00 6.06e-01

1.10e-01 9.78¢e-01 -0.456 1.13e+00 0.639 5.70e-01 1.661 3.52e-01 1.779 4.12e-01 0.574
5.49e-02 6.31e-01 0.630 4.01e-01 1486 2.53e-01 1.172 2.69e-01 0.390 1.77e-01 1.217
2.75e-02 3.64e-01 0.795 1.76e-01 1.193 1.48e-01 0.771 6.52e-02 2.048 2.62e-02 2.762
1.37e-02 2.32¢e-01 0.646 9.87e-02 0.829 3.35¢-02 2.133 7.70e-03 3.066 1.60e-03 4.013
6.86¢-03 1.28e-01 0.862 3.17e-02 1.642 5.23e-03 2.687 7.04e-04 3.458 8.81e-05 4.189
3.43e-03 6.61e-02  0.952 8.69e-03 1.868 7.25¢-04 2.849 4.89%-05 3.850 3.05¢-06 4.853

L2-norm of the flux error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
6.59%-01 5.68e-01 8.38e-01 7.48e-01 5.84e-01 3.76e-01

3.30e-01 8.82e-01 -0.637 6.51e-01 0.365 3.30e-01 1.183 2.34e-01 1322 1.44e-01 1.386
1.65e-01 5.70e-01 0.630 2.73e-01 1252 1.60e-01 1.044 8.57e-02 1.449 5.14e-02 1.487
8.24e-02 3.44e-01 0.728 1.33e-01 1.042 5.97e-02 1420 2.58e-02 1.728 9.04e-03 2.502
4.12e-02 2.28e-01 0591 5.16e-02 1.360 1.18e-02 2.340 3.63e-03 2.830 7.03e-04 3.684
2.06e-02 1.26e-01  0.857 1.40e-02 1.882 1.57e-03 2912 2.79e-04 3.702 3.74e-05 4.233
1.03e-02 6.52e-02 0951 3.29¢-03 2.090 1.87e-04 3.064 1.96e-05 3.827 1.49¢-06 4.652
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Table 11: Histories of convergence of the L?—projection of € =& in || - ||r, , and ||-||o,r, norms,
for k € {0, 1,2, 3,4} using meshes with hanging nodes (Example 3)

1€n = &nllr,
k=0 k=1 k=2 k=3 k=4

h eIror rate error rate error rate error rate eIror rate
6.59¢-01 3.45e+00 1.02e+01 1.10e+01 6.71e+00 2.73e+00
3.30e-01 4.68¢+00 -0.439 6.19e+00 0.722 3.04e+00 1.860 1.40e+00 2.271 2.57e+00 0.088
1.65e-01 3.03e+00 0.629 1.87e+00 1.728 1.07e+00 1.509 1.67e+00 -0.262 9.98e-01 1.366
8.24e-02 1.22e+00 1.304 3.99¢-01 2.224 8.49e-01 0.331 3.36e-01 2.315 1.00e-01 3.310
4.12e-02 3.86e-01 1.664 3.50e-01 0.188 1.56e-01 2.448 2.32e-02 3.851 7.33e-03 3.774
2.06e-02 1.20e-01 1.688 9.84e-02 1.831 1.57e-02 3306 2.08¢-03 3.481 2.44e-04 4.909
1.03e-02 2.92e-02 2.037 2.09-02 2234 1.71e-03 3.199 1.15¢-04 4.178 7.50e-06 5.023

th - S}L”O,Fl
k=0 k=1 k=2 k=3 k=4

h error rate error rate eIror rate error rate eIror rate
6.59¢-01 4.88e+00 1.44e+01 1.56e+01 9.49¢+00 3.87e+00
3.30e-01 9.36e+00 -0.940 1.24e+01 0.221 6.08¢+00 1.359 2.79e+00 1.770 5.15e+00 -0.413
1.65e-01 8.56e+00 0.129 5.28¢+00 1.228 3.02e+00 1.009 4.74e+00 -0.762 2.82e+00 0.866
8.24e-02 4.89e+00 0.805 1.59e+00 1.725 3.40e+00 -0.168 1.34e+00 1.816 4.01e-01 2.811
4.12e-02 2.18¢+00 1.164 1.98e+00 -0.312 8.80e-01 1.948 1.31e-01 3.351 4.15¢-02 3.274
2.06e-02 9.58e-01 1.188 7.87e-01 1.331 1.26e-01 2.806 1.67e-02 2981 1.95¢-03 4.409
1.03e-02 3.30e-01 1.537 237e-01 1.734 194e-02 2.699 1.30e-03 3.678 8.48e-05 4.523
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Table 12: Histories of convergence of L2-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} using meshes with hanging nodes (Example 3)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
6.59¢-01 4.53e-01 3.62e-01 2.97e-01 1.79e-01 8.76e-02

3.30e-01 4.56e-01 -0.009 1.83e-01 0.990 7.28e-02 2.030 3.50e-02 2.362 3.59%-02 1.291
1.65e-01 1.23e-01 1.886 2.86e-02 2.676 1.16e-02 2.656 1.29e-02 1.439 9.20e-03 1.964
8.24e-02 1.95e-02  2.654 5.10e-03 2.483 3.88e-03 1.572 1.73e-03 2.891 8.05e-04 3.508
4.12e-02 5.46e-03 1.837 1.37e-03 1.890 5.43e-04 2.837 1.16e-04 3.907 2.06e-05 5.288
2.06e-02 1.44e-03 1923 2.45e-04 2490 4.74e-05 3.519 5.84e-06 4.308 6.90e-07 4.900
1.03e-02 3.83e-04 1910 3.40e-05 2.848 3.32e-06 3.834 2.12e-07 4785 1.17e-08 5.881

L?-norm of the reconstructive potential error

k=0 E=1 k=29 k=3 k=4
h error rate error rate error rate error rate error rate
2.16e-01 6.14e-01 4.05e-01 3.06e-01 1.82e-01 8.93e-02

1.10e-01 5.59-01 0.139 1.99e-01 1.051 7.58e-02 2.068 3.61e-02 2.397 3.62¢-02 1.338
5.49e-02 1.66e-01 1.745 3.36e-02 2.561 1.32e-02 2512 1.31e-02 1.461 9.23e-03 1.965
2.75e-02 3.67e-02 2.186 6.95e-03 2.282 4.03e-03 1.720 1.76e-03 2.907 8.07e-04 3.525
1.37e-02 1.09e-02 1.741 1.66e-03 2.056 5.54e-04 2.847 1.17e-04 3.888 2.08e-05 5.253
6.86e-03 2.87e-03 1.930 2.79e-04 2579 4.81e-05 3.535 5.87e-06 4323 6.93e-07 4.916
3.43e-03 7.38e-04 1.958 3.78e-05 2.882 3.36e-06 3.838 2.13e-07 4.787 1.18e-08 5.879

2 2
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-2 -15-1-05 0 05 1 15 2 -2 -15-1-05 0 05 1 15 2

Figure 19: First two simplicial meshes for Example 4
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7.4 Example 4: A non regular exact solution

We solve transmission problem (0, considering QO = (—1,1)*\[0,1] x [~1,0] and Q3 :=
(—2,2)%\ Q (see Figure , while the data are such that the exact solution is (uy, uy), where

uy(r,0) = r*3sin(20/3) — ¢;  (in polar coordinates) ,

ug(z,y) = sin(mx) sin(my) — cq,

and c¢1 and cy are real constants such that u; € L3(S);), j € {1,2}. We point out that u; €
HH%_S(Ql), for an arbitrary small number s > 0, and us is a smooth function. Figure
shows the first two conforming meshes that we consider for our simulations, while Figure
exhibits the behavior of the energy norm of the potential error (left) and the flux error (right),
with respect to the meshsize h. Their corresponding histories of convergence are given in Table
[13} and do not contradict Theorem[5.1] since in this case the function uy is non regular. Similar
behavior is noticed in Table |14|for the error of &, — &, in the weighted and usual L?>—norms,
with rates of convergence 2/3 and 1/6, respectively. These are also displayed in Figure In
addition, Table (15| (see also Figure reports the histories of convergence of the L?*—norm
of the potential and the reconstructive potential errors, which are not the optimal ones, as
prescribed by Theorems [5.2] and (5.3), and by Remark [5.1} due to the lack of smoothness of
function u;.
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(a) Energy norm of the potential error vs. h (b) L?-norm of the flux error vs. h

Figure 20: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 4)
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Figure 21: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L*—norm (Example 4)

100
101 L
10721
1073 L
1072 10°? 10719 10! 1072? 10°? 10719 107!
(a) L2-norm of the potential error vs. h (b) L2-norm of the reconstructive potential error vs.
h

Figure 22: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 4)
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Table 13: Histories of convergence of the energy norm of the potential error and L2-norm of the
flux error, considering k € {0, 1,2, 3,4} (Example 4)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 1.14e+00 4.61e-01 5.72e-01 1.06e-01 1.25e-01

7.32e-02 7.11e-01  0.817 291e-01 0.790 9.17e-02 3.145 2.24e-02 2.664 9.08e-03 4.511
3.66e-02 3.86e-01 0.882 8.43e-02 1.787 1.56e-02 2.554 6.62e-03 1.760 5.31e-03 0.772
1.83e-02 1.97e-01 0969 2.30e-02 1.875 5.65e-03 1.465 4.12e-03 0.683 3.38e-03 0.654
9.15¢-03 9.91e-02 0991 7.01e-03 1.712 3.43e-03 0.722 2.62e-03 0.654 2.15¢-03 0.654
4.58e-03 497e-02 0997 3.04e-03 1206 2.17e-03 0.658 1.67e-03 0.655 1.36e-03 0.655

L?-norm of the flux error

k=0 k=1 k=29 k=3 k=4
h €Irror rate €Iror rate €Irror rate €rror rate €rror rate
1.31e-01 7.94e-02 2.77e-01 1.85e-01 2.97e-02 1.89e-02
7.32e-02 2.73e-01 — 1.12e-01 1.551 2.11e-02 3.734 9.99¢-03 1.873 5.84e-03 2.023

3.66e-02 1.33e-01 1.040 2.66e-02 2.077 6.26e-03 1.751 4.74e-03 1.075 3.71e-03 0.652
1.83e-02 6.58e-02 1.012 7.13e-03 1.901 3.93e-03 0.670 3.03e-03 0.647 2.38e-03 0.640
9.15¢-03 3.31e-02 0.992 3.70e-03 0947 2.52e-03 0.641 1.94e-03 0.642 1.53e-03 0.641
4.58e-03 1.68e-02 0.981 2.32e-03 0.671 1.62e-03 0.643 1.24e-03 0.644 9.79¢-04 0.643

Table 14: Histories of convergence of the L*— projection of £ — &, in || - [|r, , and || - ||o,r,
norms, for k € {0, 1,2, 3,4} (Example 4)

165 = &nllr,.n
k=0 k=1 k=2 k=3 k=4
h CITror rate CITror rate CITror rate CIror rate CIror rate
1.31e-01 8.75e-02 4.74e-01 8.06e-01 1.14e-01 2.25¢-01

7.32e-02 2.17e-01 -1.562 3.03e-01 0.769 6.75e-02 4.262 5.45e-02 1269 4.21e-02 2.877
3.66e-02 475e-02 2.192 8.03e-02 1915 3.16e-02 1.096 2.86e-02 0.929 2.70e-02 0.638
1.83e-02 1.14e-02  2.064 3.43e-02 1.227 2.09e-02 0.597 1.80e-02 0.669 1.70e-02 0.668
9.15¢-03 4.92e-03 1210 2.04e-02 0.751 1.32e-02 0.659 1.13e-02 0.668 1.07e-02 0.668
4.58e-03 2.93e-03 0.749 1.28e-02 0.676 8.33e-03 0.668 7.14e-03 0.668 6.75¢-03 0.668

165 = &nllo,r,
k=0 k=1 k=2 k=3 k=4
} 1 CIror rate CIror rate CIror rate CIror rate CIror rate
1.31e-01 8.75¢-02 4.74e-01 8.06e-01 1.14e-01 2.25¢-01

7.32e-02 3.07e-01 -2.158 4.28e-01 0.173 9.54e-02 3.667 7.71e-02 0.674 5.95e-02 2.281
3.66e-02 9.51e-02 1.692 1.61e-01 1415 6.31e-02 0.596 5.73e-02 0.429 5.41e-02 0.138
1.83e-02 3.22e-02 1564 9.71e-02 0.727 5.90e-02 0.097 5.10e-02 0.169 4.82e-02 0.168
9.15¢-03 1.97e-02  0.710 8.16e-02 0.251 5.29e-02 0.158 4.54e-02 0.168 4.29e-02 0.168
4.58¢-03 1.66e-02 0.248 7.23e-02 0.175 4.71e-02 0.167 4.04e-02 0.168 3.82e-02 0.167
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Table 15: Histories of convergence of L2-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} (Example 4)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 2.48e+00 6.46e-01 5.31e-01 8.44e-02 1.07e-01

7.32e-02 6.37e-01 2338 1.56e-01 2.443 3.88e-02 4.498 1.03e-02 3.609 4.51e-03 5.435
3.66e-02 1.54e-01 2.046 1.94e-02 3.006 4.96e-03 2.967 3.07e-03 1.750 2.43e-03 0.893
1.83e-02 3.84e-02 2.007 4.02e-03 2273 2.45e-03 1.014 1.86e-03 0.722 1.49¢-03 0.709
9.15¢-03 9.94e-03 1950 2.14e-03 0.907 1.52e-03 0.689 1.16e-03 0.679 9.30e-04 0.678
4.58e-03 3.08e-03 1.693 1.34e-03 0.679 9.56e-04 0.672 7.31e-04 0.671 5.84e-04 0.670

L?-norm of the reconstructive potential error

k=0 k=1 k=2 k=3 k=4
h error rate €rror rate €rror rate €rror rate €rror rate
131e-01  2.55e+00 7.12¢-01 5.43¢-01 8.67¢-02 1.07¢-01

7.32e-02 6.86e-01 2.259 1.64e-01 2.525 3.94e-02 4.508 1.04e-02 3.649 4.52e-03 5.436
3.66e-02 1.65e-01 2.059 2.03e-02 3.010 4.99¢e-03 2.981 3.07e-03 1.754 2.43e-03 0.896
1.83e-02 4.09e-02 2.011 4.09-03 2315 2.46e-03 1.021 1.86e-03 0.723 1.49e-03 0.710
9.15e-03 1.05e-02  1.956 2.15e-03 0.929 1.52e-03 0.690 1.16e-03 0.680 9.30e-04 0.678
4.58e-03 3.20e-03 1.720 1.34e-03 0.682 9.56e-04 0.673 7.31e-04 0.671 5.84e-04 0.671

7.5 Example 5: A non smooth enough exact solution

Here, we solve the linear transmission problem (1), considering the same domain as in Example
4, whose data are such that its exact solution is given by

ur(ry) = cos (5y) + x(@)a® — e1,
where x(x) is the characteristic function on [0, 1] with respect to x, and
us(z,y) = sin(wx) sin(my) — ca,

with c; and co being real constants, such that u, and uy have zero mean value in €y and o,
respectively. It is known that u; € H*(Qy), but does not belong to H**(Qy), for an arbitrary
small number ¢ > 0. Table |16| reports the histories of convergence of the energy norm of the
potential error and the flux error, considering k € {0,1,2,3,4}. We observe that the rates
of convergence are the expected optimal ones: k + 1, when the solution is approximated by
piecewise polynomials of degree at most k € {0, 1,2, 3}. These are in agreement with Theorems
[5.1] For k = 4, we still notice convergence, but not at the optimal rate of convergence, since the
exact solution is not smooth enough. We display these results also in Figure On the other
hand, in Figure |24} we show the behavior of the weighted and usual L*>—norms of £h — &, with
respect to the meshsize h. Their corresponding histories of convergence are displayed in Table
[I7) and they are the optimal ones, as predicted by Theorem [5.1] and Remark[5.1] In Table
we provide the histories of convergence in the L?—norm of the potential and the reconstructive
potential errors. The behavior of the rates of convergence, for k € {0,1,2,3} are in agreement
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with the ones predicted by Theorems [5.2] and [5.3| for smooth functions, and are resumed in
Figure We notice again a lost in the order of convergence for k = 4, due to the small
smoothness of u,.

1000 7 T T ) ] 100 ¢ T
1.00/ b 100
1021 ] 1075
2.00
2.36
1074E
107F 3,00
, 3.28
1070
10°6L 4.00 ——k=0|1 4.02
D 10-8 7
. — L4
4.06 ook
108 L —%—k=23]|]
——k =4
‘ ‘ ‘ ‘ 10°0F ‘ ‘
10725 1072 10719 107! 10729 1072 10719 107!
(a) Energy norm of the potential error vs. h (b) L2-norm of the flux error vs. h

Figure 23: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 5)
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Figure 24: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L?—norm (Example 5)
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Figure 25: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 5)

Table 16: Histories of convergence of the energy norm of the potential error and L2-norm of the
flux error, considering k € {0, 1,2, 3,4} (Example 5)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 1.13e+00 4.56e-01 5.54e-01 1.01e-01 1.21e-01

7.32e-02 7.00e-01 0.820 2.83e-01 0.817 8.75e-02 3.171 1.93e-02 2.834 3.43e-03 6.124
3.66e-02 3.79-01 0.884 8.15¢-02 1.798 1.25¢-02 2.802 1.30e-03 3.899 1.06e-04 5.010
1.83e-02 1.93e-01 0970 2.14e-02 1.928 1.63e-03 2.946 8.28¢-05 3.969 3.26e-06 5.030
9.15¢-03 9.72¢-02 0993 5.44e-03 1978 2.06e-04 2.985 5.21e-06 3.991 1.10e-07 4.887
4.58e-03 4.87e-02 1.000 1.37e-03 1.997 2.58e-05 3.001 3.27e-07 4.001 6.60e-09 4.065

L?-norm of the flux error

k=0 E=1 k=29 k=3 k=4
h €Iror rate €rror rate €rror rate €rror rate error rate
1.31e-01 1.69¢-01 2.70e-01 1.79¢-01 2.65e-02 1.66e-02
7.32e-02 2.76e-01 — 1.09¢-01 1.564 1.83e-02 3.921 6.53e-03 2.408 8.07e-04 5.198

3.66e-02 1.35e-01 1.035 2.45e-02 2.149 1.33e-03 3.775 3.96e-04 4.044 4.04e-05 4.320
1.83e-02 6.67e-02 1.016 4.24e-03 2.530 1.00e-04 3.733 2.34e-05 4.082 1.45e-06 4.799
9.15e-03 3.33e-02 1.004 7.18e-04 2.562 8.88e-06 3.498 1.43e-06 4.033 4.80e-08 4.918
4.58e-03 1.66e-02 1.003 1.40e-04 2359 9.17e-07 3.281 8.85e-08 4.017 1.85e-09 4.706
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Table 17: Histories of convergence of the L?—projection of € =& in || - ||r, , and ||-||o,r, norms,
for k € {0, 1,2, 3,4} (Example 5)

1€n = &nllr,
E=0 =1 k=2 k=3 k=4
h error rate error rate error rate error rate error  rate
1.31e-01 6.37e-01 4.14e-01 8.23e-01 1.08e-01 2.37e-01

7.32e-02 3.0le-01 1.287 2.78e-01 0.685 7.36e-02 4.148 3.33e-02 2.023 4.50e-03 6.808
3.66e-02 7.49e-02 2.009 5.89e-02 2237 7.23e-03 3.348 1.39e-03 4.586 1.20e-04 5.234
1.83e-02 1.78e-02 2.075 1.11e-02 2.406 6.51e-04 3.473 6.04e-05 4.520 2.79e-06 5.424
9.15e-03 4.25e-03 2.064 2.02e-03 2463 5.75e-05 3.500 2.67e-06 4.501 6.63e-08 5.394
4.58e-03 1.03e-03  2.045 3.59¢-04 2491 5.08e-06 3.508 1.18e-07 4.504 3.14e-09 4.408

165 — &nllo,r,
k=0 k=1 k=2 k=3 k=4
h error rate error rate eIror rate eIror rate eIror rate
1.31e-01 6.37e-01 4.14e-01 8.23e-01 1.08e-01 2.37e-01

7.32e-02 426e-01 0.692 3.93e-01 0.089 1.04e-01 3.553 4.71e-02 1428 6.37e-03 6.212
3.66e-02 1.50e-01 1.509 1.18e-01 1.737 1.45e-02 2.848 2.77e-03 4.086 2.39%e-04 4.734
1.83e-02 5.03e-02 1.575 3.14e-02 1906 1.84e-03 2.973 1.71e-04 4.020 7.88e-06 4.924
9.15¢-03 1.70e-02 1.564 8.06e-03 1.963 2.30e-04 3.000 1.07e-05 4.001 2.65e-07 4.894
4.58e-03 5.84e-03 1.544 2.03e-03 1.990 2.87e-05 3.007 6.69e-07 4.003 1.77e-08 3.907

Table 18: Histories of convergence of L?-norm of the potential and reconstructive potential
errors, considering k£ € {0, 1,2, 3,4} (Example 5)

L?-norm of the potential error

h error rate €Iror rate €Iror rate €rror rate error rate
1.31e-01 2.50e+00 6.43e-01 5.20e-01 8.12e-02 1.04e-01

7.32e-02 6.33e-01 2362 1.53e-01 2463 3.70e-02 4.538 8.57e-03 3.863 1.43e-03 7.367
3.66e-02 1.53e-01 2.049 1.84e-02 3.062 2.74e-03 3.756 2.98e-04 4.845 2.21e-05 6.015
1.83e-02 3.80e-02 2.012 2.13e-03 3.110 1.81e-04 3.917 9.61e-06 4.955 3.41e-07 6.021
9.15e-03 9.47e-03 2.003 2.56e-04 3.053 1.15e-05 3.976 3.03e-07 4.987 5.81e-09 5.876
4.58¢-03 2.37e-03 2.004 3.17e-05 3.022 7.24e-07 3.999 9.52¢-09 5.000 1.90e-10 4.940

L?-norm of the reconstructive potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 2.59e+00 7.07e-01 5.31e-01 8.35e-02 1.04e-01

7.32e-02 6.84e-01 2.287 1.61e-01 2.542 3.76e-02 4.548 8.60e-03 3.905 1.44e-03 7.366
3.66e-02 1.64e-01 2.062 1.93e-02 3.063 2.77e-03 3.765 2.99e-04 4.846 222e-05 6.014
1.83e-02 4.05e-02 2.016 2.23e-03 3.114 1.83e-04 3919 9.64e-06 4.956 3.42¢-07 6.020
9.15e-03 1.01e-02 2.004 2.68e-04 3.056 1.16e-05 3.977 3.04e-07 4.987 5.83e-09 5.876
4.58e-03 2.52e-03 2.004 3.30e-05 3.023 7.29e-07 4.000 9.55e-09 5.000 1.90e-10 4.944

The purpose of the next two examples, is to study the robustness of our implementation when
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the domain Q) = Q; U1 U Qy is non convex. We remark that in this situation, we can not
ensure the validity of (90), and then Theorems [5.2]and[5.3|do not hold, necessarily.

7.6 Example 6: A regular solution in a non convex 2

In this example, we approximate the solution of (1)), with subdomains Q, = (—2,2)*\ [-1,2] X
[—2,1) and Q5 := (—3,3)*\ (2, U0, 3] x [3,0]), and the data are such that the exact solution
is given by the smoothness functions

vy  13In(2) —5In(5)
x? 4 12 14

uy(z,y) = . ug(x,y) = cos(mz) cos(my) . (142)
We consider a family of simplicial meshes, whose coarse/first mesh is displayed in Figure 26}
In Tables [I9 and 20 we report the rates of convergence of the method, when the solution is
approximated by piecewise polynomials of degree at most k{0,1,2,3,4}. We notice that the
results are in agreement with Theorem and Remark[5.1} On the other hand, from Table [21]
we notice that the convergence of the potential and the reconstructive potential errors behave as
O(h**2), the optimal rate predicted by Theorems|5.2|and despite the fact that this situation
is not covered by the current theory. We can also see these behaviors in Figures[27) 28 and 29

Figure 26: Initial mesh for Examples 6 and 7
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Figure 27: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 6)
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Figure 28: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L?—norm (Example 6)
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Figure 29: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 6)

Table 19: Histories of convergence of energy norm of the potential error and L?-norm of the
flux error, considering k € {0, 1,2, 3,4} (Example 6)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 8.29¢-01 1.05e+00 5.77e-01 1.17e-01 1.25e-01

7.32e-02 7.18e-01 0.248 2.94e-01 2.182 9.07e-02 3.178 2.01e-02 3.032 3.55e-03 6.123
3.66e-02 3.89e-01 0.883 8.44e-02 1.800 1.30e-02 2.802 1.34e-03 3.899 1.10e-04 5.008
1.83e-02 1.99e-01 0970 2.22e-02 1928 1.69e-03 2.945 8.59%-05 3.968 3.36e-06 5.039
9.15¢-03 9.98e-02 0.993 5.63e-03 1.977 2.13e-04 2.985 5.40e-06 3.992 1.04e-07 5.020
4.58e-03 4.99e-02 1.000 1.41e-03 1.996 2.68e-05 3.000 3.38¢-07 4.004 3.27¢-09 4.992

L?-norm of the flux error

k=0 E=1 k=29 k=3 k=4
h €Iror rate €rror rate €rror rate €rror rate error rate
1.31e-01 7.86e-01 3.12e-01 1.77e-01 2.90e-02 1.81e-02

7.32e-02 2.76e-01 1.797 1.12e-01 1.763 1.93e-02 3.805 6.74e-03 2.505 8.53e-04 5.248
3.66e-02 1.33e-01 1.051 2.52e-02 2.150 1.43e-03 3.752 4.11e-04 4.036 4.19¢-05 4.346
1.83e-02 6.56e-02 1.022 4.40e-03 2517 1.09e-04 3.713 2.43e-05 4.081 1.50e-06 4.801
9.15¢-03 3.27e-02 1.006 7.49e-04 2.555 9.68e-06 3.497 1.48e-06 4.034 4.90e-08 4.939
4.58e-03 1.63e-02 1.003 1.46e-04 2.362 9.89e-07 3.296 9.18e-08 4.019 1.57e-09 4.975
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Table 20: Histories of convergence of the L*-projection of £ =&, in ||-||p, , and ||-||o,r, norms,
for k € {0, 1,2, 3,4} (Example 6)

1€n = Enllr,
k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
131e-01  4.88¢-02 5.18e-01 1.15e+00 1.51e-01 3.07e-01

7.32e-02 1.37e-01 -1.774 3.66e-01 0.595 1.06e-01 4.096 4.49¢-02 2.080 6.51e-03 6.620
3.66e-02 331e-02 2.050 7.97e-02 2.199 1.03e-02 3.369 1.94e-03 4531 1.70e-04 5.255
1.83e-02 6.45e-03  2.359 1.54e-02 2372 9.26e-04 3.469 8.57e-05 4.503 3.94e-06 5.436
9.15e-03 1.18e-03 2.455 2.81e-03 2453 8.22e-05 3.494 3.79¢-06 4.498 8.79¢-08 5.486
4.58e-03 2.11e-04 2482 5.02e-04 2488 7.27e-06 3.504 1.68e-07 4.506 4.41e-09 4.324

161 = &nllor,
k=0 k=1 k=2 k=3 k=4
h error rate eIror rate error rate eIror rate eIror rate
1.31e-01 4.88e-02 5.18e-01 1.15e+00 1.51e-01 3.07e-01

7.32e-02 1.94e-01 -2.369 5.18e-01 -0.000 1.50e-01 3.501 6.35e-02 1.485 9.20e-03 6.025
3.66e-02 6.62e-02  1.550 1.5%-01 1.699 2.05¢-02 2.869 3.88e-03 4.031 3.4le-04 4.755
1.83e-02 1.83e-02  1.859 4.35e-02 1.872 2.62¢-03 2969 2.42e-04 4.003 1.11e-05 4.936
9.15e-03 4.71e-03 1.955 1.12e-02 1953 3.29e-04 2994 1.52e-05 3.998 3.51e-07 4.986
4.58e-03 1.19e-03  1.981 2.84e-03 1987 4.11e-05 3.004 9.48e-07 4.005 2.49e-08 3.823

Table 21: Histories of convergence of L?-norm of the potential and reconstructive potential
errors, considering k € {0, 1,2, 3,4} (Example 6)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 3.25¢-01 1.24e+00 5.13e-01 5.88e-02 9.96e-02

7.32e-02 5.95e-01 -1.041 1.48e-01 3.650 3.63e-02 4553 826e-03 3.374 1.38e-03 7.358
3.66e-02 1.46e-01 2.024 1.77e-02 3.064 2.65¢-03 3.776 2.87e-04 4.848 2.13e-05 6.014
1.83e-02 3.64e-02 2.006 2.04e-03 3.113 1.75e-04 3.922 9.23e-06 4.957 3.26e-07 6.030
9.15e-03 9.10e-03  2.002 2.45e-04 3.057 1.11e-05 3.978 291e-07 4.988 5.03e-09 6.015
4.58e-03 2.27e-03  2.004 3.02e-05 3.025 6.96e-07 4.000 9.11e-09 5.005 7.94e-11 5.996

L?-norm of the reconstructive potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 2.40e+00 1.28e+00 5.24e-01 6.19e-02 9.99¢-02

7.32e-02 6.40e-01 2.269 1.55e-01 3.624 3.68e-02 4.563 8.29e-03 3.454 1.38e-03 7.358
3.66e-02 1.56e-01 2.038 1.85e-02 3.065 2.67e-03 3.784 2.88e-04 4.849 2.13e-05 6.013
1.83e-02 3.87e-02 2.010 2.14e-03 3.117 1.76e-04 3.924 9.26e-06 4.957 3.27e-07 6.029
9.15e-03 9.66e-03 2.003 2.56e-04 3.060 1.12e-05 3.978 2.92e-07 4.988 5.05e-09 6.015
4.58¢e-03 241e-03 2.004 3.16e-05 3.026 7.01e-07 4.000 9.14e-09 5.005 7.97e-11 5.996
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7.7 Example 7: Non smooth solution in non convex ()
Given O = (—2,2)%\ [~1,2] x [=2,1] and Q0 := (—3,3)?\ (2, U [0, 3] x [-3,0]), we solve
(38), with f1, fo, g1, g2 and g given so that the exact solution is
ry  13In(2) —5n(5)
2 + 92 14 ’

uy(z,y) = uy(r, 0) = r?*sin(20/3) — ¢, (143)
where uy is given in polar coordinates, and c is a real constant such that uy has zero mean value
in Q. We pointwise that uy € H'7?/37¢(Qy), for an arbitrary small number ¢ > 0, since its
gradient has a singularity at origin. The family of simplicial meshes we consider here, is the
same as in Example and we approximate also the exact solution of (1)) with polynomials of
degree at most k € {0,1,2,3,4}. The numerical results, obtained by the HHO method, can be
seen in Tables[22} 23|and[24} They are also displayed in Figures[30| [31|and[32] respectively. We
notice here that the non smoothness of uy affects the rates of convergence of the energy norm
of the potential error, the flux error, the discrete norm of trace error, in the sense that they are
not the optimal ones established in Theorem On the other hand, we notice also that the
potential and reconstructive potential errors decay to zero as O(h*®), for any of the values of k
we have considered in this simulation. This situation is not covered by our current analysis, and
motivate us to obtain an a posteriori error estimator that could help us to improve the quality
of the approximation. This could be the subject of future work.

10 0.5

—s—k=1 1071 L

107} k=3

10-15 L
1015

1072}

1072} 0.662

10-25 |

10-%°

10729 1072 10715 10! 10725 1072 10719 10!
(a) Energy norm of the potential error vs. h (b) L2-norm of the flux error vs. h

Figure 30: Rates of convergence of the (a) energy norm of the potential error, and (b) flux error
(Example 7)
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Figure 31: Rates of convergence of the Lagrange multiplier considering the (a) Discrete trace
norm || - [|r, ,, and (b) Standard L*—norm (Example 7)
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Figure 32: Rates of convergence of the L?-norm of the (a) potential error, and (b) reconstructive
potential error (Example 7)
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Table 22: Histories of convergence of the energy norm of the potential error and L?-norm of

the flux error, considering k € {0, 1,2, 3,4} (Example 7)

Energy norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error  rate error  rate error  rate error  rate error  rate
1.31e-01 2.21e-01 1.14e-01 8.32e-02 6.21e-02 5.08e-02
7.32e-02 1.36e-01 0.836 6.65¢-02 0.928 5.06e-02 0.855 3.86e-02 0.816 3.22e-02 0.786
3.66e-02 7.83e-02 0.793 3.97e-02 0.747 3.19e-02 0.665 2.45e-02 0.655 2.04e-02 0.655
1.83e-02 4.54e-02 0.786 2.49e-02 0.674 2.03e-02 0.655 1.56e-02 0.655 1.30e-02 0.655
9.15e-03 2.69-02 0.755 1.58e-02 0.655 1.29¢-02 0.655 9.89¢-03 0.655 8.23e-03 0.656
4.58e-03 1.63e-02 0.726 1.00e-02 0.653 8.18e-03 0.656 6.28e-03 0.656 5.22e-03 0.657
L?-norm of the flux error
k=0 k=1 k=2 k=3 k=4
h error  rate error  rate error  rate error  rate error  rate
1.31e-01 1.45e-01 7.86e-02 5.14e-02 3.95e-02 3.09e-02
7.32e-02 1.03e-01 0.597 4.53e-02 0946 3.22¢-02 0.805 2.52e-02 0.773 1.98e-02 0.766
3.66e-02 6.38e-02 0.687 2.79e-02 0.701 2.06e-02 0.642 1.62e-02 0.639 1.27e-02 0.637
1.83e-02 3.92e-02 0.703 1.78e-02 0.645 1.32e-02 0.638 1.04e-02 0.639 8.18¢-03 0.638
9.15e-03 2.43e-02 0.691 1.15e-02 0.638 8.50e-03 0.639 6.67e-03 0.640 5.25¢-03 0.639
4.58e-03 1.52e-02 0.678 7.36e-03 0.639 5.46e-03 0.641 4.28e-03 0.642 3.37e-03 0.641

Table 23: Histories of convergence of the L*-projection of £ —&, in ||-||p, , and ||-||o,r, norms,

for k € {0,1,2,3,4} (Example 7)

1€n = Enllr,,
k=0 k=1 k=2 k=3 k=4
h CIror rate eIror rate error rate €Iror rate CITror rate
1.31e-01 1.70e-01 9.39¢-02 8.77e-02 3.18e-02 2.57e-02
7.32e-02 4.97e-02 2.107 3.31e-02 1.792 1.38e-02 3.174 8.77e-03 2.216 6.80e-03 2.281
3.66e-02 1.47e-02 1.759 9.54e-03 1.795 5.01e-03 1.463 3.79¢-03 1.212 3.03e-03 1.168
1.83e-02 5.20e-03 1.500 3.34e-03 1.515 2.21e-03 1.185 1.69¢-03 1.166 1.35¢-03 1.166
9.15e-03 2.18e-03 1.251 1.40e-03 1.257 9.83e-04 1.166 7.52e-04 1.166 6.0le-04 1.166
4.58e-03 9.65¢-04 1.179 6.15e-04 1.185 4.38e-04 1.168 3.35¢-04 1.168 2.68e-04 1.168
165 = &llo,r,
k=0 k=1 k=2 k=3 k=4
h €Iror rate CITror rate CITror rate CITor rate CITror rate
1.31e-01 1.70e-01 9.39¢-02 8.77e-02 3.18e-02 2.57e-02
7.32e-02 7.03e-02 1.512 4.68¢-02 1.197 1.95e-02 2.578 1.24e-02 1.621 9.62e-03 1.685
3.66e-02 2.94e-02 1.259 191e-02 1.295 1.00e-02 0.963 7.57e-03 0.712 6.06e-03 0.668
1.83e-02 1.47e-02 1.000 9.44e-03 1.015 6.24e-03 0.685 4.77¢-03 0.666 3.82¢-03 0.666
9.15e-03 8.73e-03 0.751 5.58e-03 0.757 3.93e-03 0.666 3.0le-03 0.666 2.41e-03 0.666
4.58e-03 5.46e-03 0.678 3.48¢-03 0.684 2.48e-03 0.667 1.89¢-03 0.667 1.52e-03 0.668
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Table 24: Histories of convergence of L2-norm of the potential and reconstructive potential
errors, considering k£ € {0, 1,2, 3,4} (Example 7)

L?-norm of the potential error

k=0 k=1 k=2 k=3 k=4
h error rate error rate error rate error rate error rate
1.31e-01 5.51e-02 2.17e-02 1.50e-02 1.03e-02 8.12e-03

7.32e-02 1.86e-02 1.866 9.55¢-03 1.414 7.04e-03 1.300 5.20e-03 1.170 4.16e-03 1.149
3.66e-02 9.21e-03 1.014 5.56e-03 0.779 4.04e-03 0.800 3.06e-03 0.765 2.45e-03 0.764
1.83e-02 5.48e-03 0.748 3.46e-03 0.686 2.48e-03 0.703 1.89¢-03 0.693 1.52e-03 0.693
9.15¢-03 3.42e-03 0.680 2.17e-03 0.670 1.55¢-03 0.676 1.19e-03 0.674 9.50e-04 0.673
4.58e-03 2.15e-03  0.669 1.37e-03 0.668 9.77e-04 0.670 7.47e-04 0.669 5.98e-04 0.669

L?-norm of the reconstructive potential error

k=0 E=1 k=29 k=3 k=4
h €Irror rate €Iror rate €Irror rate €rror rate €rror rate
1.31e-01 6.82e-02 2.38e-02 1.53e-02 1.04e-02 8.15e-03

7.32e-02 2.34e-02 1.836 9.89¢-03 1510 7.08¢e-03 1.319 5.22e-03 1.177 4.17e-03 1.152
3.66e-02 1.02e-02 1.199 5.62e-03 0.816 4.05e-03 0.806 3.07e-03 0.768 2.45¢-03 0.766
1.83e-02 5.64e-03 0.855 3.47e-03 0.696 2.48e-03 0.705 1.89e-03 0.694 1.52e-03 0.694
9.15e-03 3.45e-03 0.711 2.17e-03 0.673 1.55e-03 0.677 1.19e-03 0.674 9.50e-04 0.674
4.58e-03 2.16e-03 0.677 1.37e-03 0.669 9.77e-04 0.670 7.47e-04 0.669 5.98e-04 0.669

Conclusions

In this paper we have proposed a new mixed HHO formulation to approximate the solution of
a transmission interior elliptic problem, with non homogeneous transmission boundary condi-
tions. First, we derive the variational formulation, at continuous level, introducing the normal
trace on the transmission boundary, of the solution living in inner subdomain, as an auxiliary
unknown. In practice, this unknown acts as a Lagrange multiplier. Then, we propose a discrete
variational scheme, applying the HHO approach. Although we have considered, for simplicity,
a family of uniform simplicial meshes for the current analysis, it is possible to extend it to deal
with polytopal meshes, as in [19].

We have proven that our discrete mixed HHO scheme is well-posed and convergent in the
energy-norm, as well as in the usual L?-norm. Our a priori error estimates establish that when
we approximate the solution with piecewise polynomial of degree at most k > 0, the flux and
energy norm of the potential error go to zero with optimal order of convergence k + 6, while
the L?>—norm of potential and reconstructive potential errors’ orders behave as OF %9, for
some § € (1/2,1] (cf. Theorems and . The L?—projection of the error of Lagrange
multiplier is measured in a suitable weighted L?>—norm (cf. (29)), and converges, at least, with
order k+ 9 (cf. Theorem . We also have computed the classical L*>—norm of this projection,
noticing a convergence that decays to 0 as O(h*+0=1/2),

Numerical examples, provided in this work, are in agreement with our theoretical results.
In particular, results from Examples and show us that our theoretical rates of
convergence are achieved. In Example we consider as exact solution a function that lives in
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H*(Qy) but not in H5(S2;). According to Theorems and we should expect optimal
order of convergence for the energy norm of the potential error, the flux error in the L?-norm, the
weighted L*- norm of the error of the Lagrange multiplier; the potential and the reconstructive

potential errors in the L>*—norm, when the solution is approximated by piecewise polynomials
of degree at most k < 3, which is what we observe in Tables and whose results are
also displayed in Figures[23} 24)and 23] respectively.

On the other hand, since the exact solution in Example is non regular, we do not expect
to obtain optimal rates of convergence. The results are displayed in Figures 20, 21| and [22]
and reported in Tables and Then, we just confirm that results from these tables are
in agreement with Theorems and forq=0and k € {1,2,3,4}. Surprisingly, we
notice an unexpected (better) behavior of the errors for k = 0. As a consequence, this motivates
us to develop, an a posteriori error analysis, in order to improve the quality of approximation
and recover the optimal rate of convergence, if possible. This would be the subject of a future
work.

We recall that in Example we have performed our HHO approach, considering a
family of simplicial meshes having hanging nodes only on the transmission boundary I'y. We
observe that the convergence of the method behaves similarly as when we solve the same prob-
lem considering a family of conforming meshes (see Example [7.3.1)), despite the fact that our
analysis, in its current form, does not covered the use of family of meshes with hanging nodes
on I'1. This could also be the subject of future work, taking the analysis developed in [50] as
reference.

It is important to emphasize that the proofs of Theorems [5.2]and|[5.3| rely on the well known
elliptic regularity property (O0), which can be established if we assume that Q = QU1 Uy is
a convex domain. In this sense, and with the aim of testing the robustness of our computational
implementation to deal with non-convex domain () (cf. Figure [26), we consider Examples
and We consider an smooth solution in Example and the numerical results we obtain
are surprisingly in agreement with Theorems and (and of course with Theorem
too), despite the our current theory does not support them. In Example [.7] the solution is
non smooth, and then, we do not expect optimal rates of convergence. The results have been
reported in Tables and 24} and confirm our suspicious. As in Example it would be
desirable to find an a posteriori error estimator for this problem, that let us to improve our
approximation and get the optimal convergence’s behaviour.

Finally, we point out that the analysis described in this paper, can be applied and/or ex-
tended to deal with linear transmission problems with variable diffusion, and / or with other
type of boundary conditions on the external boundary of (). In addition, taking into account
[26] and [20], we are motivated to extend this approach to deal with certain class of nonlinear
transmission problems.

Appendix

In what follows, we write down the proof of Lemma for a general 2 = Q; UT'1 Uy
(convex or non convex domain).

. . . k,0 o
To this aim, given v, := (Xﬂ,h7z7—2,h> e U ", where we recall Tn = Tin U Tap, we
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introduce wy, € P (Ty,), such that

wh‘ — w L Ul,T ) T € ﬂ,ha
= Wr =
T vor, T € Top-

We notice that (wy,1)q = (v, 1)a, + (vap, 1)a, = 0, since UF’. Then, we define w, =
((wT)TGTh7 (U)F)Fe}‘h) c Wi .= {z, € W} | (21, 1) = 0}, where W} collects the DOF’s
on (), such that

_{ UF,I 5 F - ]-'Lh\FLh
Wrp =

vpa , F e Fop . Then, applying Theorem 6.5 in [33|], we infer that

loralloe, + llvanlloe, = llwnllie < llwallf, - (144)

Using the definition of || - |1 », and that Z IVwr|§r = Z Vv r|lg o+ Z NPT
TeT, TETh TETsn
we obtain

Iwullin = D IVourlor + D IVoarllsr+ D Y hulllws —wrl§ e, (145)

TeT1,n TeTn TeT, FEFT

Then, given F' € I'y ), (transmission face), there exist T € Ty, and S € Ty, such that F' C
0T N 0S, and using definition of w,, we obtain

lwp — wr||§ ¢ + lwr — wsllg g = Jva,r — virll§p + [lv2,r — v2,sll3 (146)

and by triangle inequality on the first term on the right hand side, we obtain
lwr —wr|§ 5+ llwe —wsl§ p < lver —viellf p+[lv,e— v |lf p 4 [lve,r —v2sl5 p - (147)

Thus, we can write the third term on the right hand of , as

SN hptlwr —wrlfr S Y0 Y hptllvre —ourllg g +

TeT, FeFr TE'TLh FeFr
+ > hptlvar —vesli e+ D hptlvar —vislld e (148)
SE'TQYh FeFr Ferl,h

Replacing in , we have that

[w), %,h S HXl,hHih+ HX2,h

Tht D hptlver —vrpld g (149)

FEFL}L

Finally, from (144)) and (149)), we conclude the proof.
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