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SERGIO CAUCAO! GABRIEL N. GaTiIcA} RICARDO OYARZUA! NESTOR SANCHEZY

Abstract

We propose and analyze a new mixed finite element method for the problem of steady double-
diffusive convection in a fluid-saturated porous medium. More precisely, the model is described by
the coupling of the Brinkman—Forchheimer and double-diffusion equations, in which the originally
sought variables are the velocity and pressure of the fluid, and the temperature and concentration
of a solute. Our approach is based on the introduction of the further unknowns given by the fluid
pseudostress tensor, and the pseudoheat and pseudodiffusive vectors, thus yielding a fully-mixed
formulation. Furthermore, since the nonlinear term in the Brinkman—Forchheimer equation requires
the velocity to live in a smaller space than usual, we partially augment the variational formulation
with suitable Galerkin type terms, which forces both the temperature and concentration scalar fields
to live in L. As a consequence, the aforementioned pseudoheat and pseudodiffusive vectors live in
a suitable H(div)-type Banach space. The resulting augmented scheme is written equivalently as
a fixed point equation, so that the well-known Schauder and Banach theorems, combined with the
Lax—Milgram and Banach—Necas—Babuska theorems, allow to prove the unique solvability of the
continuous problem. As for the associated Galerkin scheme we utilize Raviart—Thomas spaces of
order k > 0 for approximating the pseudostress tensor, as well as the pseudoheat and pseudodiffusive
vectors, whereas continuous piecewise polynomials of degree < k + 1 are employed for the velocity,
and piecewise polynomials of degree < k for the temperature and concentration fields. In turn,
the existence and uniqueness of the discrete solution is established similarly to its continuous
counterpart, applying in this case the Brouwer and Banach fixed-point theorems, respectively.
Finally, we derive optimal a priori error estimates and provide several numerical results confirming
the theoretical rates of convergence and illustrating the performance and flexibility of the method.
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1 Introduction

The phenomenon of double-diffusive convection, in which two scalar fields, such as heat and concentra-
tion of a solute, affect the density distribution in a fluid-saturated porous medium, has a wide range of
applications, including processes arising in chemical engineering, energy technology, geophysics, and
oceanography. In particular, some applications include groundwater system in karst aquifers, chemical
processing, convective flow of carbon nanotubes, propagation of biological fluids, and simulation of
bacterial bioconvection and thermohaline circulation problems (see, e.g. [1l 3, 6, 19, B3] to name a
few). In this regard, we remark that much of the research in porous medium has been focused on the
use of Darcy’s law. However, this constitutive equation becomes unreliable to model the flow of fluids
through highly porous media at higher Reynolds numbers, as in the above applications. To avoid this
inconvenient, a first alternative is to employ the Brinkman model [5], which describes Stokes flows
through array of obstacles, and therefore can be applied precisely to that kind of media. Another
possible option is the Forchheimer law [20], which accounts for faster flows by including a nonlin-
ear inertial term. According to the above, the Brinkman—Forchheimer equation (see, e.g. [11], 29]),
which combines the advantages of both models, has been used for fast flows in highly porous media.
Moreover, this fact has motivated the introduction of the corresponding coupling with a system of
advection-diffusion equations (also called double-diffusion equations), through convective terms and
the body force.

In this context, and up to the authors’ knowledge, one of the first works in analyzing the coupling
of the incompressible Brinkman—Forchheimer and double-diffusion equations is [26]. In there, the
authors propose a velocity-pressure-temperature-concentration variational formulation and discuss the
corresponding analysis of existence, uniqueness, and regularity of solution. To that end, a Galerkin
method was employed to prove that the problem has at least one solution and that, under a smallness
data assumption, a uniqueness result is established. Later on, the global solvability of a time-dependent
double-diffusive convection system coupled with a linearized version of the Brinkman—Forchheimer
equations was introduced and analyzed in [28]. In particular, the authors prove that the global
solvability in L2-spaces holds true for the 3-dimensional case. More recently, in [32] a finite volume
method was adopted to solve the coupling of the unsteady Brinkman—Forchheimer and double-diffusion
equations. The focus of this work was on the validity of the Brinkman—Forchheimer model when
various combinations of the thermal Rayleigh number, inclination angle, permeability ratio, thermal
conductivity and buoyancy ratio are considered. Meanwhile, a H(div)-conforming method for double-
diffusion equations but coupled with the stationary Navier—Stokes—Brinkman model was analyzed in
[6]. Here, the solvability analysis results as a combination of compactness arguments and fixed-point
theory. The corresponding numerical scheme is based on Brezzi-Douglas—Marini (BDM) elements
of order k for the velocity, discontinuous elements of order k£ — 1 for the pressure, and Lagrangian
finite elements of order k for temperature and the concentration of a solute. We observe that this
formulation produces exactly divergence-free velocity approximations.

According to the above bibliographic discussion, the goal of the present paper is to develop and
analyze a new fully-mixed formulation for the coupling of the steady Brinkman—Forchheimer and
double-diffusion equations and study its numerical approximation by a mixed finite element method.
To that end, unlike previous works, we introduce the pseudostress tensor as in [I0] and subsequently
eliminate the pressure unknown using the incompressibility condition. In turn, and in order to enforce
conservation of momentum in a physically compatible way, we proceed similarly to [7, 9] and introduce
the pseudoheat and pseudodiffusive vectors as additional unknowns. Furthermore, the difficulty given
by the fact that the fluid velocity lives in H' instead of L? as usual, is resolved as in [10, 23] by
augmenting the variational formulation with residuals arising from the constitutive equation and the



Dirichlet boundary condition on the velocity, which forces both the temperature and concentration
fields to live in L*, and consequently the pseudoheat and pseudodiffusive vectors in a suitable H(div)-
type Banach space. Then, following [15, 23] and [9], we combine classical fixed-point arguments
with the Lax—Milgram and Banach—Necas—Babuska theorems to prove the well-posedness of both
the continuous and discrete formulations. In particular, for the continuous formulation, and under a
smallness data assumption, we prove existence and uniqueness of solution by means of a fixed-point
strategy where the Schauder (for existence) and Banach (for uniqueness) fixed-point theorems are
employed. Using similar arguments (but applying Brower’s fixed-point theorem instead of Schauder’s
for the existence result) we prove the well-posedness of the discrete problem for arbitrary conforming
discrete spaces. In addition, applying an ad-hoc Strang-type lemma in Banach spaces, we are able
to derive the corresponding a priori error estimates. Next, employing Raviart—Thomas spaces of
order k > 0 for approximating the pseudostress tensor, the pseudoheat and pseudodiffusive vectors,
continuous piecewise polynomials of degree k 4 1 for velocity, and piecewise polynomials of degree k
for the temperature and concentration fields, we prove that the method is convergent with optimal
rate.

The rest of this work is organized as follows. The remainder of this section describes standard
notation and functional spaces to be employed throughout the paper. In Section [2] we introduce the
model problem and derive its augmented fully-mixed variational formulation. Next, in Section [3 we
establish the well-posedness of this continuous scheme by means of a fixed-point strategy and Schauder
and Banach fixed-point theorems. The corresponding Galerkin system is introduced and analyzed in
Section [4] where the discrete analogue of the theory used in the continuous case is employed to prove
existence and uniqueness of solution. In Section |5, an ad-hoc Strang-type lemma in Banach spaces is
utilized to derive the corresponding a priori error estimate and the consequent rates of convergence.
Finally, in Section [6] we report some numerical experiments illustrating the accuracy and flexibility of
our augmented fully-mixed finite element method.

Preliminary notations

Let Q C R™",n € {2,3}, be a bounded domain with polyhedral boundary I', and let n be the outward
unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(€2) and Sobolev
spaces W*P(Q), with s € R and p > 1, whose corresponding norms, either for the scalar, vectorial, or
tensorial case, are denoted by || - |lo .0 and || - ||s p:, respectively. In particular, given a non-negative
integer m, W™2(Q) is also denoted by H™(Q2), and the notations of its norm and seminorm are
simplified to || - ||m,o and |- |m,q, respectively. By M and M we will denote the corresponding vectorial
and tensorial counterparts of the generic scalar functional space M, and || - ||, with no subscripts,
will stand for the natural norm of either an element or an operator in any product functional space.
In turn, for any vector field v = (v;)i=1,, we let Vv and div(v) be its gradient and divergence,
respectively. Furthermore, for any tensor fields 7 = (7;;)i j=1,n and ¢ = (;j)i,j=1,n, We let div(7T) be
the divergence operator div acting along the rows of 7, and define the transpose, the trace, the tensor
inner product, and the deviatoric tensor, respectively, as

n

n
1
7't = (le‘)i’jzljm tr (T) = E Tiiy T 1 C = E Tij Cij: and Td =T — gtl‘ (T) ]I,
i=1 3,j=1

where I is the identity matrix in R™*". In what follows, when no confusion arises, | - | will denote the
Euclidean norm in R™ or R™*™. Additionally, we recall that

H(div; Q) = {’7’ cL2(Q): div(r) € L2(Q)},
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equipped with the usual norm ||’T”(21iv;ﬂ = HT||379 + ||diV(T)||(2)7Q, is a standard Hilbert space in the
realm of mixed problems. In addition, H'/2(T") is the space of traces of functions of H'(Q) and H~1/2(T")
denotes its dual. Also, by (-, -); we will denote the corresponding product of duality between H Y 2(I)
and HY/2(I") (and also between H~/2(T") and HY/2(I")). Finally, throughout the rest of the paper we
employ 0 to denote a generic null vector (or tensor), and use C' and ¢, with or without subscripts,
bars, tildes or hats, to denote generic constants independent of the discretization parameters, which
may take different values at different places.

2 The continuous formulation

In this section we introduce the model problem and derive the corresponding weak formulation.

2.1 The model problem

In what follows we consider the model introduced in [26], which is given by a steady double-diffusive
convection system in a fluid saturated porous medium. More precisely, we focus on solving the coupling
of the incompressible Brinkman—Forchheimer and double-diffusion equations, which reduces to finding
a velocity field u, a pressure field p, a temperature field ¢; and a concentration field ¢, both defining
a vector @ := (¢1, ¢2), such that

—vAu+K'u+Fluju+Vp = f(¢) in Q,

div(u) = 0 in Q,

*diV(Ql V¢1) +Riu-V¢1 = 0 in €,

*diV(QQ V¢2) +Rou-Vops = 0 in ,

(2.1)

with parameters v := D, i/ and F := 9D, Ry, where D, stands for the Darcy number, fi the viscosity,
1 the effective viscosity, Ry the thermal Rayleigh number, Ry the solute Rayleigh number, and ¥ is a
real number that can be calculated experimentally. In addition, the external force f is defined by

(@) = — (61~ )8 + - (Vo — )& (2:2)
with g representing the potential type gravitational acceleration, ¢, the reference temperature, ¢o »
the reference concentration of a solute, both of them living in L*(Q2), and o is another parameter
experimentally valued that can be assumed to be > 1 (see [26, Section 2| for details). In turn, the
permeability, thermal diffusion and concentration diffusion tensors are denoted, respectively, by K, Q1
and Qg living in L>°(€2). Moreover, K and the inverses of Q; and Qg, are uniformly positive definite
tensors, which means that there exist positive constants Ck, Cq,, and Cq,, such that

v - K(x)v > Ck|v]*> and v- Q;l(x)v > Cq;, V> VveR", VxeQ, je{l,2}. (2.3)

Equations ([2.1)) are complemented with Dirichlet boundary conditions for the velocity, the tempera-
ture, and the concentration fields, that is

u=up, ¢ =¢1p, and ¢y =¢2p on I, (2.4)

with given data up € HY2(T), ¢ p € HY?(T) and ¢op € H/?(T'). Owing to the incompressibility
of the fluid and the Dirichlet boundary condition for u, the datum up must satisfy the compatibility

condition
/uD -n = 0. (2.5)
r
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In addition, due to the first equation of (2.1]), and in order to guarantee uniqueness of the pressure,
this unknown will be sought in the space

L3(Q) = {g € 12(2) /Qq —0}.

Next, in order to derive a fully-mixed formulation for (2.1)—(2.4)), in which the Dirichlet bound-
ary conditions become natural ones, we now proceed as in [10] (see similar approaches in [15] [16]),
and introduce as further unknowns the pseudostress tensor o, the pseudoheat vector p;, and the
pseudodiffusive vector py, which are defined by

o:=vVu-pl and p;:=Q;Ve; —Rjo;u, j€{l,2}, in Q. (2.6)

In this way, applying the trace operator to o and utilizing the incompressibility condition div(u) =0
in Q, one arrives at

p:—%tr(o’) in Q. (2.7)

Hence, replacing back (2.7) in the first equation of (2.6), we find that our model problem (2.1)—(2.4))
can be rewritten, equivalently, as follows: Find (o, u) and (p;, ¢;), j € {1,2}, in suitable spaces to be

indicated below such that
1 4 .
—o% = Vu inQ,

v
—div(e) + K 'u+Fluju = f(¢) inQ,

Q;'p;+R;Q;'¢ju = V¢, inQ,
—div(p;) = 0 in Q,

u=up and ¢ = ¢D on I,

[a@ = o

where the Dirichlet datum for ¢ is certainly given by ¢ = (61,0, ¢2.0). At this point we stress that,
as suggested by , p is eliminated from the present formulation and computed afterwards in terms
of o by using that identity. This fact, justifies the last equation in , which aims to ensure that
the resulting p does belong to L3(£2). Notice also that further variables of interest, such as the velocity
gradient Vu, the heat vector p; := Q1 V¢ and the diffusive vector p, := Q2 V¢, can be computed,
respectively, as follows

1 _ -
Vu = ;Ud, p1 = p1tRig1u, and py, = py +Ragou (2.9)

2.2 The fully-mixed variational formulation

In this section we derive our fully-mixed formulation for the coupled system given by (2.8). To that
end, we multiply the first equation of (2.8)) by a tensor 7 € H(div; ), integrate the resulting expression

by parts, and use the identity o9 : 7 = ¢4 : 74 and the Dirichlet boundary condition u = up on T,
to get
1
/ od:rd +/ u-div(r) = (rn,up) V7 € H(div;Q). (2.10)
Vo Q

5



In order to have more flexibility for choosing the finite element subspaces, but at the same time avoiding
the incorporation of new terms in the resulting variational equation, we now proceed similarly as in
[22] (see also [23]), and replace u in the second term of the left-hand side of by the expression
arising from the second equation in , that is

u=K (div(cr) - F|u|u+f(@).

In this way, we arrive at the variational formulation: Find o € H(div;2) and u (in a suitable space
to be specified below), such that

1
/ od:rd +/ Kdiv(o) - div(T) —F/ K |uju-div(7) = (tn,up)p —/ Kf(¢)- div(7), (2.11)
vVJa Q Q Q T

for all 7 € H(div; ). Since K € L>®(Q2) and div(7) € L?(Q2), the term K|u|u - div(7) forces the
velocity u, and consequently the test function v, to live in L*(Q2). In order to deal with this fact, we
first observe, applying the Cauchy—Schwarz and Holder inequalities, and then the continuous injection
iy of H(Q) into L*(Q) (see, e.g., [30, Theorem 1.3.4]), that

‘/QK lwlu - div(r)

(2.12)

< [Klloo [[Wllo,50 ullose |[div(T)lloe < Kl lial® [wlie [ullie 17 ]aive.
for all w,u € HY(Q) and 7 € H(div;Q). However, we notice from (2.11]) that the lack of a test
function in the space where u lives (now in H!((2)), makes the well-posedness analysis of (2.11]) non-
viable. Then, aiming to circumvent this inconvenient, we propose to enrich our formulation with

the following residual terms arising from the constitutive equation (first equation of (2.8))) and the
Dirichlet boundary condition u = up on I':

1
nl/ {Vu——crd} : Vv = 0,
0 v
K,Q/u-V = /ig/uD~V,
r r

for all v.€ H' (), where k1, ko are positive parameters to be specified later. We now recall (see, e.g.,
[21] 4], 24]) that there holds

(2.13)

H(div; Q) = Hy(div; Q) & R1T,
where

Hy(div; Q) := {T € H(div; Q) : /Qtr (1) = 0}.

Hence, decomposing 7 € H(div;Q) as 7 = 7 + ¢I, with 7¢ € Hy(div; ) and ¢ € R, noticing that
74 = 7¢ and div(7) = div(7y), and using the last equation of and the compatibility condition
([2.5), we deduce that both o and 7 can be considered hereafter in Ho(div;(2). Therefore, from
and (2.13)), we arrive at the variational problem: Find (o, u) € Hy(div; Q) x H!(2) such that

A((o, ), (1,v)) + Bu((o,u), (7,v)) = Fp(1,v) + Fp(7,v), (2.14)

for all (7,v) € Hy(div; Q) x HY(Q), where given w € H'(2), A and By, are the bilinear forms defined,

respectively, as

A((o,u), (T,v)) = 1/Qad:Td—i—/QKdiv(a)‘div(T)—i—/ﬂ/Q{Vu—lad}:Vv+/<cg/ru-v, (2.15)

v 14
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and

By ((o,u),(T,v)) = —F/ K|w|u-div(T), (2.16)
Q
whereas, given ¢ := (¢1,¢2) in a suitable space defined next, Fp and F, are the bounded linear
functionals defined by
p(r,v) = (Tn,uD>F+ﬁ2/uD-v, = /Kf -div(T). (2.17)
r

On the other hand, for the double-diffusion equations in ([2.8)) we proceed as in [9] (see also [7} [13]
14]). In fact, multiplying the third and fourth equations of ([2.8) by suitable test functions n; and ;,
J € {1,2}, respectively, integrating by parts and using the Dirichlet boundary condition ¢ = ¢, on
I', we get

/le Pj'ﬂj*/ oy div(nj)+Rj / Q;l qull'nj = <nj'n7¢j,D>F
Q Q @ (2.18)

Q

for all (n;,1;) in spaces to be derived below. In this regard, we begin by noting that for Q; € L.°°(Q2),
j € {1,2}, and u € H(Q), the first and third terms in the first equation of are well defined
if pj, m; € L2(Q2), and if ¢j, and consequently the test function 1);, are chosen to live in LY(Q),
respectively. In this way, since the latter forces both div(p;) and div(n;) to live in L*3(Q), we now
introduce the Banach space

H(divys Q) = {n € LAQ):  div(m) e LV*(©)},

equipped with the norm

[7lldivy 50 = Ml + [|div(n)loa/30-
Notice that H(div; ) C H(divy/3;€2). Moreover, as remarked in [J, eq. (2.5)] (see also [13] eq. (3.2)]),
the right-hand side of is well defined in the sense that n; -n € H-'/2(T), j € {1,2}, for all

n; € H(div, /35 Q). Thus, the weak formulation for the double-diffusion equations in (2.8)) reads: Find
(pj, ;) € H(divys; Q) x L), j € {1,2}, such that

aj(pja nj) + b(nja o;) + Cj(u; ®5, nj) = Gj(nj) V’?j € H<diV4/3§ Q), (2.19)
where, given w € H'(2), a;, b, and cj(w;-, ) are the forms defined, respectively, as
aj(Pjﬂ?g . /Q p] T’]? 77]7% . /@Z}jdlv 773
(2.20)

for all p;,m; € H(div,/s; Q) and 1, € L4(Q). In turn, G; is the bounded linear functional defined by

Gj(nj) = <77j -1, ¢j,D>F an € H(diV4/3§ Q). (2.21)



Then, the augmented fully-mixed formulation for the coupled problem reduces to ([2.14]) and
([219), that is: Find (o, u) € Ho(div; Q) x HY(Q) and (p;,¢;) € H(divys;Q) x LH(Q), j € {1,2},
such that

A((o,u),(7,v)) + Bul((o,u),(7,v)) = Fp(T,v)+ Fp(T,v),

aj(p;,m;) +b(n;, &) +cj(w;é5,m;) = Gj(n;), (2.22)

b(p],ﬂ}]) = O)
for all (T,v) € Ho(div; Q) x HY(Q) and for all (n;,;) € H(divys; Q) x L*(Q).

3 Analysis of the coupled problem

In this section we combine the Lax—Milgram, Banach—Necas—Babuska, and Babuska-Brezzi theories,
with the classical Schauder and Banach fixed-point theorems, to prove the well-posednees of ([2.22])
under a suitable smallness assumption on the data.

3.1 Preliminaries

We begin by recalling the Banach—Necas—Babuska theorem, which is the Banach version of the gener-
alized Lax—Milgram lemma in Hilbert spaces (see for instance [2I, Theorem 1.1]). More precisely, we
have the following result [I8, Theorem 2.6].

Theorem 3.1 Let H be a reflexive Banach space, and let a : H x H — R be a bounded bilinear form.
In addition, assume that

(i) there exists o > 0 such that

a(u,v)

0#£veH [vlla

> a|lullg YueH, (3.1)

(ii) there holds

sup a(u,v) > 0 VoveH, v#0. (3.2)
ueH

Then, for each F € H' there exists a unique u € H such that a(u,v) = F(v) Vv € H, and the
following a priori estimate holds:

1
ulla < = [ F ][5
[0

Let us now discuss the stability properties of the forms involved in (2.22)). In fact, using (2.12)) and
performing simple computations, we deduce from (2.15), (2.16]), and (2.20) that the forms A, By, a;,b
and ¢j(w;-,-), j € {1,2}, are bounded as indicated in what follows

[A((e,w), (7.v)] < Call(e,w)[[]I(m, V)], (3-3)

| Bw((or,u), (1,v))] < F[Kllw [[Wloa [[ufose |div(T) oo

< F Koo [Wlloa0 lliall [luflie [div(T)o.0 (3-4)

< FIK]|o lisl* [wllve [ulle l[div(T)

0,2



|ai (P, 1)) < 1Q5 I 125 lldivs i 17 ldiv, 2 (3.5)
o(nj, )| < lImjllaiva 0 1500, (3.6)

and

lcj(wi ¢5,m;)| < Bi Qoo Wlloa 1951l0.4:02 1 llaivy 50

(3.7)
< Ry 1Q; Hloo lliall 1wl 185llo.40 17 lldiv, s0

where C4 is a positive constant depending on v, | K|, k1, and kg. In addition, employing the Cauchy—
Schwarz and Young inequalities, and recalling the definition of f (cf. (2.2)), it is readily seen that
Fp,F, and G; (cf. (2.21)) are bounded, which means that there exist constants Cp, Cr, Cg > 0,
such that

|[Fp(T,v)| < Cp {HUDHO,F + HUD||1/2,P} (T, v)]], (3.8)
Fo(r.v)| < Crligloss (Iellose + 118, lose) (vl (3.9)

and
Gi(n)| < Ca; lloipllijzr 1], 50 (3.10)

where Cp = max {1, k2 |70| }, Cr := |K]|oo, @ = (1r,P2x) € L*(Q2), and Cg; is a positive constant

depending on |[|is]| (cf. [7, Lemma 3.5]). Next, we let V be the kernel of the operator induced by the
bilinear form b, that is

V = {n € H(divy/3; Q) :  div(n) =0 in Q},

and observe, thanks to the definition of a; (cf. (2.20)) and the fact that the inverses of Q; are uniformly
positive definite tensors (cf. (2.3)), that a; is elliptic on V, that is

a’](n7n) > 7 Hn”?iiV4/3;Q v’? € V7 (311)

with a; = Cq,. In turn, according to [9, Lemma 2.1] with p = 4/3, we know that there exists a
constant S > 0 such that b verify the following inf-sup condition

sp AP gy

0a0 Vi€ LY(Q). (3.12)

We end this section by recalling, for later use, that there exist positive constants c¢1(2) and c2(12)
such that (see [2I, Lemma 2.3] and [27, Theorem 5.11.2], respectively, for details)

I3 q + Idiv(T)l5o > (@) IT13q VT € Ho(div; ) (3.13)

and
IVVlga+IvIGr = () viiqe VveHY(Q). (3.14)

3.2 A fixed-point approach

We now rewrite (2.22) as an equivalent fixed-point equation. To this end, we first let S : H(Q) x
L4(©2) — HY(Q) be the operator defined as

S(w,p) :=u V(w,p)c H'(Q) x L*(Q), (3.15)



where (o, u) € Hy(div; Q) x H' () is the unique solution (to be confirmed below) of the problem:
A((o,u),(7,v)) + Bw((o,u), (1,v)) = Fp(T,v) + Fp(T, V), (3.16)

for all (7,v) € Hy(div; Q) x HY(Q). In turn, for each j € {1,2} we let §j : HY(Q) — L*(Q) be the
operator given by

Sj(w) == ¢; VweH(), (3.17)
where (pj7 ®j) € H(div4/3; Q) x L4(Q) is the unique solution (to be confirmed below) of the problem:
aj(p;;m;) +b(n;, &) +cj(widj,m;) = Gji(n;) Vn,; € H(divys; Q), (3.18)

b(pj, ;) = 0 Vi € LY(Q),

so that we can introduce S(w) := (S1(w), Sy(w)) € L4(Q) for all w € H!(Q). Consequently, we can
define the operator T : H'(Q) — H(Q) as

T(w) := S(w,S(w)) VweH(Q), (3.19)
and realize that solving (2.22) is equivalent to finding u € H'(2) such that

T(u) = u. (3.20)

3.3 Well-definedness of T

We begin by establishing a result that provides sufficient conditions under which the operator S (cf.
(3.15))) is well-defined, or equivalently, the problem (3.16) is well-posed.

Lemma 3.2 Assume that for 6 € (0,2v) we choose k1 € (0,20) and ko > 0. Then, there exists 11 > 0
such that for each r € (0,71), and for each (w,p) € HY(Q) x L*(Q) satisfying |[w|1.0 < r, the problem
has a unique solution (o, u) € Ho(div; Q) x H'(Q). Moreover, there exists a constant cg > 0,
independent of (w, ), such that there holds

18w, 9l
(3.21)
= o < @) < es {Jlupllor + unlr + leloso (leloso + 19, loso) }

Proof. We proceed as in [10, Lemma 3.2]. In fact, given (w, ) € H'(Q)xL*(£2), we observe from
and that A + By is clearly a bilinear form. Then, thanks to and , we find that there
exists a positive constant, which we denote by ||A + By||, only depending on v, |K]||co, ||i4]], k1, x2, F,
and ||w||1 o, such that

(A + Bw)((o,u),(7,v))| < A+ Bl (e, 0]l v)],
for all (o, u), (T,v) € Ho(div; Q) x H'(Q). In turn, from the definition of A (cf. (2.15))), we have

1%

1 . . K1
A(r,v), (,9) = LR+ /Q K div(r) - div(r) - L /Q 7V 4 [OVIR0 + e VI

and hence, using (2.3]), and Cauchy—Schwarz and Young’s inequalities, we obtain that for any § > 0
and for all (7,v) € Hy(div; Q) x H(Q), there holds

K1

1 ) )
Ar). o) = (1= ) I+ Cicldiv(rla+ 1 (1 50 ) IV + I

10



In this way, applying the inequalities (3.13]) and (3.14]), we can define the constants

ap(f2) := min {i (1 — ;%) ,CQK} ,  a1(2) := min {cl(Q) ap (), (;K} ,
5 (3.22)
a2(2) = c2(Q) min {Iil <1 - 21/) ,HQ} ,
which are positive thanks to the hypotheses on 4, k1, and k2. In this way, it follows that
A((,v),(1,v)) > aall(T,v)|* V¥(7,v) € Ho(div; Q) x H'(Q), (3.23)

with a4 := min al(Q),ag(Q)}, which shows that A is elliptic on Hp(div;2) x H'(2). Therefore,
é

combining now (3.4) and (3.23), and using the injection i4, we deduce that for all (7,v) € Hy(div; Q) x
H'(Q) there holds

(A+Bu)((7,v), (1,v)) = {an = F Koo lal® [wlh,e flr, v)]2
Consequently, requiring ||wl|; o < 71, with
aA
= . (3.24)
2F K] 1]
we arrive at
(A+ Ba)((7,v),(r,v)) = SH(m v ¥ (7,v) € Ho(div; Q) x H'(Q). (3.25)

Summing up, and owing to the hypotheses on x; and k2, we have proved that for any (w,) €
H'(Q) x L4(Q) such that ||w||;,q < 71, the bilinear form A + By, and the functional Fp, + Fy satisty
the hypotheses of the Lax—Milgram theorem (see, e.g., [21, Theorem 1.1]), which guarantees the well-

posedness of (3.16). Finally, using (3.25)) with (7,v) = (o, u), (3.16]), and the bounds of Fp and F,
(cf. (3.8) and (3.9))), we readily obtain that N

a4
= e wll < Co([[upllor + [upll/zr) + Cr llglloso (Iellose + 119, losn),

which implies (3.21)) with cg := 2 max { Cp, CF} /a4, thus completing the proof. O

Now, we establish the well-posedness of problem (3.18)), or equivalently, that the operator S (cf.
(3.17)) is well-defined. To that end, let us consider the space H := H(div,/3;) x L4*(Q) and the
bilinear form A; : Hx H — R, j € {1, 2}, defined by

for all (p;, ¢;),(n;,v;) € H. Then, owing to (3.5), (3.6), (3.11)), (3.12), and a direct application of

18, Proposition 2.36], we deduce, equivalently, that A, satisfies the following inf-sup condition:
J

A' XirPi)s 777¢1
ap U@ 080D o Y g € B (3.27)
0#£(n; b;)eH [(m,5)l

where v; > 0 is the constant defined by

- a; 8
T+ (28+1Q; o) (a5 + 195 oo)
In this way, bearing in mind (3.27)), we are able to establish the following result.

(3.28)
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Lemma 3.3 There exists ro > 0 such that for each r € (0,r2), for each w € HY(Q) satisfying
[wlli,o <7, and for each j € {1,2}, the problem (3.18)) has a unique solution (p;, ¢;) € H(divy/s; Q) x
L*(Q), j € {1,2}. Moreover, there exists a constant cg > 0, independent of w, such that there holds

2
ISW)lloae = ll(@1,¢2)loae < D lI(p; )l < cgligplyar- (3.29)

j=1

Proof. We proceed as in [7, Theorem 3.6]. In fact, given w € H'(Q) and j € {1,2}, we begin by
defining the bilinear form

where A; and c;(w;-,-) are the forms defined in (3.26) and (2.20), respectively. Then, the problem
(3-18) can be rewritten, equivalently, as: Find (p;, ¢;) € H := H(divy/3; ) x L*(Q) such that
Ajw((p) ¢5), (n,15)) = Gji(ny) V(ny, ;) € H. (3.31)

Therefore, in order to conclude the well-definedness of g, in the sequel we use the Banach—Necas—
Babugka theorem (cf. Theoremm to prove that problem (3.31]) is well-posed. Indeed, given

(X, %), (Mj,1;) € H with (;,1;) # 0, we first deduce from (3.30) and (3.7)) that
sup Ajow (O 24): (3, 95)) - [A((X5 29), @) les(wiey, 1)l
0£(n; b;)€H [(m,%5)l a 17, )l 17, )l
506 20), Gy, )
(15, 95l
which, together with (3.27) and the fact that (7;, %) € H is arbitrary, implies

sup
0#£(n; ;) €H [(m, %)l

=R 1Q5 Hloo liall W12 135, )1,

> (1~ R Q5 oo sl Iwlh.0) 100 )| ¥ (xs000) € HE.

Consequently, requiring now ||wl; o < 72, with

i "

sl 2
r9 := min {7”2 r2} and 7 - -
7 2R 1|Q; [l [liall

(3.32)

we find that

sup 7 > = X Pj v X Pj € H. 3.33
Al s 00l ¥ (0 ) (3.3

On the other hand, for a given (xj, ¢;) € H, we observe that

sup Aj,w((npwj%(XjaWj)) 2 Sup

(m, ;)€ 0#£(n; ;) €H [1(m5,45)
— s Ai((my, ¥5), (X2 05)) + (W3 95, x;5)
0#£(n; ;) €H 1(n, ¥5)l
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which, employing again (3.7)), yields
sup  Ajw((n;,95), (X, ¢5))

(nj»wj)eH
 0#(n;Wj)eH l(n;,¢5)l

=R 11Q5 loo sl Wl [10¢s 20)1I-

Therefore, using the symmetry of A; and the inf-sup condition (3.27)), and considering ||w|[1 o < 72
(cf. (3.32))), we obtain

Vi
o oA, 05), (X0 2)) 2 5 10l > 0 V(x;95) € H, (x;,95) #0. - (3.34)
n;,%;5)€

In this way, it is clear from (3.33) and (3.34) that A, satisfies the hypotheses of the Banach-Necas—
Babuska theorem (cf. Theorem , which guarantees the well-posedness of (3.18]). Finally, using

(3-33) with (x;, ;) = (pj, ¢;), (3:31), and the continuity bound of G; (cf. (3.10))), we get
i
5 e 611l < Ca; léipllyzr (3.35)

which gives with cg := max {c§1,c§2} and cg, = 2Cq,/vj, j € {1,2}, thus ending proof. [

Now, concerning the practical choice of the stabilization parameters k1 and ko, and particularly for
sake of the computational implementation of the Galerkin method to be introduced and analyzed later
on, we first select the midpoints of the corresponding feasible intervals for § and k1, namely § = v and
k1 = 0, respectively. Then, in order to define kg, we aim to maximize the constant ay(2) in ,
which is attained by taking ko = K1 (1 — %) In this way, we propose to consider:

K1 = UV and Ky =

3 (3.36)
3.4 Solvability analysis of the fixed-point equation

Having proved the well-posedness of the uncoupled problems (3.16) and (3.18)), which ensures that the
operators S,S and T are well defined, we now aim to establish the existence of a unique fixed point
of the operator T. For this purpose, in what follows we verify the hypothesis of the Schauder and

Banach fixed-point theorems. We begin the analysis with the following straightforward consequence
of Lemmas 3.2 and 3.3l

Lemma 3.4 Given r € (0,7¢), with ro := min{ri,r2}, r1 as in (3.24) and ro as in (3.32)), we let W,
be the closed and convex subset of H(Q) defined by

W, = {w cH(Q): |wlia < 7’}. (3.37)

In addition, we take the stabilization parameters k1 and ko as in Lemma (particularly, as suggested
in (3.36) ), and assume that the data satisfy

er {Iupllor + luplyyr + lelo.ae (I6plar + 18 o) } < - (3.38)

Then T(W,) C W,.
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Proof. Given w € W, we let ¢ := g(w) and observe that certainly (w, ¢) satisfies the hypotheses
of Lemma Hence, employing the corresponding estimate (3.21]) in combination with (3.29)), we
get ~

IT(W)llLe = [S(w,S(W))lLa = [S(W,9)ll10

IN

cs {HuDHO,I‘ + [[upll1/2,0 + lIgllo.a (cgllopll/2r + !@rHoA;Q)} (3.39)

IN

ex {luplox + fupljzr + lgllosn (I8ph e + 19, lose)
with ¢t := ¢g max {1, c§}. In this way, (3.39) and assumption ([3.38)) imply that T(w) € W,., which
proves that T(W,) C W,. O

Next, we aim to prove the continuity and compactness properties of T, which basically will be direct
consequences of the following two auxiliary lemmas for the operators S and S, respectively.

Lemma 3.5 Let r € (0,r1) with ri given as in (3.24). Then there exists a positive constant Cg
independent of r, such that
o~ 1 ~ ~
IS(w, ) =S(W, @)1 < Tl IS(w, o)l1.allw—wlosa + Cs llglose le — @lloan  (3.40)

for all (w, ), (W,p) € HY(Q) x LY(Q) such that w1, Wi <.

Proof. Given (w, ), (W, @) € H'(Q) x L*(Q2), such that ||W||1 Q, |[Wllio <7, welet (o,u), (o ,u) €
Ho(div; Q) x H'(Q) be the corresponding solutions of (3.16)), so that u := S(w, @) and u := S(w, ).
Then, using the bilinearity of A and B, for any w, it follows easily from - that

(A+ Bg)((,u) = (7,1),(7,v)) = (Bg — Bw)((0,0),(1,V)) + Fpp(T, V),

for all (7,v) € Ho(div; Q) x HY(Q). Hence, taking (7,v) = (o,u) — (&,1) in the foregoing identity,
and then employing the ellipticity of A 4+ By (cf. (3.25))), the fact that ||w| — [w|| < |W — w], the
boundedness property of By (cf. (3.4)), and the definition and continuity of F,, (cf. (2.17)), (3.9)) in
combination with Cauchy—Schwarz and Holder’s inequalities, we readily get

%AII(UM) (@, ®)]* < (By — Bw)((o,u),(0,u) = (,1)) + Fp_p((o,u) - (7,1))

< { w0} lo,w) - (@8,
which, together with the definition of r; (cf. (3.24)) and the fact that u = S(w, ¢), implies (3.40)
with constant Cg := 2 Cp /a4, thus ending the proof. O
Lemma 3.6 Let r € (0,r9) with ry given as in (3.32)). Then there holds
IS(w) — S(W) H S(w)llo.40 W — Wlloan, (3.41)

for all w, w € HY(Q) such that w10,

Proof. We prooced as in [7, Theorem 3.7]. In fact, given w, w € H*(Q) such that ||w]||1 g, [|[W]1.0 <7,
for each j € {1,2} we let (p;, ¢;), (pj, ¢;) € H := H(divys;Q) x L*(2) be the solution of (3.18)
(equivalently of (3.31))), so that (¢1,¢2) = (S1(w),S2(w)) = S(w) and (¢1, ¢2) = (S1(W),S2(W)) =
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S(W). Then, using the linearity of the form Ajw (cf. (3.30)), we deduce after simple computations
that

Aj,w((Pj - 5ja¢j - 9j), (77]'»7/)]')) = *Cj(w - W; ¢ja7’lj) v(rljﬂ/)j) € H.
Then, employing (3.33) with (x;, ;) = (p; — pj, ¢; — ¢~5J) € H and the continuity bound of ¢;(w;-,-)

(cf. (3.7))), we obtain

v N —Cj(W_VAVV;(ZSjﬂ?j)
5 1, 85) = (Pj, &)l < osnrer 0 )l

< R Qoo 19

which, together with the definition of 75 (cf. (3.32))) and the fact that ¢; = §j(w), implies (3.41)) and
conclude the proof. O

As a consequence of Lemmas [3.5] and [3.6] we establish the following result providing an estimate
needed to derive next the required continuity and compactness properties of the operator T.

Lemma 3.7 Let r € (0,7¢), with ro := min{ri,r2}, r1 as in (3.24) and rqo as in (3.32)). Then, for all
w,w € W, (cf. (3.37)), there holds

IT() = Tl
T {uuD||0p+||uD||1/2F+||gH04Q(2||¢ ljor + I, losa ) fiw = Flo o

Proof. Let w,w € W,, such that u = W) and u = T(w). Then, from the definition of T (cf.

(3.19)), and Lemmas [3.5 and [3.6] (cf. and (3.41)), we deduce that
IT(w) = T(W)lho = ||S(WaS(W)) —S(W,S(W))[10

Hijl oy IT(W) S(w) — S(@)lo.40

1 Cs -
< ( IT)o + 25 liglloso [S(w )|0,4;Q> Iw — #0100
llia]| 71 llia]| 72

Hence, using (3 and the fact that Cg cg is bounded by cr, and then bounding ||T(w)|[1,o by -
instead of by r, we conclude from the foregoing inequality that

c 1
IT(w) = T(®) e < 2 { (

il

(3.42)

(3.43)
1 1 ~
+ o + - Igllo,a0 l@p /2 ¢ lWw —Wllo40-
Finally, (3.42) follows from ({3.43)) by noting that both 1/r; and 1/re are bounded by 1/rg. O

Owing to the above analysis, we establish now the announced properties of the operator T.

Lemma 3.8 Let r € (0,7¢), with ro := min{ry,re}, r1 as in (3.24) and ro as in (3.32). Assume that
the stabilization parameters k1 and ko are taken as in Lemma and that the data satisfy (3.38)).
Then T : W, — W, is continuous and T(W,.) is compact.

Proof. The required result follows straightforwardly from estimate , the compactness of the
injection iz : HY(Q) — L*(Q) (see, e.g., [30, Theorem 1.3.5]), and the well-known fact that every
bounded sequence in a Hilbert space has a weakly convergent subsequence. We omit further details
and refer to [8, Lemma 3.8]. O

Finally, the main result of this section is stated as follows.
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Theorem 3.9 Assume the same hypothesis of Lemma 3-8 Then the operator T has a fized point u €
W, (c¢f. (3:37)). Equivalently, the coupled problem (2.22)) has a solution (o, u) € Hy(div; Q) x H!(Q)
and (p;j, ;) € H(divy/s; Q) x L*(Q), j € {1,2}, with u E Wr. Moreover, there holds

e, < ex {Jupllor + lupllyzr + lgloso (I8plzr + I8 o)} (3.4
and

2
Z () < cglldp 1o (3.45)
In addition, if the data satisfy
cT
o {HUDHO,F + [[upll1/2,r + lI8ll0.4;0 (2 ép /2 + HQrHOA;Q)} <1, (3.46)

then the aforementioned fixed point (equivalently, the solution of (2.22))) is unique.

Proof. The equivalence between ([2.22)) and the fixed point equation (3.20)), together with Lemmas
and confirm the existence of solution of (2.22)) as a direct application of the Schauder fixed-point
theorem [12, Theorem 9 12— (b)]. In addition, it is clear that the estimate (3.45)) follows from (3.29)),

whereas combining ) with - we obtain (cf. - On the other hand, using the
estimate (3.42)) and the contmuous injection iy of HI(Q) into L*(Q2), we easily obtain

IT(w) = T(#)l0
cT -
< T {unllor + llaplhjor +lglose (2 ar + 18, los0) fiw = %]

which, thanks to (3.46)) and the Banach fixed-point theorem, yields the uniqueness. O

4 The Galerkin scheme

In this section, we introduce and analyze the corresponding Galerkin scheme for the fully-mixed
formulation (2.22)). The solvability of this scheme is addressed following analogous tools to those
employed throughout Section

4.1 Preliminaries
We begin by considering arbitrary finite dimensional subspaces
HY C Ho(div;Q), Hj CH'Y(Q), Hf C H(divy;Q), H) € LY(Q), (4.1)

whose specific choices are postponed to Sectioin below. Hereafter, h := max {hT : T € Tp} stands
for the size of a regular triangulation 7; of 2 made up of triangles T' (when n = 2) or tetrahedra
T (when n = 3) of diameter hp. In what follows, we set Qh = (O1h, D2,1)s e, = (@1, ©2,n)

€ HY = Hf; X Hf; Then the Galerkin scheme associated with (2.22)) reads: Find (o, up,) € Hf x H}!
and (p; . d;n) € HY x HY,, j € {1,2}, such that

A((oh,un), (Th, Vi) + Bu, (@, an), (Th; Vi) = Fo(Th,va) + Fg (Th, Va),
aj(pj,hvnj,h) + b(nj,h:¢j,h) + Cj(uh;¢j,h7nj,h) = Gj(nj,h), (4.2)

b(pjn,Yin) = 0,
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for all (74, vy) € H x H and (n;5,,%;8) € H? x Hi We now develop the discrete analogue of the

fixed-point approach utilized in Section To this end, we first consider the operator Sy, : H} x Hﬁ —
H}' defined by

Sh(wh, ,) :==up YV (wp,p,) € Hy X Hfz, (4.3)

where (o,u;,) € Hf x H}! is the unique solution (to be confirmed below) of the problem:
A((onup), (Th, Vi) + Bw, ((0h, wn), (Th, Vi) = FD(Ths Vi) + Fo, (Th, Va), (4.4)

for all (74,,vy) € HY x H}. In turn, for each j € {1,2} we let ASJj,h CHp — HZ’ be the operator given
by
Sjn(Wn) == jn Vw, € Hj, (4.5)

where (p;,, $j5) € Hj x H(}f is the unique solution (to be confirmed below) of the problem:

a;(PjnsMjn) + 0N Gin) + ¢ (Wi djnmin) = Gi(myy) Vny, € HY,

(4.6)
b(pjp,jn) = O Vb € HY,

and then we set Sp(wy) := (glyh(wh),gg,h(wh)) € Hﬁ for all w, € H}!. Hence, introducing the
operator Ty, : Hy — H} as

Th(wh) := Su(wn, Sp(wp)) Vwy € HY, (4.7)

we realize that solving (4.2)) is equivalent to seeking a fixed point of T}, that is: Find u;, € H}} such
that
Tp(up) = up,. (4.8)

4.2 Solvability Analysis

We begin by remarking that the same tools employed in the proof of Lemma can be used now
to prove the unique solvability of . In fact, it is straightforward to see that for each w;, € H},
the bilinear form A + By, is bounded with a constant depending on v, F, ||K||oo, ||i4]|, k1, k2, and
W10 In addition, under the same assumptions from Lemma [3.2 on the stabilization parameters,
we find that for each w;, € H}}, A + By, is elliptic on Hf x H}} with the same constant obtained in
- In turn, it is clear that for cach ¢, € Hi, the functional Fcp is linear and bounded as in
The foregoing discussion and the Lax—Milgram theorem allow us to conclude the following result

Lemma 4.1 Let 7 € (0,r1), with vy given as in (3.24), and assume that k1 and ko are taken as in
Lemma . Then, for each (wp,ep,) € Hj x Hi satisfying ||wpll1,0 < T, the problem has a
unique solution (op,up) € HY x H}Y. Moreover, with the same constant cg > 0 from (3.21)), which is
independent of (Wh’fh)’ there holds

[Sh(wh, ;)10
(4.9)
= [[unllie < [(on un)ll < cs {HUDllo,F + [[upll1 /2,0 + lIgllo.ae (e, lo.a0 + ||Qr||o,4;9)}-

We emphasize here that there is no restriction on Hf and H}}, and hence they can be chosen as any
finite element subspaces of Hy(div; Q) and H'(Q), respectively.
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On the other hand, in order to analyze problem (4.6)), we need to incorporate further hypotheses
on the discrete spaces HZ and Hz For this purpose, we now let Vj, be the discrete kernel of b, i.e.,

Vi = {m € B+ bmy,vn) =0 Vo € H). (4.10)
Then, we assume that the following discrete inf-sup conditions hold:

(H.1) for each j € {1,2} there exists a constant &; > 0, independent of h, such that

ai\Mp, X ~
sup LI XR) 5 G o VX € Vi, (4.11)
0#£n,EVy, thHdiV4/3%9

(H.2) there exists a constant 3 > 0, independent of h, such that

sup b(nhv wh)

T > Blenlloan Y €HS. (4.12)
O§éT]h€HZ ,r’h d1V4/3,Q

Specific examples of spaces verifying (H.1) and (H.2) are described later on in Section Notice
that is more general, and hence less restrictive, than assuming that the bilinear forms a; are
elliptic in V. In other words, the latter is not necessary but only a sufficient condition for ,
which is precisely what we apply below in Section for a particular choice of subspaces. In turn,
unless V7, is contained in V, which occurs in many cases but not always, the V-ellipticity of a; does
not follow from its eventual V-ellipticity.

Next, we consider the bilinear form A; (cf. (3.26))) restricted to the discrete space Hy, := HY x Hi;
Thus, employing (3.5)), (4.11), and (4.12), and applying again [18, Proposition 2.36], we are able to
show that A; verifies the following discrete inf-sup condition

sup A (Xns @50)s (M0 50))
0#(n;,1,%j,n)EHR H(nj,hawj,h)H

> Vi 1O ns i)l Y (X s in) € Hi, (4.13)

where 7; (cf. (3.28))), a positive constant independent of h, is defined by

_ a; B2

V== = — - -
DB (2B 411Q5 o) (@ + Q5 o)

(4.14)

We are now in a position to establish the discrete version of Lemma

Lemma 4.2 There exists 7o > 0 such that for each 7 € (0,72), and for each w; € H}' satisfying
[whll1,o < 7, the problem [4.6) has a unique solution (p;,jn) € Hj x Hf, for each j € {1,2}.
Moreover, there exists a constant cg, > 0, independent of wy,, such that there holds

2
ISn(wWr)llogs2 = (b1, P2,0)ll0o.40 < Z Pin i)l < cg, ll@plliyar- (4.15)

Proof. Given wyj, € H}}, we proceed analogously to the proof of Lemma and utilize the continuity
bound of ¢; (cf. (3.7))), and the discrete inf-sup condition of A; (4.13)), to deduce that for each w;, € H}!
satisfying ||wp|1,0 < 72, with

S in 5 2 5. i :
ro := min {7“2,7"2} and 75 = - —, je{1,2}, (4.16)
2R; [|Q5 oo [lia]
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Ajw, (cf. (3.30))) satisfies the discrete inf-sup condition

sup Aj’wh ((Xj:h’ (pj7h)7 ([rlj,hﬁ wj,h))
0#(n;,5,%5,n)EHn (M., Yin)l

o7
> S 1O ein)l Y (X i) €Hpo (417)

Therefore, owing to the fact that for finite dimensional linear problems, surjectivity and injectivity
are equivalent, we conclude from (4.17)) and Theorem that for each j € {1, 2} there exists a unique
(Pjn Pjn) € HY, X HY satisfying

Ajw, (Pjhs @in)s Mjnsin)) = Gimjp) Y0, 050) € Hy, (4.18)

which means that (4.6) is well-posed. In addition, proceeding similarly to (3.29) we obtain (4.15)),
with cg, = max {c§1 .8, h} and cg. L= 2Cq; /7, j € {1,2}, which ends the proof. O
s s Js

We now proceed to analyze the fixed-point equation (4.8). We begin with the discrete version of
Lemma [3.4] whose proof, being a simple translation of the arguments proving that lemma, is omitted.

Lemma 4.3 Let 1 € (0,7), with o := min{ry, 72}, r1 as in (3.24) and 75 as in (4.16), and let Wi
be the bounded subset of Hy defined by

W; = {wh EHY: [walho < ?}. (4.19)

Assume that k1 and ko are taken as in Lemma[3.2], and that the data satisfy

er, {uplor + [upllyzr + lglose (loplar + 16 lose) } < 7, (4.20)
where ct, = cs max {1, c§h}. Then Ty (W5) C Wi

Next, we address the discrete counterparts of the auxiliary Lemmas[3.5 and whose proofs, being
almost verbatim of the continuous ones, are omitted. We just remark that Lemma [£.5] below is derived
using the discrete inf-sup condition (4.13]). Thus, we simply state the corresponding results as follows.

Lemma 4.4 Let 7 € (0,r1) with r1 given as in (3.24). Then, with the same constant Cs > 0 from
(3.40), which is independent of T, there holds

1Sh(Wn,¢,) = Sn(Wn, @,)ll1.0

ISh(wh, @)1 [Wh — Whallose + Cs lgllose lle, — @, loae

1
S e 11
[l 71

for all (Wi, ,), (W, &,) € HE x HY such that [wily0, W10 < 7.
Lemma 4.5 Let 1 € (0,72) with 7o given as in (4.16|). Then there holds

IS (wr) — Sp(W)

lo.a0 < Tl 1Sh(Wh)llo.40 [|[Wh — Whllo,40

for all wy,, Wy, € H}} such that ||wp||1,0, [[Wh|1,0 < 7.
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As a straightforward consequence of Lemmas and and the continuous injection iy of H!(£2)
into L*(9), we can prove the Lipschitz-continuity of the operator T}, (cf. Lemma [3.7)).

Lemma 4.6 Let 7 € (0,7), with 7o := min{ry,72}, r1 as in (3.24)) and 2 as in (4.16)). Then, with
same constant ¢, > 0 from (4.20), for all wy, Wy, € Wi (cf. (4.19)) there holds

[Th(wr) — Trh(Wa)ll1,0

Ty _ (4.21)
< Z={llofor + luplar + gl (212 Iz + 12, lo.s0) fIwn =)0

We are now in position of establishing the well-posedness of (4.2)).

Theorem 4.7 Assume the same hypothesis of Lemma[4.3] and that the data satisfy
CT
=1 0 @liplhar + 18, lnsn) } <1 (4.22)

Then, the operator T}y has a unique fized point u, € Wy (cf. -) Equivalently, the coupled
problem ([4.2)) has a unique solution (o, uy) € HY x Hy and (pj,, ¢jn) € Hf, % Hi, j € {1,2}, with
uy € Wx. Moreover, there holds

[(onup)ll < e, {IIUDHO,F + lupll1/2,r + lgllose (I¢p1 20 + IIQrHOA;Q)} (4.23)

and

2
Z 1 b3l < 5, Idplyr- (4.24)

Proof. It follows similarly to the proof of Theorem [3.9] Indeed, we first notice from Lemma [£.3]
that Tp maps the ball Wi into itself. In turn, it is easy to see from (cf. Lemma that

n: Wz — Wi is continuous, and hence the existence result follows from the Brouwer fixed-point
theorem [12 Theorem 9.9-2]. In addition, it is clear that the estimate follows from ([4.15)),
whereas combining with (4.15), we obtain ([£.23) (cf. (4.20)). On the other hand, the estimate
(4.21)) and the assumption show that T}, is a contraction mapping, which, thanks to the Banach
fixed-point theorem, implies the uniqueness result and concludes the proof. O

4.3 Specific finite element subspaces

In this section, we introduce specific finite element subspaces satisfying and the crucial discrete
inf-sup conditions given by hypotheses (H.1) and (H.2). These discrete spaces arise naturally as
consequence of the same analysis developed in [10, 23] and [9, Section 3] (see also [13 Section 5]).
Then, with the same notations from Section for each T' € T}, we let RT(T") be the local Raviart—
Thomas element of order k > 0, i.e., RT(T) := [Pr(T)]" & Px(T) x, where x := (z1,...,2,)" is a
generic vector of R™ and Py(T) is the space of polynomials defined on T" of degree < k. Then, the
finite element subspaces on () are defined as

HY = {Th € Ho(div;Q): c'rplr € RT4(T) VeeR®, VT e n},
{vh €CE@): vilr € [Prpi(T)]" VT e Th},

(4.25)

HY = {n, € H(divyy;0):  mylr € RTW(T) VT €T},

HY = {wheL4Q: bl € PR(T) VTeTh}.
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It is clear from ([4.25)) that div(Hf) C H;’:, and hence (4.10]) becomes
V= {nh eH: div(n,) =0 in Q}

This fact together with the uniform positiveness of tensors Q;l (cf. ), imply that the bilinear
forms a; (cf. (2.20)) are Vj-elliptic with the same constants a; defined in , and thus the
assumption (H.1) is trivially satisfied. In turn, we know from [I3, Lemma 5.5] (see also [7, Lemma
4.4] or [9, Lemma 3.3] with p = 4/3) that there holds (H.2).

We end this section by collecting next the approximation properties of the finite element subspaces
HY, H}!, Hf, and Hi (cf. (4.25)), whose derivations can be found in [21], [24], and [9, Section 3.1]
(see also [13], Section 5.5)):

(APY) there exists C' > 0, independent of h, such that for each | € (0,k + 1], and for each T €
H'Y(Q) N Hy(div; Q) with div (1) € H/(Q), there holds

dist (7, H7) == _inf |7 = Talaive < Ch {lI7lo + ldiv(r) e}

Th GHZ

(AP}) there exists C' > 0, independent of h, such that for each I € (0, k+1], and for each u € H*1(Q),
there holds
dist (v, H}) := inf |[v—wvullia < Ch V|10
VhEI‘I;'L1
(AP?) there exists C' > 0, independent of h, such that for each [ € (0, k + 1], and for each n € H'(Q)
with div(n) € W-4/3(Q), there holds

dist (. Hp) = inf 0~ mpllav e < OB {Imlla + divim) e }-
Mh h

(AP%) there exists C' > 0, independent of h, such that for each I € (0, k+1], and for each ¢ € Wh4(€Q),
there holds

dist (1, HY) := inf | — ¢plloan < Ch'||llian-
d)hGHi

5 A priori error analysis

In this section, we first derive a Céa estimate for our Galerkin scheme with arbitrary finite element
subspaces satisfying the hypothesis stated in Section Next, using the specific discrete spaces
stated in Section we establish the corresponding rates of convergence. In fact, let (o,u) €
Ho(div; ) x HY(Q) and (p;, ¢;) € H(divys; Q) x LY(Q), j € {1,2}, with u € W,. (cf. (3.37)), be the
unique solution of the coupled problem , and let (o, u,) € HY x H} and (pj,hv bjn) € HZ X Hfz,
j € {1,2}, with up, € Wy (cf. ), be the unique solution of the discrete coupled problem .
Then, we are interested in obtaining an a priori estimate for the error

2
(e w) = (@, wn) [+ 1Py, 05) = (o Bin) .
j=1

To this end, we establish next an ad-hoc Strang-type estimate. In what follows, given a subspace Xy,
of a generic Banach space (X, || - || x), we set for each z € X

dist (z, Xp,) = xlg( |z — xp|lx-
h h

21



Lemma 5.1 Let H be a reflexive Banach space, and let a : HxH — R be a bounded bilinear form with
induced operator A € L(H,H'), such that a satisfies the hypotheses of Theorem . Furthermore, let
{Hp}n>0 be a sequence of finite dimensional subspaces of H, and for each h > 0, consider a bounded
bilinear form ap, : Hp x Hy — R with induced operator Ay, € L(Hy,H),), such that ap|n, xu, satisfies
the hypotheses of Theorem as well, with constant & independent of h. In turn, given F' € H', and
a sequence of functionals {Fp}p>0, with F, € H} for each h > 0, we let u € H and uj, € Hy, be the
unique solutions, respectively, to the problems

a(u,v) = F(v) VveH, (5.1)
and
ah(uh,vh) = Fh(vh) Yy, € Hy,. (5.2)
Then, there holds
Ju— unllis < Csdist (. ) + Cs { 1P — Bl + o)~ an(u Mg ). (5:3)

where Cs 1 and Csz2 are the positive constants given by

2
Cs1 = (1+”~AH+ HJ‘;}ZH> and Cgo = = (5.4)

o )

—_

Proof. We proceed similarly to the proof of [31, Theorem 11.1]. Indeed, employing the inf-sup condition
of the bilinear form ay, (cf. (3.1), the identities (5.1) and (5.2)), and the continuity of A, Ay, F, and
F},, we obtain

AN . 1 .
o=l < (14 P20 aise ot + £ {1F = Bl + int, llatwn) = anwn g o (55)
«a « o wpeHy, h
where ( ) ( )
a\Wh, Vp) — Ap(Wh, Up
la(wh, ) — an(wp, )|, = sup
0#£v,€Hy, ||Uh||H

Then, inspired by [13, Lemma 6.1], we notice that

a(wp,vp) — ap(wp, vp) _ a(wp,vp) — a(u,vp) + a(u,vp) — ap(u, vp) + ap(u, vp) — ap(wp, vp)
v lln v lla

(u,vp) — ap(u, vy)

a
< (M + ARl lle = wnlla +

)

lvnlla
which implies
inf |la(wp, ) — an(wn, ), < (Al + [ Asll) dist (u, Hy) + [la(u, ) = an(u, )|l (5.6)
wp €Hp,
Hence, replacing (5.6 back into (5.5) we obtain (5.3]) and conclude the proof. O

In order to apply Lemma we now observe that the problems (2.22)) and (4.2) can be rewritten

as two pairs of corresponding continuous and discrete formulations, namely
(A+Bu)((g,u),(T.v)) = (Fb+Fp)(r.v)  V(r,v) € Ho(div; Q) x H'(Q),

(A =+ Buh)((ah7 uh)? (Th7 Vh))

(5.7)

(Fp + F?h)(Th,Vh) Y (Th,vh) € Hg X H;;,
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and
Aju((pj, 5), (mj,05)) = Gi(ny) Y (ny,15) € H(divys; Q) x LY(Q),

(5.8)
Ajﬂ-lh((pj,ha ¢j,h)7 (nj,h/‘bj,h)) = G](n],h) v(nj,ha¢j,h) € HZ X Hﬁ,
where the forms A;, and A; ., are defined as in (3.30).
The following lemma provides a preliminary estimate for the error ||(o,u) — (o, us)||.
Lemma 5.2 There exists a positive constant 6’571, independent of h, such that
(o w) = (o wn) | < Csx {dlist (o, HF) -+ dist (u, HR) |
(5.9)

1
+ o [ulli,o lu=unllio+ Cs lIgllose @ — @, o,

where r1 and Cs are defined in (3.24) and (3.40), respectively.

Proof. From (3.25)) we know that the bounded bilinear forms A+ By and A+ By, are elliptic with the
same constant a“‘ . In addition, it is clear that Fp + F¢ and Fp + F¢ are bounded linear functionals

in Hy(div; ) x Hl(Q) and HY x H}, respectively. Then, applying Lemma |5 . to the context given
by (5.7)), we find that

(@, w) = (o, un) | < Csy {dist (o, HF) + dist (u, H})}
_ (5.10)
+Cs2 {1Fs — Fo, legwanyy + [ Bu((0,0),) = Bu, ((,0), )| g <z }-

where, according to (5.4]), the estimates (3.3)), (3.4), and the fact that u € W,.,u;, € W5 (cf. (3.37),
(4.19)), there holds

~ 2 . - ~ 2
Cop =1+ — (3 Ca +F | K|oo [1a]® (27 + 1")) and Cggi= —. (5.11)
aA aA
Next, using the definition of Fy, (cf. (2.17))) and its continuity bound (cf. (3.9))), and applying Holder’s

inequality, we readily get

||F9—th||(ng u (5.12)

In turn, from the continuity bound of By, (cf. (3.4))) and the fact that |\u| - |uh|’ < |[u—uy|, it follows
that

[Bu((e; 1), ) = By, ((e,0), ')H(HaxH;;)' < F|[Klloo lial* [[ufl10 u — upll0- (5.13)

Thus, replacing ([5.12]) and ([5.13] - ) back into (5.10)), and using the explicit expression of 6’372 (cf. (5.11))),
we find that

() = (o, wn) | < sy {dlist (o, ) -+ dist (u, H}) |

2F | K| oo [|14][?
L 2F K loo [li4] ulls
A
which, together with the definition of 71 and Cg (cf. (3.24) and (3.40)), implies (5.9) and concludes
the proof. O

Next, we have the following result concerning |[(p;, ¢;) — (pjn> @jn)ll-
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Lemma 5.3 There exists a positive constant 6’5 1, independent of h, such that

2
Cx
Z p]) d)] p],h’ d)] h)” < CSl Z (dlSt pijp)+dISt (¢]?H¢)) +i ||9D‘|1/2,F||u7uh||1,ﬂa (514)

where cg 1is defined at the end of the proof of Lemma and o is given by (4.16]).

Proof. We first recall from Sections and that the forms A;, and A;y,, j € {1,2}, satisfy the
hypotheses of Lemma on H := H(divy/3; 2) x L*(Q) and Hy, := H‘Z X Hi, respectively, the latter
with constant a = %J (cf. (4.14). Therefore, applying Lemma to the context (5.8)), we arrive at

1(py:65) = (s i)
< C, (dist (py, ) + dist (65,17 ) + CLy [ Asa((p7: 65): ) = A (075 6): ),

where, according to (5.4]), the definition of the form A;y (cf. (3.30))), the estimates (3.5)), (3.6), and
(3.7), and the fact that u € W,.,u;, € Wi (cf. ( m (4.19)), there holds

Ny 9 ,
cgl-_ur7 (64195 o (3+ R liall 27 +7)) ) and Clai==. je{l2h (519

(5.15)

Next, in order to bound the last term on the right-hand side of (5.15)), we notice that the definition
of the form Aj+ (cf. (3.30)) and the continuity bound of ¢; (cf. (3.7)), give

‘A',U((pja ¢])7 (nj,ha wj,h)) - Aj,uh((pj7 d)j)’ (nj,hv %Jz))‘ = ‘Cj(u — Up; ¢j7 T]j,h)‘
< Rj Qoo [liall [l (M i)l Y (M5 %5,0) € H,

which, together with (5.15)), the explicit expression of 6’%2 (cf. (5.16)) and the bound of ||¢;lo 4,0 (cf
(3.39)), yields

(25> 05) = (Pjh Pin)l

2R [1Q; " oo Jlia (5.17)
< Ol (dist (py, FIY) + dist (95, H)) ) + 4 s, 950/l [u = willyg.
J
Then, recalling the definitions of cg and 73, it is easy to see that (5.17)) implies (5.14)) with 6571 =
max {CA’éJ, 6%71}, thus concluding the proof. O

The required Céa estimate will now follow from (5.9) and ([5.14). In fact, we first bound ||¢— ?, llo,40
in . by the right hand side of (| - Next, in order to obtain an explicit expression in terms of
data, we bound |lul| o as in (3.44)) instead of directly by r, that is

lullie < er {Jupllox + unlor + lglose (Iépler + 16, lose) b

which, together with the fact that Cscg and 1/r1,1/72 are bounded by et and 1/7g, respectively,
allows us to deduce from (5.9) that

(@, 0) = (o, )| < Cx {dist (o, HF) + dist (u, F}) }

2
+Cs:1 Cs glloaa Y (dist (p;, HE) + dist (¢, H7) ) (5.18)
j=1
cT
+ 2 { ( 40) }lu = willyo.
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Thus, imposing the term that multiplies [[u — upl|1, in to be sufficiently small, say < 1/2,
we derive the a priori error estimate for ||(o,u) — (o, up)||, which, employed then to bound the last
term on the right-hand side of , provides the corresponding upper bound for 25:1 (P}, ¢5) —
(Pj s ®jn)ll- More precisely, we have proved the following result.

Theorem 5.4 Assume that the data up, QD, and Qr satisfy

1

cT
2 {lplox + up )z + 1glose (2l ar + 12 loan) } < 5.

Then, there ezists a positive constant C, independent of h, but depending on v,F,Rj,||is|, | K] s,
HQ;1H007 Igllo,40, ;75,75 J € {1,2}, and the datum ¢, such that

2
(o) = (an, W)l + D (o) 05) = (P b
j=1 , (5.19)
<C {dist (o, HY) + dist (u, H}) + Z (dist (pj, HY) + dist (¢5, Hz)) }
j=1

Now, in order to approximate the pressure, the velocity gradient, and the heat and diffusive vectors,
we propose, motivated by (2.7) and (2.9)), the expressions

1 1 ~ .
pp = — Etr (oh), (Vu)h = 0'2, and p;, =p;ptRjOjpup, jE {1,2}, (5.20)

respectively, with (o, u,) € Hf x Hy and (p; p,, ¢j.n) € HY x Hi, j € {1, 2}, being the unique solution
of the discrete problem (4.2)). The corresponding error estimates are established in the following lemma.

Lemma 5.5 Assume that the hypotheses of Theorem. hold Let p, Vu, and p pPj,J€ {1,2}, be given
by - . In addition, let py,, (Vu) ,and p Pins J € {1,2}, be the discrete counterparts introduced
in (5.20). Then, there exists a positive constant C, independent of h, but depending on v, F, R;, |i4|l,
1K loo: 11Q; 1||C>O7 Igllo,;0: @a, v5, ¥j, J € {1,2}, and the datum ¢, such that

2
lp = pallog + [[Va = (Vu),llgq + D 18 = Binllos
j=1
2
< C’{dist( JHT) + dist (w, HE) + ) <dlst (p;, Hp) + dist (¢;, H ))}
7=1

Proof. 1t follows from (2.9)) and ([5.20)), adding and subtracting R; ¢; uy, that

Pj — 5]‘,11

= (p; — pjn) +Rj0; (u—wy) +R; (B — djn)up, € {1,2}.

Next, employing the triangle and Holder inequalities, and the continuous injection iy of H'(Q) into
L4(Q2), we find that
074;Q> )

— pjnllog +Rjlisll (H¢j\|o,4;ﬂ [u— w10+ [upllie llé; — d5al

;= p;
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which, together with the estimate (3.35)) bounding ||¢;/0,4;0 and the fact that up € W5 (cf. (4.19))), im-
plies that there exists a positive constant C', depending only on v, F, R;, [/is], || K]|oc, HQ]._1 oo @a, 7j,
j € {1,2}, and the datum @, all of them independent of h, such that

2
Ip = prllon + [Vu— (Va), [l + 317 -~ Bralloo
j=1

2
<C {II(U,H) — (anu)+ Y ll(p): ¢5) — (pj,ha¢j,h)||}'
j=1
Then, the result is a straightforward consequence of the foregoing inequality and Theorem U

Finaly, we complete our a priori error analysis with the corresponding rates of convergence of our
Galerkin scheme (4.2)), for which we supose in the sequel that the finite element subspaces specified
in Section are employed.

Theorem 5.6 In addition to the hypotheses of Theorems and [5.4], assume that there exists
1€ (0,k+1] such that o € H'(Q) NHo(div; Q), div(e) € H(Q), u € H*(Q), and such that for each
je{1,2}, p; e HY(Q), div(p;) € WH/3(Q), and ¢; € WHA(Q). Then, there exists C' > 0, independent
of h, such that

2
(o, w) = (@, wn) | + > 10y, 65) = (P b
j=1

2
< oM {Hollz,n +11div(e)ia + e + 3 (Iojlle + ldiv(o,) lazsa + 116;10) }
j=1

Proof. It follows from the Céa estimate (5.19) and the approximation properties (AP ), (AP}), (AP?)
and (APZ’) specified in Section O

Consequently, from Lemma [5.5[ and Theorem we obtain the optimal convergence of the post-
processed unknowns introduced in (5.20)).

Lemma 5.7 Let (o,u) € Hy(div;Q) x HY(Q) and (p;,¢;) € H(divy/3;Q) x LYQ), j € {1,2}, be
the unique solution of the continuous problem , and let p, Vu, and ﬁj given by —. In
addition, let py, (Vu)h, and ]5]-7;1 be the discrete counterparts introduced in . Assume that the
hypotheses of Theorem [5.6] hold. Then, there exists C > 0, independent of h, such that

2
Ip = prllog + || Vu - (Vu)hH(m + Z 1P — Pjn
j=1

2
< oH {Hallm +divie) o + e + 3 (ol + I1div(e,) liasa + 165l0) }
j=1

lo.

6 Numerical results
In this section we present some examples illustrating the performance of our augmented fully-mixed

finite element scheme (4.2)), and confirming the rates of convergence provided by Theorem and
Lemma Our implementation is based on a FreeFem++ code [25], in conjunction with the direct
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linear solver UMFPACK [I7]. A Newton-Raphson algorithm with a fixed tolerance tol = 1E — 6 is used
for the resolution of the nonlinear problem . As usual, the iterative method is finished when the
relative error between two consecutive iterations of the complete coefficient vector, namely coeff™ !
and coeff™, is sufficiently small, i.e.,

|coeff™ 1 — coeff™ ||,

Hcoeﬁ'm+1 |2

< tol

where || - || 2 is the standard ¢£2-norm in RP% with DOF denoting the total number of degrees of freedom
generated by the finite element subspaces. The condition of zero-average pressure (translated in terms
of the trace of o) is imposed through a real Lagrange multiplier.

Errors between exact and approximate solutions are denoted as
e(0) = o — opllaivie. e(w) =llu—wlie, e®)=lp-pilog. eVu)=|Vu-(Vu),lq.

0,25 ] S {172}

e(p;) = llpj = Pinllaivy 50, e(@5) = l6; — djnlloae, elp;) = pj — Pjn
In turn, we let r(-) be their corresponding rates of convergence, that is

1 / -
r(o) = (W, for each ¢ € {a,u,p, Vu, pj,¢j,pj},

where h and h’ denote two consecutive meshsizes with errors e(¢) and €'(¢), respectively.

The examples to be considered in this section are described next. In all of them, for the sake of
simplicity, we choose the parameters v = 1,0 = 1,R; = 1,Rs = 1, and Qr = (0,0). In turn, and
according to , the stabilization parameters are taken as k1 = v and ko = /2. In addition, in the
first two examples the tensors K, Q1, and Qo are taken as the identity matrix I, which satisfy .

Example 1: 2D domain with different values of the parameter F

In this first example, we corroborate the rates of convergence in a two dimensional domain and also
study the performance of the numerical method with respect to the number of Newton iterations
required to achieve certain tolerance when different values of the parameter F are given. The domain
is the square = (—1,1)2. We consider the potential type gravitational acceleration g = (0, —1)!, and
the data f(¢) given in is adjusted so that the exact solution is given by the smooth functions

sin(mzxy) cos(mza)
— cos(mxy) sin(mza)

wrom -

¢1(x1,m2) = 0.5+ 0.5 cos(z122), ¢Pa(z1,22) = 0.1+ 0.3 exp(z122).

> . p(x1,22) = cos(mzy) exp(x2),

The model problem is then complemented with the appropriate Dirichlet boundary conditions. Tables
and show the convergence history for a sequence of quasi-uniform mesh refinements, including
the number of Newton iterations when F = 10. Notice that we are able not only to approximate the
original unknowns but also the pressure field, the velocity gradient, and the heat and diffusive vectors
through the formulae (5.20). The results confirm that the optimal rates of convergence O(hF*1),
provided by Theorem and Lemma are attained for k = 0,1. The Newton method exhibits
a behavior independent of the meshsize, converging in five iterations in all cases. In Figure [6.1] we
display the solution obtained with the fully-mixed RT; — P, — RT; — P?C —RT; — P(lic approximation
with 1,176, 134 DOF, where P{¢ denotes the piecewise linear discontinuous finite element.
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On the other hand, in Table we show the behaviour of the iterative method with polynomial
degree k = 0, as a function of the parameter F € {10°,10',10%,10%,10%,10°}, considering different
meshsizes h, and a tolerance tol = 1E — 06. Here we observe that the higher the parameter F the
higher the number of Newton iterations required.

Example 2: Convergence against smooth exact solutions in a 3D domain
In our second example, we consider the cube domain © = (0,1)2. The solution is given by

sin(mxy) cos(mxg) cos(mzs)
u(zy, e, x3) = | —2cos(mxy) sin(mxe) cos(mas) |,  p(x1,xe,x3) = cos(mwy) exp(za + x3),
cos(mx1) cos(mxe) sin(mzs)

¢1(x1,22,23) = 0.5 + 0.5 cos(z1zoxs3), ¢Pa2(x1,x2,x3) = 0.1+ 0.3 exp(zix223).

Similarly to the first example, we consider F = 10 and the potential type gravitational acceleration
g = (0,0,—1)", whereas the data f(¢) is computed from using the above solution. The numerical
solutios are shown in Figure which were built using the fully-mixed RTo — Py — RTy—Py—RTy—
Py approximation with 2,497, 827DOF. The convergence history for a set of quasi-uniform mesh
refinements using £ = 0 is shown in Table Again, the mixed finite element method converges
optimally with order O(h), as it was proved by Theorem and Lemma

Example 3: Flow through porous media with channel network

In our last example, inspired by [2, Section 5.2.4], we focus on flow through porous media with channel
network. We consider the square domain €2 = (—1,1)? with an internal channel network denoted as
Qc, which is described in the first plot of Figure We consider the coupling of the Brinkman-—
Forchheimer and double-diffusion equations in the whole domain Q with Q; = 0.51, Q2 = 0.1251,
but with different values of the parameters F and K = «l for the interior and the exterior of the

channel, that is,
P = 10 in € nd _ 1 in Q.
U i oV MY YT 0000 in O\

The parameter choice corresponds to increased inertial effect (F = 10) in the channel and a high
permeability (o = 1), compared to reduced inertial effect (F = 1) in the porous media and low
permeability (o = 0.001). In addition, the boundaries conditions are

u-n=02 u-t=0 on Iy, on=0 on 0N\ D,
$1 =03 on T, ¢1=0 on I‘1"ighta pr-n=0 on Ftop U bottoms
$2=02 on I, ¢2=0 on Frighta py-n=0 on Ftop U I'bottom-

In particular, the first row of boundary equations corresponds to inflow on the left boundary and
zero stress outflow on the rest of the boundary. Notice that our analysis can be extended to this new
boundary conditions after slight modifications. In Figure[6.3|we display the computed magnitude of the
pseudostress tensor component, velocity, velocity gradient component, pseudoheat and pseudodiffusive
vectors, and the temperature and concentration fields, which were built using the fully-mixed RTy —
P, —RTy—Py—RT(;—Pj approximation on a mesh with 27, 287 triangle elements (actually representing
257,284DOF). As expected, we observe faster flow through the channel network, with a significant
velocity gradient across the interface between the channel and the porous media. The pseudostress is
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more diffused, since it includes the pressure field. The temperature is higher on the left of the boundary
and goes decaying to the right of the domain. Notice that both the pseudoheat and pseudodiffusive
vectors are higher in the channel. This example illustrates the ability of the coupling of the Brinkman—
Forchheimer and double-diffusion equations to handle heterogeneous media using spatially varying
parameters. The example is particularly challenging, due to the strong jump discontinuity of the
parameters across the two regions, which are handled very well by our numerical method.

DOF h |iter || e(o) | r(o) | em) [ r(u) | elp) [ r(p) | e(Vu) | r(Vu)

374 | 0.7454 15.8084 - 3.8883 - 1.9479 - 2.8877 -
1556 | 0.3667 7.0304 | 1.142 | 1.8380 | 1.056 | 0.6651 | 1.515 | 1.3648 | 1.056
5666 | 0.1971 3.5383 | 1.106 | 0.9590 | 1.048 | 0.3186 | 1.186 | 0.6954 | 1.086

22022 | 0.1036
87692 | 0.0554
353456 | 0.0284

e(p) | r(py) | e(91) [ r(91) | elpy) | rlpo) | e(¢2) [ r(¢2) | e(py) | r(p1) | e(Po) | r(po)
0.9428 - 0.0453 - 0.5352 - 0.0652 - 0.5526 - 0.3243 -

0.4170 | 1.150 | 0.0200 | 1.152 | 0.2376 | 1.145 | 0.0324 | 0.986 | 0.3640 | 0.589 | 0.1859 | 0.784
0.2173 | 1.050 | 0.0109 | 0.976 | 0.1200 | 1.100 | 0.0177 | 0.975 | 0.2056 | 0.920 | 0.1010 | 0.983
0.1076 | 1.094 | 0.0057 | 1.007 | 0.0603 | 1.071 | 0.0094 | 0.991 | 0.1038 | 1.064 | 0.0512 | 1.059
0.0544 | 1.086 | 0.0029 | 1.090 | 0.0302 | 1.103 | 0.0049 | 1.036 | 0.0528 | 1.076 | 0.0259 | 1.084
0.0270 | 1.051 | 0.0014 | 1.046 | 0.0149 | 1.057 | 0.0024 | 1.087 | 0.0263 | 1.049 | 0.0129 | 1.048

1.7561 | 1.090 | 0.4756 | 1.091 | 0.1528 | 1.143 | 0.3522 | 1.058
0.8814 | 1.099 | 0.2385 | 1.101 | 0.0759 | 1.115 | 0.1754 | 1.112
0.4373 | 1.051 | 0.1182 | 1.052 | 0.0367 | 1.089 | 0.0865 | 1.059

v Ot Ot Ot Ot Ot

Table 6.1: Example 1, Number of degrees of freedom, meshsizes, Newton iteration count, errors, and
rates of convergence for the fully mixed RTy — P; — RTy — Pg — RTy — Py approximation for the
coupling of the Brinkman—Forchheimer and double-diffusion equations with F = 10.
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Figure 6.1: Example 1, Computed magnitude of the pseudostress tensor component, velocity, and
pseudoheat vector, and temperature field (top plots); magnitude of the pseudodiffusive vector, con-
centration field, magnitude of the heat vector and pressure field (bottom plots).
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Figure 6.2: Example 2, Computed magnitude of the pseudostress tensor component, velocity, and
pseudoheat vector, and temperature field (top plots); magnitude of the pseudodiffusive vector, con-
centration field, magnitude of the diffusive vector and pressure field (bottom plots).
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