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Abstract

In this work we present and analyse a fully-mixed formulation for the nonlinear model given by the
coupling of the Navier—Stokes and Darcy—Forchheimer equations with the Beavers—Joseph—Saffman
condition on the interface. Our approach yields non-Hilbertian normed spaces and a twofold saddle
point structure for the corresponding operator equation. Furthermore, since the convective term
in the Navier—Stokes equation forces the velocity to live in a smaller space than usual, we augment
the variational formulation with suitable Galerkin type terms. The resulting augmented scheme is
then written equivalently as a fixed point equation, so that the well-known Schauder and Banach
theorems, combined with classical results on nonlinear monotone operators, are applied to prove
the unique solvability of the continuous and discrete systems. In particular, given an integer
k > 0, Raviart—Thomas spaces of order k, continuous piecewise polynomials of degree < k + 1 and
piecewise polynomials of degree < k are employed in the fluid for approximating the pseudostress
tensor, velocity and vorticity, respectively, whereas Raviart—Thomas spaces of order k and piecewise
polynomials of degree < k for the velocity and pressure, constitute a feasible choice in the porous
medium. A priori error estimates and associated rates of convergence are derived, and several
numerical examples illustrating the good performance of the method are reported.
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1 Introduction

The derivation of suitable mathematical and numerical models for the fluid flow between porous media
and free-flow zones has been widely studied during the last decades, mostly due to its relevance in
the fields of natural sciences, biology, and engineering branches. In particular, physical phenomena
such as vuggy porous media appearing in petroleum extraction, groundwater system in karst aquifers,
industrial filtrations, and blood motion in tumors and microvessels can be modelled by the Navier—
Stokes/Darcy (or Stokes/Darcy) model (see, e.g., [4, [16 BT} [33]), which consists in a set of partial
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differential equations where the Navier—Stokes (or Stokes) problem is coupled with the Darcy model
through a set of coupling equations acting on a common interface, which are given by mass conser-
vation, balance of normal forces, and the so called Beavers—Joseph—Saffman condition. However, in
applications such as the internal ventilation of a motorcycle helmet and reservoir wellbore (see, e.g.,
[7, 1), B]), when the fluid velocity is higher and the porosity is nonuniform, which holds when the
kinematic forces dominates over viscous forces, a better way to study this phenomenom is modifying
the Darcy model in the porous medium by adding the Forchheimer term, which represents inertial
effects, thus obtaining the Darcy-Forchheimer model (see [34] [32]).

In this context, and up to the authors’ knowledge, one of the first works in analysing the Navier—
Stokes/Darcy—Forchheimer coupled problem is [3]. In there, the authors study the coupling of a 2D
reservoir model with a 1.5D vertical wellbore model, both written in axisymmetric form. The physi-
cal problems are described by the Darcy—Forchheimer and the compressible Navier—Stokes equations,
respectively, together with an exhaustive energy equation. Later on, motivated by the study of the
internal ventilation of a motorcycle helmet, a penalization approach, for both 2D and 3D domains, was
introduced and analysed in [I1]. In particular, the authors consider the velocity and pressure in the
whole domain as the main unknowns of the system, and the corresponding Galerkin approximation
employs piecewise quadratic and linear elements for the velocity and pressure, respectively. More re-
cently, in [§] a primal-mixed formulation of the Navier—Stokes/Darcy—Forchheimer system is analyzed
by means of a fixed-point argument and clasical results on nonlinear monotone operators (see [35] [36] ).
The corresponding mixed finite element scheme employs Bernardi-Raugel elements for the velocity in
the free fluid region, Raviart—Thomas elements of lowest order for the filtration velocity in the porous
media, and piecewise constant elements for the pressures and the Lagrange multiplier. Meanwhile,
a fully-mixed finite element method is developed and analyzed for the coupling of the Stokes and
Darcy—Forchheimer problems in [2]. This new approach yields non-Hilbertian normed spaces and a
twofold saddle point structure for the corresponding operator equation, whose continuous and discrete
solvabilities are analyzed by means of a suitable abstract theory developed for this purpose.

According to the above bibliographic discussion, the purpose of the present paper is to extend the
results obtained in [§] and [2] to the coupling of the Navier-Stokes and Darcy—Forchheimer prob-
lems with constant density and viscosity, but unlike [8], by considering now dual-mixed formulations
in both domains. We introduce the pseudostress tensor as in [6] and subsequently eliminate the
pressure unknown using the incompressibility condition. In addition, and in order to impose the
symmetry of the pseudostress tensor, similarly to [20] 2], the vorticity is introduced as an additional
unknown. The transmission conditions consisting of mass conservation, balance of normal forces, and
the Beavers—Joseph—Saffman law are imposed weakly, which yields the incorporation of additional
Lagrange multipliers: the traces of the porous media pressure and the fluid velocity on the interface.
Furthermore, the difficulty that the fluid velocity lives in H' instead of L? as usual, is resolved as in
[6] by augmenting the variational formulation with residuals arising from the constitutive and equilib-
rium equations for the fluid flow, and the formula for the vorticity tensor. The resulting augmented
variational system of equations is then ordered so that it shows a twofold saddle point structure. The
well-posedness and uniqueness of both the continuous and discrete formulation is proved employing a
fixed point argument and an abstract theory for twofold saddle point problems (see [I8], 20} 2]). In
particular, for the continuous formulation, and under a smallness data assumption, we prove existence
and uniqueness of solution by means of a fixed-point strategy where the Schauder (for existence) and
Banach (for uniqueness) fixed-point theorems are employed. In addition, an a priori error analysis
is performed, and while it is possible to prove that the finite element method is convergent with a
sub-optimal rate, the numerical results suggest that the method is optimally convergent provided the
exact solutions are smooth enough. In particular, given an integer £ > 0, we find that the inte-



rior Navier—Stokes variables: pseudostress tensor, velocity and vorticity, can be approximated using
Raviart—Thomas spaces of order k, continuous piecewise polynomials of degree < k + 1 and piecewise
polynomials of degree < k, respectively, while the interior Darcy—Forchheimer variables: velocity and
pressure, can be approximated using Raviart—Thomas spaces of order k& and piecewise polynomials of
degree < k.

The rest of this paper is organized as follows. The remainder of this section describes standard
notations and functional spaces to be employed along the paper. In Section [2| we introduce the
modelling equations for the free-flow zone, the porous medium and the interface, to then in Section
derive an augmented fully-mixed variational formulation that will be written as a nonlinear operator
equation with a twofold saddle point structure. In addition, a suitable abstract theory for this type of
problem is developed here, which includes the proper hypotheses on the spaces and involved operators
to be imposed in order to guarantee the well-posedness of the continuous problem in rather general
Banach spaces. Then, in Section [4] we use a fixed-point strategy to establish that our variational
formulation is well posed. Next, in Section [5| we define the Galerkin scheme and derive general
hypotheses on the discrete subspaces ensuring that, on the one hand, the discrete scheme becomes
well posed, and on the other hand, it satisfies a Céa’s estimate. A specific choice of finite element
subspaces satisfying these assumptions as well as a sub-optimal rate of convergence are introduced in
Section [6] Finally, several numerical examples illustrating the performance of the method, confirming
the theoretical sub-optimal order of convergence, but at the same time suggesting an optimal rate of
convergence, are reported in Section

We end this section by introducing some definitions and fixing some notations. Let O C R",
n € {2,3}, denote a domain with Lipschitz boundary I". For s > 0 and p € [1,+o0] we denote by
LP(O) and W5P(O) the usual Lebesgue and Sobolev spaces endowed with the norms | - ||1»(0y and
| - |ls.p:0, Tespectively. Note that WOP(O) = LP(QO). If p = 2, we write H*(O) in place of W>2(0), and
denote the corresponding Lebesgue and Sobolev norms by || - [lo,0 and || - ||s,0, respectively, and the
seminorm by |-|s 0. In addition, we denote by W1/4P(T') the trace space of W'P(0), and let W—/44(T")
be the dual space of W/%P(I") endowed with the norms || - l11/qp:0 @and || - [[=1/q,q;r Tespectively, with
p,q € (1, 400) satisfying 1/p+1/q = 1. By M and M we will denote the corresponding vectorial and
tensorial counterparts of the generic scalar functional space M, and || - ||, with no subscripts, will stand
for the natural norm of either an element or an operator in any product functional space. In turn, for
any vector fields v = (v;)i=1, and W = (w;)i=1,n, we set the gradient, divergence, and tensor product
operators, as

Gvi
Vv = (8%> o 1n, divv := Z 0:17] and v ®W = (v;wj)ij=1,n-

Furthermore, for any tensor fields T = (75)i j=1,n and ¢ = (;j)i,j=1,n, We let divT be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

1
t d
T = (75 ii=1.ns ET, T: _E 7:C: and T :=T1 — —tr (1),
(]z)z,] 1n %3 C : 1]<2] n ( )
ij=
where I is the identity matrix in R™*". In what follows, when no confusion arises, | - | will denote the

Euclidean norm in R™ or R™*™, Additionally, we recall that

H(div; ) := {T cL2(0): divr € LQ(O)},
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equipped with the usual norm
I 1Giv:0 = I7ll5.0 + ldivr|§ o

is a standard Hilbert space in the realm of mixed problems. On the other hand, the following symbol
for the L2(T") inner product

&N = /Fﬁ)\ Ve N € LA,

will also be employed for their respective extension as the duality parity between w1/ L9T) and
W1/a4P(T). Furthermore, given an integer & > 0 and a set S C R™ P4(S) denotes the space of
polynomial functions on S of degree < k. In addition, and coherently with previous notations, we
set Pr(S) := [Px(S)]" and Px(S) := [Pr(S)]"*". Finally, we end this section by mentioning that,
throughout the rest of the paper, we employ 0 to denote a generic null vector (or tensor), and use C
and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants independent of the
discretization parameters, which may take different values at different places.

2 The model problem

In order to describe the geometry under consideration we let g and p be bounded and simply
connected open polyhedral domains in R™, n = {2, 3}, such that 0QsNdQp = X #  and QsNQp = 0.
Then, we let I's := 0Qg\ 3, I'p := 0p \ T, and denote by n the unit normal vector on the boundaries,
which is chosen pointing outward from 2 := QgU X UQp and Qg (and hence inward to Qp when seen
on ). On X we also consider a set of unit tangent vectors, which is given by t = t; when n = 2
(see Figure below), and by {t;,t2} when n = 3. The problem we are interested in consists of the
movement of an incompressible viscous fluid occupying g which flows towards and from a porous
medium Qp through X, where Qp is saturated with the same fluid. The mathematical model is defined
by two separate groups of equations and by a set of coupling terms. In the free fluid domain g, the
governing equations are those of the Navier—Stokes problem with constant density and viscosity, which
are written in the following nonstandard pseudostress-velocity-pressure formulation:
og = —psl + 2ue(u3) — p(us &® us) in g, divug=0 in Qg,
2.1
—diVO’S = fs in Qs, us = 0 on Fs, ( )

where og is the nonlinear pseudostress tensor, ug is the fluid velocity and pg is the pressure. In
1

addition, e(ug) := i{Vus + (Vus)t} stands for the strain tensor of small deformations, p is the

viscosity of the fluid, p is the density, and fs € L2(f)g) is a given external force.

Figure 2.1: Sketch of a 2D geometry of our Navier—Stokes/Darcy—Forchheimer model



Now, in order to derive our fully-mixed formulation, we first observe, owing to the fact that
tre(ug) = div ug, that the first two equations in (2.1)) are equivalent to

1 .
os = —psl + 2pe(ug) — p(us @ ug), psg = —tr (0s+plug®ug)) in Qg, (2.2)

and hence, eliminating the pressure pg (which anyway can be approximated later on by the post-
processed formula suggested by the second equation of (2.2))), the Navier—Stokes problem ({2.1]) can be
rewritten as

0'(81 = 2ue(ug) — p(ug ® us)d in Qg, —-diveg=fs in Qg, ug=0 on TI&g. (2.3)

Next, in order to impose weakly the symmetry of the pseudostress tensor and employ the integration
by parts formula, we introduce the additional unknown

1 O
N = 5{Vus—(VuS)} i Q, (2.4)

which represents the vorticity. In this way, instead of (2.3), in the sequel we consider the set of
equations with unknowns og, vg and ug, given by
1

ﬂdg =Vug —vg — %(US & us)d in Qg, —divog=fg in g, ug=0 on I}, (2.5)

where og is a symmetric tensor in €1g.

In the porous medium )p we consider a nonlinear version of the Darcy problem to approximate
the velocity up and the pressure pp, which is considered when the fluid velocity is higher and the
porosity is nonuniform. More precisely, we consider the Darcy—Forchheimer equations [34] 32]:

F
BK_luD+f|uD|uD+VpD:fD in Qp, divup=g¢gp in Qp, up-n=0 on Ip, (26)
p p

where F represents the Forchheimer number of the porous medium, and K € L*°()p) is a symmetric
tensor in Qp representing the intrinsic permeability & of the porous medium divided by the viscosity
i of the fluid. Throughout the paper we assume that there exists Cx > 0 such that

w- K (x)w > Ck|w|?, (2.7)

for almost all x € Qp, and for all w € R™. In turn, as will be explained below, fp and gp are
given functions in L3/ 2(Qp) and L?(Qp), respectively. In addition, according to the compressibility
conditions, the boundary conditions on up and ug, and the principle of mass conservation (cf.
below), gp must satisfy the compatibility condition:

/ gp = 0.
Qp

Finally, the transmission conditions that couple the Navier—Stokes and the Darcy—Forchheimer models
through the interface 3 are given by

n—1
us-n=up-n on X and ogn+ Zw;l(us -t;)t; = —ppn on X, (2.8)
i=1

where {w1,...,w,—1} is a set of positive frictional constants that can be determined experimentally.
The first equation in (2.8]) corresponds to mass conservation on X, whereas the second one establishes
the balance of the normal forces and a Beavers—Joseph—Saffman law.



3 The continuous formulation

In this section we proceed analogously to [8, Section 2] (see also [2, O, 21} 20]) and derive a weak
formulation of the coupled problem given by (2.5, (2.6)), and (2.8]).

3.1 Preliminaries

We first introduce further notations and definitions. In what follows, given x € {S,D}, we set

(P @)« :z/Q*pq, (u,v)s :z/*u-v and (o, 7)s :z/*a:r.

In addition, in the sequel we will employ the following Banach space,
HS(diV ) QD) = {VD € LS(QD) : divvp € LQ(QD)},
endowed with the norm

: 1/
Vol aivap) = (IVDIEa(ap) + Idiv Vol o, )

and the following subspaces of L.2(fs), H*(Qs) and H?(div; Qp), respectively

HFD(div;QD) = {VD cH3*(div;Qp): vp-n=0 on FD}.

ns € L2(Qs) : ntsz—'ns}a

skew

HFS (Qs) Vg € H! QS v =0 on Fs},

Notice that H3(div;Qp) = H(div;Qp) N L3(Qp), which guarantees that vp - n is well defined for
vp € Hp (div; Qp) (see [8, Section 2.2] for details). In addition, analogously to [20] (see also [9]) we

n
need to introduce the space of traces HI/Z(E) = [Hé{f(E)] , where

H/2(2) = {v|E v H%S(Qs)}.
Observe that, if Egg : HY/2(X) — L2(8Qg) is the extension operator defined by

Eos(¥) := {15 o ? Vo € H2(R),

we have that L
Hop (%) = {v € HYA(S): Eos(v) € HY2(99)},

which is endowed with the norm ||9[[12,00;5 := [[Eo,s(%)[l1/2,00- The dual space of H(l)[/)Q(Z) is denoted
by Hy/*(2).



3.2 The augmented fully-mixed variational formulation

We now proceed with the derivation of our augmented fully-mixed variational formulation for the
Navier—Stokes/Darcy—Forchheimer coupled problem. To this end, we begin by introducing two addi-
tional unknowns on the coupling boundary

¢ = —usly € H)X(S), A:=ppls € W/3¥/2(x),

Then, similarly to [22, 20] and [§], we test the first equations of and with arbitrary
Ts € H(div;Qg) and vp € H%D(div;QD), respectively, integrate by parts, utilize the fact that
o‘s1 Ty = ag : T(Si, and impose the remaining equations weakly, as well as the symmetry of og
and the transmission conditions to obtain the variational problem: Find og € H(div;Qg),vg €
L2.(Qs), ¢ € HO(/) (X),up € H%D (div; Qp), pp € L2(Qp), A € W/33/2(£) and ug in a suitable space
(to be specified below), such that

(78 s + (s, divr)s + (rsm. @)y + (15, 7s)s + o (us S us) o) = 0
%(K Yup, vp)p + i(|uD’uD7VD)D — (pp,divvp)p — (vp -n,\)y, = (fp,vD)D,
—(dives,vs)s = (fs,vs)s,
(go.divup)p = (gp.ap)p, 1)
(os,mg)s = 0,
—(p-n,{)y —(up - n,&y, = 0,
<0'Sna¢>z—<%¢>t,2 (¥ -n, Ny = 0,

for all 75 € H(le 95)7778 € Lskew( ) (RS Hl/ (Z)aVD € H%D(diV;QD)7QD € LQ(QD)7§ S
W1/33/2(%) and vg € L?(Qg), where

n—1
<907¢>t72 = Zwi_l <SO ' tla’lp : tl>Z
i=1
Notice here that the term (v - n,§)s, is well-defined for all v € H1/2( ¥) and for all & € W1/33/2(%)
(see [2, Lemma 2.2] for details). Notice also that the fifth term in the first equation of (3.1) requires
ug to live in a smaller space than L?(f2s). In fact, by applying the Cauchy—Schwarz and Holder

inequalities and then the continuous injection i. of H'(2g) into L*(Qs) (see, e.g., [I, Theorem 6.3]),
we find that there holds

[msllaiviog,  (3.2)

((us ® ws), 78)s| < [lusllra(ae) WsllLi(ae) ITsllo.s < [licll?llus]l1oq

for all ug, ws € H'(Qg) and 75 € H(div;s). According to this, we propose to look for the unknown
ug in HILS(QS) and to restrict the set of corresponding test functions vg to the same space.

Next, analogously to [20] (see also [9]), it is not difficult to see that the system (3.1)) is not uniquely
solvable since, given any solution (og,7g,us,,up,pp,A) in the indicated spaces, and given any
constant ¢ € R, the vector defined by (g — cl,vg, us, ¢, up,pp + ¢, A + ¢) also becomes a solution.

As a consequence of the above, from now on we require the Darcy—Forchheimer pressure pp to be in
L2(Qp), where

L2(Qp) = {qD € L2(Qp) : (qp,1)p = 0}.

7



In turn, due to the decomposition L2(Qp) = L3(p) @ R, the boundary conditions ug = 0 on I's and
up -n = 0 on I'p, the first transmission condition in , and the fact that (¢gp,1)p = 0, guarantee
that the fourth equation of is equivalent to requiring it for all gp € L3(Qp).
On the other hand, for convenience of the subsequent analysis, we consider the decomposition (see,
for instance, [5l [17])
H(div; Qg) = Hp(div; Qg) @ RI,

where
Ho (div; Qg) == {T € H(div;Qg) : (tr7,1)s = o}

and redefine the pseudostress tensor as og := og + /I, with the new unknowns og € Hy(div;{2g) and
¢ € R. In this way the first and the seventh equations of (3.1)) are rewritten, equivalently, as

1 .
ﬁ( $79)s + (us, divrs)s + (Tsn, @)y, + (vg, Ts)s + %((US @ug)d, Ts)s = 0,

J{p-n, 1>2 = 0, (3-3)

<0-Sn7¢>2 - <907 ¢>t72 + <’¢) -, )‘>Z =+ ¢ <¢ - n, 1>Z = O>

for all 7g € Hy(div;€g), 7 € R and ¢ € H(1)62(E), respectively. Finally, we augment the resulting
system through the incorporation of the following redundant Galerkin-type terms:

ki(diveg,divrg)s = —k1(fs,divrg)s Vs € Hy(div; Qg),
P d I 4 1
ko [ e(ug) — —(ug ®ug)” — —og,e(v =0 Vvge Hp. (Qg),
2( (us) 2u( s ® ug) 573 ( S)>S s € Hr,(Qs) (3.4)

1
K3 (78 - §{VUS - (VUS)t}a"?S> =0 Vns € Lgkew(QS)7
S

where k1, ko and k3 are positive parameters to be specified later. Notice that the foregoing terms
are nothing but consistent expressions, arising from the equilibrium and constitutive equations, and
the definition of the vorticity in terms of the velocity gradient (cf. ) It is easy to see that each
solution of the original system is also a solution of the resulting augmented one, and hence by solving
the latter we find all the solutions of the former.

Now, it is clear that there are many different ways of ordering the augmented mixed variational
formulation described above, but for the sake of the subsequent analysis, we proceed as in [23] (see also
[20, 9]), and adopt one leading to a doubly-mixed structure. For this purpose, we group the spaces,
unknowns, and test functions as follows:

X := Ho(div; Qs) x Hp (Qs) x L2, (Qs), Xo:=H} (div; Op),
X =Xy x Xy, Y :=HA(E) x W/33/2(5),
H:=XxY and Q:=12(Qp) xR,

o= (Gs,US,’Ys) € Xl, T = (757V87nS) € Xl’

)€Y, p=(p,l)€Q,
)GY, q= (qDaj) € Qa

|+

= (o,up) €X, ¢ A
r:=(r,vp) €X, 9 := (9§

]



where X1, X, Y, H and Q are respectively endowed with the norms

Izllx, = l7sllaivios + [[vsllnas + Imsllo.s
Iellx = llzlx, + [[vDll#s(div0p);
1¥lly = ll¥lli2005 + 1I€ll/33/2:5
I, )lle = lrlx + [/,
lalo = llaplloon + 11I-

Hence, the augmented fully-mixed variational formulation for the system (3.1)), (3.3]) and (3.4]) reads:

Find ((t, ), p) € H x Q such that

[A(us)(t, ), (r, )] + [B(r, %), p] = [F,(r,9)] V(r,9) cH,

[B(t, ), q] = [G,q] VqeQ,

where, given wg € H%S(Qs), the operator A (wg) : H — H’ is defined by

[A(ws)(t, ), (r,9)] := [a(ws)(t), £] + [b(r), o] + [b(t), Y] — [c(¢), ¥],

with the operator a(wg) : X — X’ given by

la(ws)(t),r] == [As(o), ] + [Bs(ws) (o), ] + [Ap(up), vp],

with
[As(a), 7] = ;ﬂ(a(sia 78)s + k1 (dives, divrs)s + (us, divrs)s — (dives, vs)s
+ (73, T8)s — (078, mg)s + K2 (e(us) - ;ﬂffg’e(vs)>s
+ K3 (’Ys - %(VUS - (VUS)t)ﬂ?s)S,
[Bs(ws)(a), 7] = i ((WS ®ug)!,Ts — /fze(Vs)>S,
[Ap(up),vp] := %(K_luD,VD)D + 1;(|UD|UD,VD)D,

whereas the operators b: X — Y’ and ¢: Y — Y’ are given, respectively, by
[b(r), %] := (Tsn, )5, — (vp -1, {5,

[C(f),ﬁ] = <307 ¢>t72 + <SO -1, g)E - <¢ - n, >\>E )
and the operator B : H — Q' is defined by

[B(r,%),q] := —(¢p,divvp)p + 7 (¢ - n, 1)y,

In turn, the functionals F and G are set as

[F, (r,9)] := —r1(fs, divrs)s + (fs, vs)s + (fo, vp)p  and  [G,d] := —(gp, qp)D-

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

In all the terms above, |-, -] denotes the duality pairing induced by the corresponding operators. In
addition, we let b’ : Y — X’ and B’ : Q — H’ be the adjoint of b and B, respectively, which satisfy



[b'(4), (r)] = [b(r), %] and [B'(q), (r,)] = [B(r,%),q] for allr € X,4 € Y and q € Q. Then, it is

clear that (3.5)) can be written equivalently as
a(Ws) b’

el

from which the twofold saddle point structure is evident.

3.3 An abstract theory for twofold saddle point problems

In this section we develop and analyze an abstract theory motivated by the twofold saddle point
problem (3.5). To this end, a modification of what was done in [2] will be employed (which is already
a modification of what was done in [I8] and [29]). First we introduce some definitions that will be
utilized next. Let X and Y be reflexive Banach spaces. Then, we say that a nonlinear operator
T :X — Y is bounded if T'(S) is bounded for each bounded set S C X. In addition, we say that a
nonlinear operator T : X — X' is of type M if u,, = u, Tu,, = f and limsup [Tuy,, u,] < f(u) imply
Tu = f. In turn, we say that T is coercive if

[Tu, u)
]

— o0 as |ul]] = 0.

Now, let X1, X2,Y, @ be separable and reflexive Banach spaces, set X := X7 x Xo and H := X XY,
and let X1, X5, Y Q. X" := X| x X}, and H := X’ x Y’, be their respective duals. Let a : X — X’
be a nonlinear operator and b: X —Y’, ¢c: Y —Y’, and B : H — @' be linear bounded operators.
We also let v/ : Y — X’ and B’ : Q — H’ be the corresponding adjoints, and define the nonlinear
operator A: H — H' as:

—c ¢

Then, we are interested in the following nonlinear variational problem: Given (F,G) € H' x @', find
((t,9),p) € H x @ such that

[A(t, ), (r,9)] + [B'(p), (r, )] = [F,(r,9)] V(r,%)€ H,
[B(t, %), d] = [G,q] VqeQ.

In what follows we proceed as in [2, [I8, 20] to derive sufficient conditions under which (3.13) is
well-posed. We first let V' be the kernel of B, that is

Alr, 1) = [Z b/] [ ' } e H V(r,)eH.
(3.13)

vi={@¥) eH: [B@r.¢).d=0 vaeQ},
and assume that:
(Bp) H is uniformly convex.

(B1) B: H — @' is surjective, which means that there exists § > 0 such that

[B(I', ¢),Cﬂ
[B(r,%),q] ., |
(ri}ﬁl)iH XA Blale Vae@

(r,})#0
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Then, given G € @’ there exists a unique (tg, @) € H such that (see [29, Lemma A.1] for details):
1
Blta:pc) =G and |(ta, eo)ln = llite. eclllay < 5 1Gle (3.14)

where [tg, pq] = {(r, Y) e H: (tg—r,pq— ) € V} is the equivalence class in the quotient space

H/V. Under the previous assumptions, we can show the following preliminary result.

Lemma 3.1 Assume that hypotheses (By) and (By) hold. Then, the following problems are equivalent:

Find ((t,¢),p) € H x Q such that Find (t,p) € H such that
(P) 4 [A(t, ), (v, 9)] + [B' (D). (r,9)] = [F.(r,9)],  (P)( [A(t, ), (r,9)] = [F. (v,9)],
for all (r,v) € H. for all (r,9) € V.

More precisely, if (t,) € H is solution of (]3), we can define p € @ as the unique solution of the
following problem: Find p € Q) such that

[B'(p), (r, )] = [F' — A(t, ), (r,9p)] V(r, %) € H. (3.15)

Then ((t,),p) is solution of (P). Conversely, if ((t,),p) € H x Q is a solution of (P) then (t, )
is solution of (P) and p is solution of (3.15)).

Proof. First, let (t,¢) € H solution of (ﬁ) and notice that has a unique solution. In fact, since
(t, ) is solution of (P) then F — A(t, ) € °V := {G e H : Gr,y)=0 Y(r,¢) € V}. Hence,
since assumption (Bj) also guarantees that the adjoint operator B’ is an isomorphism from @ into
°V, we deduce that there exists a unique p € ) solution of satisfying

1, 1
Iplle < 3 1B" ()|l g = 5 |1F — A(t, )| m, (3.16)

and therefore ((t, ), p) is solution of (P). The second assertion is evident. O

Next, for the subsequent analysis, we let X and Y subspaces of X and Y, respectively, such that
Vi=XxY.In addition, since F' is linear we are able to define two functionals, F; and F5, such that
[F, (r,v)] = [F1,r] + [F2,%]. In this way, we can state the following lemma.

Lemma 3.2 Assume that hypotheses (Bg) and (Bi1) hold, and let (tq,vq) € H satisfying (3.14).
Then, problem (3.13)) is equivalent to: Find (to,py) € V such that

[A(to + ta o + @a). (r. )] = [F. (r.9)] V(r,¢) €V, (3.17)
or equivalently, such that
[a(to +ta),r] + [V (oo + wo),x] = [Fi,r] VreX,

[b(t0+tG)7¢]_[C(LPO—FQOG)/’M = [FQ,’!,D] V":DE?

Moreover, the problem (3.13|) has a unique solution if and only if the problem (3.17) has a unique
solution.

(3.18)

Proof. 1t follows from a slight adaptation of [2, Lemma 3.2] taking in account now (3.15)), in conjunction
with [2, Lemma 3.3]. We omit further details. O

According to the previous analysis, we focus now on analyzing the solvability of (3.18). To that
end, let us first assume the following assumptions:

11



(Ap) X1,X2 and Y are uniformly convex.

(A1) there exists constant v > 0 and pi,p2 > 2, such that

2
pj—2
la(t) = a(r)llx <v ) {Iltj —rjllx; + (It — rjllx; <||tj||Xj + IIYjHXj) } :
j=1

for all t = (t1,t2),r = (r1,12) € X.

(Ay) for each s € X, the operator a(-+s) : X — X’ is strictly monotone in the sense that there exist
a > 0 and pq,p2 > 2, such that

[a(t +s8) —a(r+s),t—r] >« {Ht1 —rll, +lt2 — rz”?{i}v

for all t = (t1,t2),r = (r1,12) € X.
(A3) there exists 1 > 0 such that
oy 12041

rex Tl
r#0

> B ¢lly Yy ev.

Notice that hypothesis (Ap) implies (By). Then, we can state the following preliminary lemma.

Lemma 3.3 Assume that hypotheses (A1) — (A3) hold. Then, given v € Y and (ta,pq) € H satis-
fying (3.14) there exists a unique to(1p) € X, such that

[a(to() + tg),r] = [FL — V(¢ + pg),r] Vre X. (3.19)

Moreover, there exists Cy > 0, depending only on «, 3,7, p1,p2 and ||b'||, such that

1/(pi—1)
ItoCw)lx < €1 s { (Il + IRl + Gl + 1G5 + 1615 + lao)er) "]

ie{1,2}
- (3.20)
In addition, given |, Py € Y for which to(tp;) and to(vpy) satisfy (B.19), there exists Co > 0,
depending only on «,p1,p2 and ||V, such that

Ito(t1) ~ to(eba)lx < Co manc {19y — wholly/ ™7V} (3.21)
ie{1,2

Proof. We begin by noting that hypothesis (Aj) implies that the nonlinear operator a is continuous,
and hence obviously hemi-continuous. In this way, as a consequence of hypotheses (A1) — (Ag) we
deduce the well-posedness of the problem (see [8, Theorem 3.1] for details). In turn, given
1,y €Y for which to(ep;) and to(v,) satisfy (3.19), we deduce that

[a(to(ty) + ta) — alto(why) + ta),x] = [V (g — b)), 1] Vre X, (3.22)

Then, if we assume that to(v;) = to(v5), hypotheses (A1) and (A3), and (3.22), imply that 9, = ;.
Equivalently, this shows that given 1, %, € Y with 1, # 1, the solutions tg () and to (1)) of
are in fact different. Now, in order to obtain (3.20)), we proceed similarly to [35, Proposition 2.3] (see
also [8, Theorem 3.1]). In fact, given ¥ € Y, we take r = to(9p) € X in (3.19), and observe that

[a(to(¥) + ta) — a(0 + tg), to(y) — 0] = [F1 — V' (¥ + ) — a(ta), to(e)].

12



Then, combining hypotheses (A1) — (A2) and , it is clear that
o{ It IR, + ko)l b < {1 L + 1 (0 + 06l + llalta)lx Hito(w)lx
< Cl{WHY + [Pl + Gl + GG + GG + HG(O)HX'}Hto(d’)HXa
with ¢; > 0 depending only on v, 3, p1, p2, and ||V/||, which, after simple algebraic manipulation, yields
(3-20). In turn, in order to derive ([3.21), we take r = to(1p;) — to(v5) in (3.22)), to obtain
[a(to(th1) +ta) — alto(hs) +ta), to(1h1) — to(2)] = [V (¥ — 1), to(2h1) — to(92)], (3.23)

and then proceed analogously to (3.20) (see [2, Lemma 3.5] for details). O

According to the above, and given (tg, @) € H satistying (3.14)), problem (3.18) is equivalent to:
find ¢, € Y such that

[L(o), 9] := —[b(to(o)), ] + [c(po), ] = [Fo, 9] Ve €Y, (3.24)

where Fy = b(tg) — c(pg) — Fy. More precisely, given to(p) E~)z solution of (3.19) with ¢, €

Y solution of (3.24), the vector (to, ) = (to(@y), o) € X x Y solves (3.18). The converse is
straightforward. Hence, we now focus on proving that L is bijective. To that end, we assume one

more hypothesis:
(A4) cis positive semi-definite on Y, that is,
[c(w), $] 20 Ve eY.

Then, the bijectivity of the operator L follows from a slight adaptation of [2, Section 3.1], which means,
equivalently, that has a unique solution ¢, € Y. In particular, we remark here that under the
hypotheses that have been assumed for the solvability of , the operator L is continuous and
monotone, and therefore, of type M (cf. [36, Lemma I1.2.1]). Then, by also proving that L is bounded
and coercive [36, Corollary I1.2.2], the surjective of L is ensured. The main result of this section is
established now.

Theorem 3.4 Let X1, Xo,Y,Q be separable and reflexive Banach spaces, being X1, Xo and Y uni-
formly convex, set X := X7 x Xo and H := X xY, and let X], X5, Y, Q' X" := X| x X}, and
H' = X' xY’, be their respective duals. In addition, let a : X — X' be a nonlinear operator, and let
b: X =Y, ¢c:Y =Y and B: H— Q' be linear bounded operators. We also lett/ :' Y — X' and
B’ : Q — H' be the corresponding adjoints and define the nonlinear operator A : H — H' as

[A(t, @), (r,9)] == [a(t), r] + [V'(), 1] + [b(t), ] — [c(p). ] V(L. ), (r, ) € H.
In turn, let V be the kernel of B, that is

vi={w)eH: [Blry)d=0 YacQ},
and let X and Y be subspaces of X and Y, respectively, such that V = X x Y. Assume that

(i) there exists constant v > 0 and p1,p2 > 2, such that
2 D2
J
Ja(t) = a(x)xr <7 > {ntj =l + 1t =l (Il + el } :
j=1
for all t = (tl,tg),r = (I'l,I‘Q) € X.
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(ii) for each's € X, the operator a(-+s) : X — X' is strictly monotone in the sense that there erist
a > 0 and p1,p2 > 2, such that

ot +3) —alr +3),t — ] = a {[jt —r1lR, + [tz — rall%, |
for all t = (t1,t5),r = (r1,r9) € X.
(iii) ¢ is positive semi-definite on Y, that is,
(), 4] >0 VyeY.

(iv) b satisfies an inf-sup condition on X x )N/, that is, there exists 81 > 0 such that

o D1

rex ITlx
r#0

> Billlly Ve evy.

(v) B satisfies an inf-sup condition on H X Q, that is, there exists > 0 such that

[B(r,9).d] _

v
o > Blldlleg VaeQ.

sup
w#o
Then, for each (F,G) € H' x Q' there exists a unique ((t,),p) € H x Q, such that

[A(t, ), (v, )] + [B'(p), (v, 4)] = [F,(r,¢)] V(r,¢)€ H,

(3.25)
[B(t, ¥),4d] = [G,q] VqeE Q.
Moreover, there exists C > 0, depending only on «,7, 3, f1,p1, p2, ||b], [V, and ||c|| such that
1((t, ), p)lHxq < C M(F,G), (3.26)

where

M(F,G) := max {N (F,G)Y =D N(F,G)Y =) N(F,G),
N(F,G)®1=D/(2=D) Nr(F, G)(m—l)/(pl—l)} ,
and N (F,G) is defined below in (3.29)).

Proof. We begin by noting that the well-posedness of the problem follows straightforwardly
from Lemmas and the fact that the operator L is bijective (cf. (3.24)). Now, in order to
obtain , we proceed similarly to [8, Theorem 3.1]. To that end, we first recall that ((t,),p) =
((to + ta, 0 + ¥q),p) € H x Q is solution of with (to,¢y) € V solution of and
(ta, ) € H satisfying (3.14). Next, applying with ¢ = 0, we get

1/(pi—1)
[t0(0)llx < Ch hax {Nl(F, G) }, (3.27)

)

WhereNl(F,G) IF1 ] x + Gl + GG~ 1—i—HG||p2 " la(0 )||X/ Inturn according to the definition

of L (cf. (3.24)), and employing hypothe51s (iii), the identity (3.23]) with ¥; = ¢, and ¥, = 0, and
the fact that to = to(¢pg), we deduce that

[alto + ) — alto(0) + ta). to — to(0)] < [L(wy) — L(0), o] = [Fa — L(0), oy,
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where Fy = b(tg) — c(pg) — Fy. In this way, hypothesis (i) and the definition of the operator L (cf.
B23)). yield

a {H(toh = (bo(Oll, + lI(to)2 — (tO(O))2H§fQ} < (1B = 1(0) [y [lolly < Co No(F, G)llepolly
where N2 (F,G) := || Fallyr + max, {Nl(F, G)l/(pifl)}. Thus, it is clear that
€1,

(b0)i — (t0(0))illx, < CNa(F, G)P o [y/P* for i € {1,2}.

Then, employing the identity (3.22)) with ¥, = ¢, and ¥, = 0, hypotheses (i) and (iv), the foregoing
inequality, and the fact that the upper bound in (3.27) can be bounded by N2(F, G), we find that

1
lolly < 5-llalto + te) = alto(0) +ta) [ x

<c

M)

{ (14 11t60(0) + £ )ilI% %) l1t60)s = (60 (0))illx, + l1(60)s — (b0 ()i}, '}

IN

M I

C {(/\fz(F G)/Pi + Ny (F,G)Pi=Y) /pz) lpolli/™ + Na(F, G)®i=D/Pi|| o | pz—l)/pz}7

1

..
I

with C depending on «, 7, 3, 81, p1, p2, [|bll, |||, and ||c[|. In turn, applying Young’s inequality conve-
niently allows us to deduce that
HSOOHY < C3N(F7 G)v (328)

where
N(F,G) := max {N2(F, GV ®1=1) AG(F, G)Y®2=D Ny (F, G)PL1, N (F, G)Pz—l} . (3.29)
Therefore, using that ¢ = ¢y + @, and combining (3.14]) and (3.28)), we conclude that

lelly < lleolly + lleglly < e N(FG), (3.30)

with ¢; >0 depending only on «, 7, ﬁ ,81, p1, P2, [[b], |6]], and ||¢||. Similarly, recalling that t = to+t¢,

and employing (3.14] -, and (|3.28} , we conclude that

waémwx+mwxs@zmx&WRGW@*G, (3.31)
1€{1,2}

with Co > 0 depending Only on a77757617p17p27 Hb”7 ”b/”7 and HCH On the other hand? from "
and (i), we deduce that

1 1
Ipllo < O {IFlm + Itlx + Il + I3 + 6l + la(0)1x

which, together with (3.30]) and (3.31]), conclude the proof. O

We remark that when p; = pa = 2 and ||a(0)||x is equal to zero, the previous analysis leads to the
classical estimate

(6. ©),P)llzrxe < C {1 + Gl

with C' > 0, depending only on «a,~, 8, 81, ||b|, ||V, and ||¢||.
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4 Analysis of the continuous formulation

In this section we analyze the well-posedness of the continuous problem (3.5 by using a fixed-point
strategy and the abstract theory on twofold saddle point problems developed in Section We begin
by collecting some previous results and notations that will serve for the forthcoming analysis.

4.1 Preliminaries

Concerning the stability properties of the operators in (3.8), (3.9), (3.10)), and (3.11]), we first observe

that Ag, b, c, and B are all continuous, that is there exist positive constants C 44, Cp, C¢, and Cg,
such that

le(e).w]| < Cellelivlwly, |B().d| < Ca i ¥)lulale
whereas from the definition of Bg (cf. (3.8)) and (3.2]) we easily obtain that

[As(@). 7| < Cucllelix Izl |bl) ]| < Co lelx iy )

p .
[BS(WS)(Q%Z]’ < ﬂ(l + 1) [ic || wslLs og) luslh,osllx, < Cogllwslliaslelx, Izlx,,  (4:2)

with Cpg 1= %(1 + £3)Y2|lis||?. In turn, from the definition of Ap (cf. (3.8)), [2.7), and the triangle

and Holder inequalities, we deduce that there exists L4, > 0, depending only on y, p,F, K and p,
such that

[Ap(up) — Ap (vD) || (13 (div ;0p))
(4.3)
< Lag {[up = Volles @i ap) + 190 = Vb llss(aivap) (0]l 0p) + [V ls@va) ) §

for all up,vp € H3(div;Qp). In addition, using the Cauchy-Schwarz and Young’s inequalities, it is

not difficult to see that F and G are bounded (cf. (3.12)), that is, there exist constants Cg,Cg > 0,
such that

Il < Cr { Ifslo.05 + 0 lgarza) } (4.4)

and
1Gller < Ca llgpllo,on (4.5)

which confirm the announced smoothness of fp. On the other hand, from the definition of Ap (cf.
(3.8)), inequality (2.7) and [25, Lemma 5.1] (see [8, Section 2.3] for details), we deduce that there
exists ap > 0, depending only on p,F and Qp, such that for each tp € L3(Qp) there holds

[Ap(up + tp) — Ap(vp +tp),up — vp| > ap ||lup — VDHig Q Yup,vp € L3(QD) . (4.6)
(©p)

Finally, we recall that there exist positive constants Cyq(€s) and Ck,, such that (see, [5, Proposi-
tion IV.3.1] and [5l 24], respectively, for details)

Ca(Q8) [I7s8.0s < 178115 0g + [Idivrs|§a, ¥V Ts € Ho(div; Qg) (4.7)

and
Ckollvslliog < le(vs)llfas ¥V vs € Hi (Qs). (4.8)

Notice that, in particular, (4.8]) is known as Korn’s inequality. Then, we establish next the ellipticity
of the operator Ag.
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Lemma 4.1 Assume that for 61 € (0,4u) and 2 € (0,2) we choose

k1 € (0,4+00), k2 €(0,201) and ks € (07201(0%252 (1 - j;)) .

Then, there exists a constant ag > 0, such that there holds

[As(r), 7] > aslTl%, VT € X (4.9)

Proof. Let T = (Tg,Vs,Ng) € X1. Then from (3.8) we have that

1, 4 )
[As(z), 7] = ﬂllTsllags + ra|divTs||f o + malle(vs)lIF o + msllnslIF o
K

= 5 (Thelve))s = 5 (Vvs = (Vvs)' mg)g.

Hence, we proceed similarly to the proof of [0, Lemma 3.4] and utilize the Cauchy—Schwarz and Young
inequalities to find that for any 41,09 > 0, and for all 7 € Xy, there holds

1 K9

As() 7] 2 5 (1= 72 ) IrdlR o, + maldives,

#1414 ) le(ve)

Then, assuming the stipulated ranges on d1, d2, k1, K2, and k3, and applying the inequalities (4.7) and
(4.8), we can define the positive constants

K3 52
Bos - g lvslia + 0 (1- %) InslB e

K2

a(§s) := min {21,u <1 - 251) ’/4321}’ a1(Qs) = min{cd(QS)OéO(QS)v %}

) K 5
l9) = Cieoma (12 ) = 22 a29) = ma (1-2).

which allows us to conclude (4.9) with ag := min {al(Qs), az(Qs), ag(Qs)}. O

We end this section by remarking that the explicit expressions yielding the computation of the
ellipticity constant ag of Ag (cf. ), can be maximized by taking the parameters 01, d2, ko and k3
as the middle points of their feasible ranges, and by choosing ki so that it maximizes the minimum
defining a(£2g). More precisely, we simply take

01 =2p, do=1, Ky =01 =2p,

! 1 Ko 1 (4.10)
— Cioady (1= 1) = Cropt, k1= —(1-22) = —,
K3 Kok202 ( 4M> Kolt, K1 . ( 2(51> o

which yields

1 1 C

ao(Q2s) = e a1 () = @mm{(}d(QS), 1}, () = as(Qs) = I;oﬂ7
and hence : .
3 : Kol
as:mln{Lmnrun{C'd(Qs),l}7 5 }

The explicit values of the stabilization parameters k;,7 € {1,2,3}, given by (4.10), will be employed
in Section [7] for the corresponding numerical experiments.
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4.2 A fixed-point approach
We begin the solvability analysis of (3.5)) by defining the operator T : HILS(QS) — H%s (Qs) by
T(ws) :=ug Vws € Hp (), (4.11)

where t := (o5, ug,vg,up) is the first component of the unique solution (to be confirmed below) of
the nonlinear problem: Find ((t, %), p) € H x Q such that

[A(ws)(t, ), (r, 9)] + [B(r, %), pl = [F,(r,9)] V(r,9)€H,
[B(t, ), d] = [G,d] VqeQ.

(4.12)

Hence, it is not difficult to see that ((t, ¢),p) € HxQ is a solution of (3.5)) if and only if ug € H%S (Qs)
is a fixed-point of T, that is

T(US) = us. (4.13)
In this way, in what follows we focus on proving that T possesses a unique fixed-point. However, we
remark in advance that the definition of T will make sense only in a closed ball of Hll“s (Qg).

Before continuing with the solvability analysis of (equivalently of ), we provide the
hypotheses under which T is well defined. To that end, we first note that, given wg € HILS(QS), the
problem has the same structure of the one in Theorem Therefore, in what follows we apply
this abstract result to establish the well-posedness of , or equivalently, the well-definiteness
of T. We begin by observing that, thanks to the uniform convexity and separability of LP(Q) for
p € (1,400), each space defining H and Q shares the same properties, which implies that H and Q
are uniformly convex and separable as well.

We continue our analysis by proving that hypothesis (i) of Theorem is verified with p; = 2 and
p2 = 3.

Lemma 4.2 Let wg € H%S(QS). Then, there exists v > 0, depending on Cagy,Cps and L, (cf.

, , ), such that

la(ws)(t) — a(ws)(x)lx <7 { (1 + [Wsllas )lle = Zlx, + [up = volles o) "
4.14

+ [[up — v |lEs @iv:0p) (”uDHH3(div;QD) + ||VD||H3(div;QD)) }7
for allt = (o,up),r = (7,vp) € X.

Proof. The result follows straightforwardly from the definition of a(wg) (cf. (3.7))), the triangle
inequality, and the stability properties (4.1)), (4.2]) and (4.3). We omit further details. O

Now, let us look at the kernel of the operator B (cf. (3.11))), which can be written, equivalently, as

V:{(g,@eH; B(r,4).q] =0 vge@}:f(x?, (4.15)

where _ _ - -
X =X; xXy and Y =HY2 (D) x W/33/2(x),

with
Xy = {VD c H‘;’D(div;QD) : div(vp) € PO(QD)}
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and

~~1/2 1/2

By (2) = { e H'(S): (@ n,1); =0},
In addition, from a slight adaptation of [2] Lemma 4.2], we deduce that there exist a constant Cy;, > 0
such that B

Caiv [V 33 (aiv 00 < IVDIIR3(0p) ¥ VD € Xoa. (4.16)

Thus, in the following result we provide the assumptions under which operator a(wg) satisfies hypothe-
sis (ii) of Theorem

Lemma 4.3 Suppose that the parameters k1, k2, k3, satisfy the conditions required by Lemma[d.1], and
let wg € H%S(Qs) be such that ||ws||1,0s <7 with r € (0,79), and

as it
To 1= - , 4.17
P U (4.17)

where ||ic|| is the constant in (3.2)) and ag is the ellipticity constant of the operator As (cf. (4.9)).
Then, for each s € X, the nonlinear operator a(ws)( -+ s) is strictly monotone on X (cf. (4.15)).

Proof. Let s := (C,SD) € X fixed, and let wg € HL ¢(Q2s) as indicated. Then, according to the

definition of a(wg) (cf. (3.7)), the linearity of Ag and Bs( s), and combining (4.9)), (4.6) and (4.16]),
we deduce that

[a(ws)(t+s) —a(ws)(r+s),t —1r] > ag|e -7k,
+ ap Caiv [[up = vbllfs gy .0y + [Bs(Ws) (@ — 1), (& — 7)),

for all t = (o,up),r = (7,vp) € X. In addition, similarly to [9, Lemma 3.1], we know from the
second inequality in (4.2) that

[Bs(ws)(o 7)o~ 7| < 1+ 43) ) o~ =/,

which implies
[a(wg)(t +s) — a(ws)(r +8),t — 1]

p .
> {as - @(1 + H§)1/2||1cH2||Ws||1,ﬂs}||£ — 7%, + ap Caiv [lup = Vb f13(aiv 1)

Consequently, by requiring ||ws||1,0 < ro, with 79 defined by (4.17)), the foregoing inequality imply
a(ws) (6 +5) — a(ws) (£ +).£ 1) > o { & ~ I, + [0 — vl n) ) (4.18)

for all t,r € X, with a := min {%, aDCdiv} independent of wg. O

We end the verification of the hypotheses of Theorem with the positive semi-definiteness of ¢
and corresponding inf-sup conditions for the operators b and B, respectively.

Lemma 4.4 There holds

[c(¥),] >0 Ve, (4.19)
and there exists positive constants 81 and B, such that
[b(r), ]
sup —— == > Bi[[¢lly Ve, (4.20)
cex lzllx
r#0
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and

/-\

%), d]

[||< 218>l vac@ (4.21)

sup

(,@760

Proof. For the proof of we refer the reader to [9, Lemma 3.3]. On the other hand, by using the
diagonal character of the operators b and B, the proof of follows from a slight adaptation of
[22, Lemma 3.6, whereas combining [22, Lemma 3.8] and [8, Lemma 3.5] we deduce (4.20). We omit
further details. O

We are now in position of establishing the well-definiteness of T. To that end, and in order to
simplify the subsequent analysis, we first note that, given wg € HILS (Qg), there holds ||a(wg)(0)|x/ =
0. Then, by considering p1 = 2 and pa = 3 in Theorem we introduce the following notation

M(fs, fp, gp) := max {N(fSa fn, gp) /%, N (fs, fp, gp) /4, N (fs, i, g ) /2,

N(f57vagD)r/\[(fSafDagD)27N(f87fDagD)4}7

with
2
+ llgnll5.ap -

N(fs,fp, gp) = [Ifsllo,0s + I llLsr2(ap)

The main result of this section is established now.

Lemma 4.5 Suppose that the parameters k1, ko, k3, satisfy the conditions required by Lemma .1} Let
€ (0,79), with ro given by and let fs € L?(Qs), fp € L3?(Qp) and gp € L3(Ap). Then, the

problem has a unique solution ((t, ), p) € H x Q for each ws € H%s (Qg) such that ||wgl| < 7.

Moreover, there exists a constant cy > 0, independent of wg and the data fs, fp, and gp, such that

IT(ws) = |lusllios < [((t; ), P)llExQ < ex M(fs, T, gp). (4.22)
Proof. 1t follows from Lemmas and a straightforward application of Theorem In turn,
estimate (4.22) is a direct consequence of (3.26) (cf. Theorem [3.4) and ([4.4)-(4.5). O

4.3 Solvability analysis of the fixed-point equation

In this section we proceed analogously to [6, Section 3.3] (see also [13, 9, 8]), and establish existence of
a fixed point of the operator T (cf. ) by means of the well known Schauder fixed-point theorem.
The uniqueness can then be established by means of the Banach fixed-point theorem by utilizing the
same estimates derived for the existence. We begin by recalling the first of the aforementioned results
(see, e.g., [10, Theorem 9.12-1(b)]).

Theorem 4.6 Let W be a closed and convex subset of a Banach space X, and letT : W — W be a
continuous mapping such that T (W) is compact. Then T has at least one fized point.

The verification of the hypotheses of Theorem is provided next.
Lemma 4.7 Let r € (0,1¢), with ro given by (4.17)), let W,. be the closed ball defined by
W, = {ws € HE (Q5) 1 wslios <7}, (4.23)

and assume that the data satisfy
cr M(fs, fp, gp) <1, (4.24)

with et the positive constant satisfying (4.22). Then there holds T(W,) C W,..
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Proof. 1t is straightforward consequence of Lemma U

We continue with the following results providing an estimate needed to derive the required continuity
and compactness properties of the operator T (cf. (4.11))).

Lemma 4.8 Letr € (0,79), with ro given by (4.17), and let W, given by (4.23)). Then there exists a
positive constant Ct, depending on ka, ||ic||, and ag (cf. (4.9)), such that

IT(ws) = T(Ws)l[1.05 < Cxl|T(Ws)l[1,05[Ws = Ws[lLiag) ¥ wWs, Wws € W, (4.25)

Proof. Given wg,wg € W,., we let ug := T(wg) and ug := T(wg). According to the definition of T

(cf. (4.12))), it follows that
[A(ws)(t, ) — A(Ws)(t, @), (r.9)] + [B(r,%),p~B] = 0 V(%) €

Bt -t ¢ — o), 0 VqeQ.

2,
Il

In particular, taking r = t — t, Y = ¢ — @, and q = p — p in the latter system, and recalling the
definition of A (cf. (3.6)), we get

[a(ws)(t) —a(ws)(t),t —t]+ [b(t—t), o —p] = 0,
bt —1),0- & —[cl¢ - @) -2 = 0,
which clearly implies
[a(ws)(t) — a(Ws)(t),t — t] = ~[c(p — @), ¢ — &, (4.26)

where t = (o, up) and t = (&, up). Hence, adding and subtracting Bs(ws)(g) in the second term of
the left-hand side of (4.26]), noting that t —t € X, and using the strict monotonicity of a(wg) (cf.
(4.18])) and the fact that c is positive semi-definite (cf. (4.19)), it follows that

Sl -k, < [aws)(t) - a(ws)(®), t — < [Bs(¥s — ws)(@), & — 5.

In this way, by applying the first inequality in (4.2)) we deduce that

~ p(L+ w3)" 2]l = ~
le - al%, < 0428# “s|lsllws = WsllLagag)lle = &llx,

which implies (4.25) with

_ P+ D)l
asfL ’
thus completing the proof. O

Cr (4.27)

Owing to the above analysis, we establish now the announced properties of the operator T.

Lemma 4.9 Given r € (0,19), with ro defined by (4.17), we let W, as in (4.23)) and assume that the
data fs, fp and gp satisfy (4.24). Then, T : W, — W, is continuous and T(W,) is compact.

Proof. The required result follows straightforwardly from estimate (4.25) and the compactness of
i. : HY(Qs) — L*(Qs). We omit further details and refer to [6, Lemma 3.8]. O

We are now in position of establishing the main result of this section.
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Theorem 4.10 Suppose that the parameters k1, ko, k3 satisfy the conditions required by Lemma [£.1].
In addition, given r € (0,1), with ro defined by , we let W,. as in , and assume that the
data fs,fp and gp satisfy . Then, the augmented fully-mized formulation has a unique
solution ((t, ), p) € H x Q with ug € W,., and there holds

1((t, ), P)llmxq < ex M(fs, fp, gp). (4.28)

Proof. The equivalence between and the fixed-point equation , together with Lemmas
and confirm the existence of solution of as a direct application of the Schauder fixed-point
Theorem In addition, it is clear that the estimate follows straightforwardly from (4.22)).
On the other hand, from , the continuity of the compact injection i. and the definition of Cy

(cf. (4.27))), we obtain

~ r ~ ~
IT(ws) = T(Ws)llos < -llws = Wsllias Y ws, Ws € W,

which, thanks to the Banach fixed-point theorem, implies that the solution is actually unique. O

5 The Galerkin scheme

In this section we introduce the Galerkin scheme of problem (3.5) and analyze its well-posedness by
establishing suitable assumptions on the finite element subspaces involved.

5.1 Preliminaries

We first consider a set of arbitrary discrete subspaces, namely

Hh(QS) - H(le ) QS)a H}IL(QS> - H' (QS)v ]Lh(QS) C H“gkew(QS)7

H,,(Qp) C H(diviQp),  AF(E) CHg)*(R), AP(X) C WY/AH2(X),  Ly(Qp) € L*(Qp) o
and set
Hy, (Q2s) = {Ts € H(div;Qs) :  c'r € Hp(s) Vee ]R”}, A5(Z) = [AF(D)]
Hi, 0(Qs) = Hy, (Qs) N Hlo(div; Os),  HL . (Qs) = HE(Qs) NHE (), (5.2)

Hh,FD (QD) = Hh(QD) N H%D (diV ; QD), Lh,O(QD) = Lh(QD) N L(Q)(QD).
Then, defining the global subspaces, unknowns, and test functions as follows

X1 = Hpo(Qs) x Hj 1, () X Ly(Qs),  Xp2 = Hyr, (),
Xy o= X1 X Xpa, Ypi=A5(D) x AP(2), (5.3)
Hh = Xh X Yh and @h = Lh70(QD) X R,

= (08, Ush, Vs h) € Xnts  Tp = (TS VS hMsh) € Xn,
ty = (ap,upp) € Xn, @, = (P, An) € Yi, P, = (Ppp: ln) € Q,
vy = (Th, vDu) € Xp, by = (1, &) € Y,  q, = (Dh, 1) € Qn,
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the Galerkin scheme associated with problem (3.5) reads: Find ((t;, ¢, ),p,) € Hp x Qp, such that

[A(us p)(tr, @) (15 0,)] + [B(ep, ), 0,1 = [F (ep,%,)] ¥ (xp, 9,) € Hp,

(5.4)
[B(Eh»fh)>ﬂh] = [Gvgh] Vgh € Q.

Now, we proceed similarly to [22] (see also [20,[9]), and derive suitable hypotheses on the spaces
ensuring the well-posedness of problem . We begin by noticing that, in order to have meaningful
subspaces Hj, o(€2s) and Ly, o(Q2p) we need to be able to eliminate multiplies of the identity matrix and
constant polynomials from Hj(Qg) and Ly, (£2p), respectively. This requirement is certainly satisfied if
we assume:

(H.0) Py(Qg) :=[Po(Qs)]™ € Hy(2s) and Py(Q2p) C Lyp(Qp).
In particular, it follows that I € Hj,(Qg) for all h, and hence there holds the decomposition

Hp (Qs) = Hp0(2s) @ Po(Q2s) L.

Next, we look at the discrete kernel of B, which is given by

V), = {(gh,gh) €Hn: [B(rp¢,).q,]=0 Vg, Qh}. (5.5)

In order to have a more explicit definition of V}, we introduce the following assumption:
(H.1) divH,(Qp) C Ly(2p).
Then, owing to (H.1) and recalling the definition of B (cf. ), it follows that V; = Xh X ?h,
where B B B g
Xy =Xp1 x Xpo and  Yp, = Ay (%) x AR (D),
with
ih,g = {VD,h c HhID (QD) : div (VD,h) S PQ(QD)}

and
S

Rp(2) = {w € AR (- 1)z =0},
In particular, it readily follows that V;, C V.

On the other hand, for the subsequent analysis we need to ensure the discrete version of the inf-

sup conditions (4.20)) and (4.21) of b and B (cf. (3.9), (3.11))), respectively, namely the existence of

constants 1, 8 > 0, independent of A, such that

[b(zh)ﬂjj ] ~ ~

sup Hifh > Bl”thY \V/gh €Yy (56)

rex,  Tallx

K}ﬁéo

" [B(rn,¥,).q,]
Iy, ,q ~

(Eh,gh)EHh H(£h7£h)”H
(Eh’gh)#o

For instance, applying the same diagonal argument utilized in [22, Section 3| (see also [20, 9] [§]), we
deduce that b satisfies the discrete inf-sup condition ([5.6) if and only if the following hypothesis holds:
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(H.2) There exist BI,S,BLD > 0, independent of A, such that

TSvhn7 1)0 > = ~S
SUp ATean, ¥ilp > Bisltnllijzons Y, € Ap(E) (5.8)
rsncHyo(Qs) TSk lldivios
Ts,n 70
and < .
VD7h ) n7 h/> -~
sup > Biolénllysszs Vén € AR (E). (5.9)
vD.hEX .2 ||VD,hHH3(div;QD)
vD,n 70

Similarly, employing the same arguments from [20), Section 5.2], we obtain that B satisfies the discrete
inf-sup condition ([5.7)) provided that the following hypothesis holds:

H.3) There exist BD > 0, independent of h, and ¥, € H/2(2 , such that
0 00
o € AF(X) Vh and (-n,1)x #0, (5.10)

and

(divvp.h, gp,n)D
sup

VD,hEHh,FD (QD) HVD,h ||H3(div ;QD)
vD,n#0

> Bollgppllocs  Vao,u € Lio(Qp). (5.11)

5.2 Solvability analysis of the discrete problem

In what follows, we assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and, analogously to
the analysis of the continuous problem, we apply a fixed-point argument to prove the well-posedness
of the Galerkin scheme (5.4). To that end, we now let T, : H}L,Fs (Qs) — H}L,FS(QS) be the discrete
operator defined by

Th(WS,h) = ugph VWS7h S H}LIS(QS)’ (5.12)

where t; = (O'S,h,us,h,’Ys,mU-D,h) is the first component of the unique solution (to be confirmed
below) of the discrete nonlinear problem: Find ((tj,, ¥, ).p,) € Hy x Q4 such that

[A(Ws,h)(thvfh% (Ehﬂih)] + [B(Ehﬂgh)72h] = [Fv (£h7$h)] V@mﬁh) € Hy,

(5.13)
[B(thafh)agh] = [Gagh] Vgh € Qp.

Then, the Galerkin scheme (5.4) can be rewritten, equivalently, as the fixed-point problem: Find
ugsp € Hilz,Fs such that
Th(usﬁ) = uS’h. (5.14)

Next, similarly to the analysis developed in Section [£.2] in what follows we provide suitable assump-
tions under which problem is well posed or equivalently T}, is well defined. For this purpose,
we will require a discrete version of Theorem In fact, we let Xj, 1, X} 92,Y), and @), be finite di-
mensional subspaces of X7, X5,Y and @, respectively, and set X;, = X} 1 x Xj,0 € X = X7 x Xy and
H, =X, xY,CH=XxY. Let a, : X}, — X,’L be the discrete version of the nonlinear operator a.
Thus, we define the nonlinear operator Ay, : H, — Hj, as:

e I | I AR
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Next, we let V3, be the discrete kernel of B, that is,
Vi = {(rh,¢h) € Hp: [Blrn,¥p),an] =0 Vap € Qh},

and let X’h and ?h be subspaces of X} and Yj, respectively, such that Vj, = th X ?h. Then, we
establish the following preliminary result, which reduces to a simple application of Theorem to the
present discrete setting.

Theorem 5.1 Assume that

(i) there exist constants ¥ > 0 and p1,p2 > 2, such that

2

lan(tr) — an(rn)|xr <7 {Iltj,h —rinllx; 1t —Tinllx, <||tj,h
j=1

rji—2
x; + ||rj,h||Xj) ;

fOT’ all ty, = (tLh,tQ’h), ry, = (I‘Lh, rQ’h) e Xy.

(ii) for each s, € Xy, the operator ap(-+ sp) : )A(:h — )A(:,’l is strictly monotone in the sense that there
erist a > 0 and p1,p2 > 2, such that

[an(tn +sn) — an(rn +s4),tp — 18] > a{Htl,h —riall, + b2 — rz,hHE’é},

fOT’ all ty, = (tlyh,tgﬁ), ry, = (I‘Lh, r2’h) (S )A(ih.
(iii) ¢ is positive semi-definite on Yy, that is,
[c(¥p):¥p] 20 Vb, €Y},

(iv) b satisfies an inf-sup condition on th X }7}“ that 1s, there exists 51 > 0 such that

b(ry), ~ ~
sup [blrn). %n) > Billplly  Vby, € Ya.
mex, rnllx

rp#0

(v) B satisfies an inf-sup condition on Hy X Qp, that is, there exists B > 0 such that

B(rp, , ~
wnp ety | (Ch )l
(rthvbh)#()

Then, for each (F,G) € H' x Q' there exists a unique ((tn,py), Pr) € Hp X Qp, such that
[An(tn, en), (tn )] + [B'(Pr), (n, p)] = [F. (v, bp)] ¥ (xn,y) € Hy,
[B(th, en): an] = [G,q] Van € Q.
Moreover, there exists C > 0, depending only on a,”, E,gl,pl,pQ, 16]], 16"|| and ||c||, such that
I1((tr, 2n), Pr)llExq < C M(Fy, Ga),

where

M(Fp, Gp) := max {N(Fh, Gh)l/(plfl),./\/‘(Fh, Gh)l/(m*l),./\/'(Fh, Gp),

N (Ep, Gp)®Pr=D/(2=1) AF(F, Gh)(PQ—l)/(pl—l)} ’
and N (Fy,, Gp) is defined in (3.29), with Fy, := F|y, and Gy, == G|g, -
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The following lemma establishes the well-definiteness of operator T}, (cf. (5.12)).

Lemma 5.2 Assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold. Assume further that the
parameters K1, ke, k3, satisfy the conditions required by Lemma . Let r € (0,79), with ro defined

by [@.17), and let f5 € L2(Qg),fp € L¥%(Qp) and gp € L2(Qs). Then, problem (5.13) has a unique
solution ((t4,,).p,) € Hy x Qp, for each wg, € H) re(Q2s) such that |wspl1,05 < 7. Moreover,
there exists a constant ¢t independent of wsp, and the data, such that

ITh(wsn)ll10s < (ks @,), P, lxo < e M(fs, b, gp). (5.15)

Proof. Let wg, € Hill,Fs<QS) such that ||wg |10 < 7. Recalling that H, C H, Q, C Q and V), C 'V,
a straightforward application of Lemmas and and , implies, respectively, that hypotheses
(i), (i) and (iii) in Theorem hold. In turn, the inf-sup conditions (iv) and (v) follow from
hypotheses (H.2) and (H.3), respectively. Therefore, according to the above, a direct application of
Theorem allows us to conclude that there exists a unique ((t,,¥,),p,) € Hp x Qp solution to

(5.13) which satisfies (5.15]), whit ¢t independent of wgj, and h. O
We are now in position of establishing the well posedness of (5.4)

Theorem 5.3 Assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold. Assume further that
the parameters K1, ke, k3 satisfy the conditions required by Lemma . In addition, given r € (0,r9),

with ro defined by (E.17), we let W .= {WSJL € H}L,FS(QS) s wenllos < T}, and assume that the
data fg, fp and gp satisfy
ETM(f57 va.gD) <, (516)

with ¢x > 0 the constant in (5.15). Then, there ezists a unique ((t4,,),P,) € Hp x Qu solution to
(5.4), which satisfies ugp, € W' and

[((tr, @), P,) %@ < e M(fs, fp, gp). (5.17)
Proof. We first observe, owing to (5.15), that the assumption ([5.16) guarantees that T;(W?) C Wh,
Next, analogously to the proof of Lemma that is, applying the strict monotonicity of a(wsg 3), for

each wg, € W,}}, we find that

ITh(wWsn) — Trn(Wsn)llLes < Collicll|Trh(Ws)lloslWsn — Wsplltos  VWsh Wsin € W),

which, together with (4.27)), (5.15]), (5.16]) and (4.17)), implies

~ T ~ ~
ITrh(Wsn) — Th(Wsn)ll1,0s < %HWS,h ~Wsalios YWsnh,Wsp € WP

thus confirming that T}, : Wf} — Wf} is a contraction mapping. Then, the Banach fixed-point theorem
and the equivalence between ([5.4]) and ([5.14)) imply the well-posedness of ([5.4)). In turn, the estimate

(5.17) follows directly from (5.15)). O

5.3 A priori error analysis

In this section we establish the corresponding Céa estimate. For this purpose, we first introduce some
notations and state a couple of previous results. We begin by recalling the discrete inf-sup condition
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of B (cf. (5.7)), and a classical result on mixed methods (see, for instance [I7, Theorem 2.6]) ensuring
the existence of a constant ¢ > 0, independent of h, such that:

dist ((t, ), V) < edist ((t, @), Hy). (5.18)

In turn, in order to simplify the subsequent analysis, we write €; =0 — @},, €, = Up — Up, €p =
Y-, and e, = p — P, Then, proceeding similarly to [2] Section 3.3], we consider the unique

e o~ ~1 ~ ~ ~ ~1 . ~ ~ ~
decompositions g = O+ Gk, Upp = Upp + uﬁh and ¢, = @, + @, , with ((,up),@,) € Vi
and ((&, U h),gi) € Xj- x Yjb =: Vi, where

VJ_ = {(ﬁhv?h) € Hh : <(§h’9h)’ (£h’£h)> =0 V(Ehaih) € Vh}
Next, given arbitrary ((7,,Vpr), ’I:Lh) €V, and qp € Qp, we decompose the errors into

o = 6£_§#L_ +"7£, €up = 511D - ﬁﬁ,h—f_nu]y e£ = 5£—§i +"7£ and €p = ‘SB—I'TIEv (519)

with _ ~ B B _ B
0o =0 —Tp, Mg=Tp—0p, Oup=UD —VDh, Ny, = VDhr — UDp,
_ _ N N N (5.20)
dp=¢—%,, Np=%,—%,, Op=P—q; Mp=0q, P
Consequently, the following Galerkin orthogonality property holds:
[A(uS)(L f) - A(“S,h)(thvfh)a (Kh?ih)] + [B(Elwih)veg] = 07 ( )
9.21

[B((ega euD)7 e£)7 ﬂh] =0,

for all (ry,, %, ) :== (T4, vD,n), ¥, ) € Hy and g, € Q.
We now establish the main result of this section.

Theorem 5.4 Assume that the hypotheses (H.0),(H.1), (H.2), and (H.3), as well as the conditions
on K1, Ky, kg required by Lemmal[d.1], hold. Letr € (0,ro) with ro defined by (4.17), and assume further
that the data fs, fp, and gp satisfy

cr M(fs, fp, gp) < (5.22)

r
27
with cr the constant satisfying (4.22)). Let ((t,),p) := ((g,up, ¢),p) € HxQ witha := (os,us,7s)

and us € Wy, and ((t4.9,):P,) = ((gh,UD,h,fb,Eh) € Hy, x Qp with ), = (s n,usn,¥s,n) and
us,, € W be the unique solutions of problems (3.5) and (5.4), respectively. Then there exists C > 0,

independent of h and the continuous and discrete solutions, such that
1((t: ). p) = (&4, 2,):2,) g

(5.23)
<C {dist ((t, ), Hp) /% + dist ((t, ), Hy) + dist (£, ), Hy)* + dist (p, @h)} .

Proof. Given ((Eh,?]lh),;bh) € Vp,, and qp, € Qp, we define é,, Oup,0¢p,0p, N Nup» Ny, and 1, as
in (5.20). In turn, since ((@p,Up,n), Pp) € Vp, it follows that ((Ng, My, ), M) € V. Thus, from the
second equation in (5.21), (5.19), and the fact that [B((n, 1yy,): M) q,] = 0, it follows that

BT ). &), 4, = B((60.0up). 6p). .
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which together with the continuity and discrete inf-sup condition of B (cf. (4.1) and (5.7)), ,
(5.20), and the triangle inequality, yields

H((ag’ JUD)’ag) - ((éﬁvﬁﬁ,h) Qoh)HH < <1 + C/;B) ”((617 611D)75£)||H' (5'24)

On the other hand, taking (ry,,%,) = (Mg, My, )> M) € Vi C Hy, in the first row of (5.21)), recalling

the definition of the operator A (us) (cf. (3.6)), observing that thanks to (H.1) we have that V;, C V,
we deduce
[a(uS)(E) - a(uS,h)(Eh)a ("75, nuD)] + [b(ngv ’rluD)a ef] = Oa
(5.25)
[b(eg, eup); ng] - [c(ef), ng] = 0.

In this way, from (5.19)) and the first equation of (5.25)), we find that
[b(Ng> Mup ) Ml = —{[a(us)(t) —a(us)(ts), (Mg, Muy)] + [Bs(us —us n)(@), 1]
+ [b(naanuD) 680 L]}

Hence, noting that (1, My,,) € X, employing the discrete inf-sup condition of b (cf. (5.6))), inequality

[#.14), and the continuity of b and B (cf. (#.1])), and then applying the first inequality in (4.2 and
bounding ||ug — y by [liclllleg||x,, we deduce that there exist a constant Cy > 0, independent

of h, such that

Billmgliy < 1 { (1 + sl g + lusall.os) leax,
- (5.26)

+ (14 I e v ) + 101l i) ) s e aiv ) + 19 — B,y |-

Then, recalling that both |lug]|1o and [lug |1 oy are bounded by 7o (cf. (4.17))), as well as that both
lup [l g3 (aiv ;0p) and [[up alla Sidlv are bounded by data (cf. Theorems and [5.3), the estimate

- together with | -, and ( allow us to conclude that

Inglly < C» {||<<ag, Bup): 00l + (1 ) x . (5.27)

with Co > 0 depending only on parameters, data and other constants all of them 1ndependent of h. In

~1
turn, noting that t, = t;, + t,, Wlth th = (o, upy) € X, and th = (g, ug h) € Xh, and combining
the first and second equation of (| , we are able to find that

[a(ug ) (E, + &) — alus ) (&, +£i>, (Ngrs My )] = [a(us 1) (B + B) — a(us 1) (t), (g, )]
— [Bs(us —us ) (@), ng] — [b(ng: My )s €],

where . L
[b(TIQ nuD)a e£] = [b(ng7 nuD)v 6£ - fh] - [b((agv 5UD) (ah » up h) 7730]

+ [c(5£ - gt)ﬂ?g] + [C(ncp)a 7790]-

Next, using the second inequality in (4.2)), bounding [us — uspll1.05 by [0s — oillx, + 14 lx,
recalling from (4.28) that ||o||x, < crM(fs, fp, gp), and employing assumption (5.22)), we have

as ~
Bs(us = us1) (@), 1] < P {Inalik, + 195 = & 1x e, }-
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Hence, using the strict monotonicity of a(ug ) (cf. Lemma , the continuity of b, c, and B (cf.
(4.1))), the inequalities (4.14)) and ([5.24]), and the positive semi-definiteness property of ¢ (cf. (4.19)),
we deduce that there exist C'5,Cy > 0 independents of h, such that

asg
%S g %, + 0 Clte a5
< Cs {1188 50 5+ (8o By ) 50)12 | 1 )1 x + C | (8, ). 0 g
which together with (5.27), Young’s inequality and simple algebraic manipulations, yield
~ 1/2
(Mg M )lIx <€ {ll((%, 8up):00) [ + 1((8c, Bup ), 8¢0) 11 + 1| (3, 6UD)75£)H%]I}' (5.28)

In this way, employing (5.19), (5.24)), (5.27)), (5.28)), and the triangle inequality, we obtain

I((eaeun): €)1 < (82 8un): ) = (@b 1), @)l + (s 1) M) s
< C {8 8un). ) 1% + (82 Bu): )l + 1((Ber- Su). 84p) 1 }

In turn, in order to estimate ep, we first observe from (5.19)) and the first row of (5.21)), that

(5.29)

By, ,),mp) = —{ [A(us) (£, ) — Alus)(t, 9,), (11,9,

+ [Bs(us — usn)(@y), 74] + [Blry, v,),6p) |

Then, proceeding similarly to (5.26)), we employ again the discrete inf-sup condition of B (cf. (5.7)),
the definition of A(ug) (cf. (3.6)), the inequality (4.14), and the continuity of b,c,B, and Bg (cf.

(4.1), (4.2)), to obtain

Bllmplle < Cs { (1 + lus

Las + usallos,, ) lealx,
(14 1 aiv p) + 013w s20) ) € (a0 + legolly + 116l }-

Thus, using again that both |lug|1,oq and |jugs|1,0s are bounded by 7o (cf. (4.17)), as well as that

both ||up||as(div,o,) and [[up allas(giviey,) are bounded by data (cf. Theorems |4.10] and |5.3), the
decomposition ([5.19), the triangle inequality, the foregoing bound and (/5.29)), yields

lepllo < 19pllo + Implle
<C {||((5@ 0up), 0l ™ + [[((ds dup ), dp) |1 + ([ (6, Oup,), o)l + ||5g||@} ~
Finally, recalling that ((fh,VDyh),QZh) €V, and qp € Qp, are arbitrary, and give
(2. p) = ((tn: 2,)- B,) g
< ¢ {dist (¢, ), Vi) + dist (£, ), Vi) + dist ((t, ), Vi) + dist (p, @) }

which together with ([5.18]), concludes the proof. O
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6 A particular choice of finite element subspaces

We now introduce specific discrete spaces satisfying hypotheses (H.0), (H.1), (H.2), and (H.3) in 2D
and 3D. To this end, we let 7;18 and ’771D be respective triangulations of the domains (2g and Qp, which
are formed by shape-regular triangles (in R?) or tetrahedra (in R3), and assume that they match in
> so that 7;LS U 7;LD is a triangulation of Q2g U X U Qp. We also let X;, be the partition of ¥ inherited
from 7,5 (or 7;°). Then for each T € 7> UT,;” we set the local Raviart-Thomas space of order k as

RTk(T) = Pk(T) D Pk(T)X,

t

where x := (1, ...,x,)" is a generic vector of R".

6.1 Raviart—Thomas elements in 2D

We define the discrete subspaces in as follows:
Hy () = {rsn € H(diviQs): msulr € RTW(T) VT e TS},
H.(Qg) = {vs,h €[CEOW)2: Vsnlr € Pt (T) VT € 7;5}
La(s) = {msn € Lau(@s): msulr € PA(T) VT €T, (6.1)
Hy,() = {vpa € H¥(diviQp):  voulr € RTW(T) VT e TP},
Lp(Qp) = {qD,h €L3(Qp):  qoalr € PH(T) VT € ThD}.

In addition, in order to introduce the particular subspaces AP () and AP (), we follow the simplest
approach suggested in [22] and [8], respectively. In fact, we first assume, without loss of generality,
that the number of edges of ¥j, is even. Then, we let ¥9p be the partition of ¥ that arises by joining
pairs of adjacent edges of 3, and denote the resulting edges still by e. Since Y is automatically of
bounded variation (that is, the ratio of lengths of adjacent edges is bounded) and, therefore, so is 3gp,.
Now, if the number of edges of 3 is odd, we simply reduce it to even case by joining any pair of two
adjacent elements, and then construct Yo from this modified partition. Hence, denoting by xzo and
xn the extreme points of X, we define

AR(E) = {1/% €C(X): tYnle €Pryi(e) V edge e € op, Yn(zo) = ¢n(an) = 0}- (6.2)

In turn, since the space [ ¢y, W1=1/PP(¢) coincides with W1—1/PP(%), without extra conditions when
1 < p < 2 (in this case p = 3/2) [27, Theorem 1.5.2.3-(a)], it can be readily seen that a conforming
finite element subspace for W1/33/2(2) can be defined by

AP(D) = {gh S R: &l €Pile) Vedgeee zh}. (6.3)

Then, we define the global spaces Hj and Qj (cf. (5-3)), by combining (5.2), (5-3), (6.1), (62
and (6.3)). Now, concerning hypotheses (H.0)-(H.3), we start mentioning that (H. 0) and (H 1) are

straightforward from the definitions in . In turn, the discrete inf-sup condition in (H.2)
can be derived by combining the results in [30, Theorem A.1] and [22, Section 5.2]. In addition, the
existence of ¥, € Hé{f(z) satisfying in (H.3) follows as explained in [23], Section 3.2] (see also
[22, Section 5.3]). Finally, the inf-sup condition in (H.2) follows from [8, Lemma 4.5], whereas
in (H.3) follows from a slight adaptation of [8, Lemma 4.6].
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6.2 Raviart—Thomas elements in 3D

Let us now consider the discrete spaces:
Hy(Qs) = {Ts,h € H(div;:Qg): msplr € RTL(T) VT e 7;;5}
H(Qg) = {vs,h €[CEW)P: Vsnlr € P (T) VT € 7;8}
La(s) = {nss € Lau(): msplr €BW(T) VT € TH], (6.4)
H,(Qp) = {VD,h € H3(div; Qp) :  vpalr € RTR(T) VT e T,P},
Ln(Qp) = {qD,h €L2(Qp): qoalr € PH(T) VT € ThD}.

Now, proceeding analogously to the 2D case, we introduce an independent triangulation 3 of ¥, by

triangles K of diameter E, and define ﬁz = {EK K € Eﬁ}‘ Then, denoting by 9% the polygonal
boundary of ¥, we define

AS(D) = {% €C(Y): Ynlk €Pra(K) VKEY:, =0 on az}. (6.5)

In turn, similarly to (6.3]), we deduce now from [26] Section 2] that a conforming finite element subspace
for W1/33/2(%) can be defined by

AP(E) = {gh SR & € Pr(K) ¥ face K € zh}. (6.6)

Then, we define the global spaces Hj and Qp, (cf. (5.3)), by combining (5.2)), (5.3), (6.4), (6.5) and
(6.6). Now, concerning hypotheses (H.0), (H.1), (H.2) and (H.3), we first observe that applying the

same arguments as for the 2D case, it follows that (H.0), (H.1), and (H.3) hold. However, for the
inf-sup conditions in (H.2) we employ [19, Lemma 7.5] to conclude that there exists Cy € (0,1) such
that for each pair (hg,ﬁz) verifying hy < Cy /ﬁz, the inf-sup condition hold, whereas follows
analogously to the 2D case taking in account now .

6.3 Rate of convergence

Now, for both cases 2D and 3D domains, we derive the theoretical rate of convergence of our discrete
scheme (5.4). To that end, we first recall recall from [8, Section 5], [I7, [24] and [I5], the approximation
properties of the finite element subspaces involved, which are named after the unknowns to which they
are applied later on.

(APYS) For each § € (0,k + 1] and for each 15 € Ho(div; Q) NH?(Qs) with divrs € H°(Qs), there

holds
&Qs}-

dist Ts,tho(Qs) = inf |Ts — TS,thiv;Qs < Ch® HT3H5795 + ||divTg
75,1 €Hp,0(Qs)

(AP}S) For each d € (0,k 4 1] and for each vs € Hp (92s) N H'*%(Qg), there holds

dist (VS,H}ZIS(QS)) = inf  |vs— vsallos < Ch |[vs|lissas.
VS,hGHi,FS(QS)
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(AP}®) For each 6 € (0,k + 1] and for each ng € L2, (Qs) NH?(Qs), there holds

dist (7787Lh(98)) = inf  |lns —mngullons < C' 1’ ||nglls.0s-
Ns,5 €L (Qs)

(AP}P) For each § € (0,k + 1] and for each vp € Hp_(div;Qp) N Wo3(Qp) with divvp € H(Qp),
there holds

dist (v, iy (0) = inf v = Vi) < OB {Ivbllases + [divvplsas |
D, TI'p

(APLP) For each § € (0,k + 1] and for each ¢ € H1/2( ¥) N HY?H(%), there holds

. S L . 5
dist (1, A%E)) = inf 1 = allzoos < OB [l arss:

(AP?) For each 6 € (0,k + 1] and for each £ € W%3/2(X), there holds

dist (€AR(®)) = inf 1€ = &nllsayzn < O €l

(AP}P) For each § € (0,k + 1] and for each gp € L§(2p) N H(Qp), there holds

dist (QDth,O(QD)) = inf lgp — go pllogs < C B llgplls.os-
ap,h€LL,0(D)

We remark here, similarly to [8, Section 5], that the sub-optimal approximation property (AP%‘) fol-
lows from the fact that W'/3:3/2(%) is the interpolation space with index 1/(35) between W%3/2(%) and
L3/2(%), and from the estimate 1€ =Enllisr2(s) < C’h5||£||573/2;2, which is valid for all ¢ € W%3/2(%) and
&y := Px(€), with Py being the L?(X)-orthogonal projection onto AP (X) (cf. [14, Proposition 1.135]).
In fact, given & € W%3/2(X) there exists a constant C' > 0, depending on X, such that

(39) (39)
1€ = Enlliasyzs < cll€ = Enllpaa €15 ma < CHO3Elss/:5,

where we have used the fact that £, is piecewise polynomial of degree < k and then for each § € (0, k+1]
there holds

It follows that there exist positive constants C(t), C(¢), and C(p), depending on the extra regularity
assumptions for t, ¢, and p, respectively, and whose explicit expressions are obtained from the right-
hand side of the foregoing approximation properties, such that

dist (t, Xp) < C(t) h‘s, dist (¢, Y1) < C(p) RO1/3 and  dist (p,Qn) < C(p) ho

Then, we stablish the theoretical rate of convergence of our Galerkin scheme (5.4)). Notice that, defining
s :=min{d, k + 1}, at least a sub-optimal rate of convergence of order O(h(*=1/3)/2) is confirmed.

Theorem 6.1 Assume that the hypotheses ofTheorem hold. Let ((L, f),g) € HxQ withug € W,
and ((Lh,fh),gh) € Hy x Qp with ugy, € Wf} be the unique solutions of the continuous and discrete

problems (3.5) and (5.4), respectively. Assume further that there exists & > 0, such that os € H°(Qg),
dives € H°(Qg), ug € H(Qg), vg € H (Qg), up € W3 (Qp), divup € H*(Qp), ¢ € H/2H (%),
A € Wo3/2(S) and pp € H*(Qp). Then, defining s := min{d, k + 1}, there exists a positive constant
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C((t, ), p) depending on C(t),C(y), and C(p), all them independent of h and the continuous and
discrete solutions, such that

(&%), p) = ((trs ;) Py) g

< C((t,¢),p) {h(s—1/3)/2 LRS/2 4 RSB s 4 p2(s=1/3) hzs} .

Proof. It follows from a direct application of Theorem and the approximation properties of the
discrete subspaces. We omit further details. (]

7 Numerical Results

In this section we present two examples illustrating the performance of our augmented mixed finite
element scheme on a set of quasi-uniform triangulations of the corresponding domains. Our
implementation is based on a FreeFem++ code [2§], in conjunction with the direct linear solver
UMFPACK [12].

In order to solve the nonlinear problem , given 0 # wp € H%D (div;Qp) we introduce the
Gateaux derivate associated to Ap (cf. (3.8)):

D Ap(wp)(up, vp) := = ( £ F <WD'“D

K 'up,vp)p + —(|wp|up, vp)p + — ,WD'VD> ,
p p\ |wpl D

for all up,vp € H%D (div;Qp). In this way, we propose the Newton-type strategy: Given t9) :=
(), uOD,h) € X, with uOD’h # 0, for m > 1, find ((Lhm,fzq),gzn) € Hj, x Qp, such that

[As(e82), 7p] + [Bs(ug, ) (@8), 7a] + [Bs(ugly) (@, '), 7a] + DAp(upy;')(up,, vo,p)

+ [b(rn) g1+ [b(ty), ¥, ] — [e(ey) ¥, + By, ¥,), p)’]

= B m—1 m—1 E m—1|..m—1 F (71)
- [ S(uS,h )(Qs’h )7Ih] + p(‘uDﬁ ‘uDJZ 7VD,h)D+[ 7(£hayh)}7

[B(th", fh)’ ﬂh] =[G, gh]a

for all ((gh,gh),gh) e Hy, x Q.
In all the numerical experiments below, the iterations are terminated once the relative error of the
entire coefficient vectors between two consecutive iterates, say coeff™ and coefme, is sufficiently

small, i.e.,
|coeff™ 1 — coeff™||,2

||coeﬂ?'erl II;2

< tol,

where || - ||;2 is the standard /2-norm in RY, with N denoting the total number of degrees of freedom
defining the finite element subspaces Hj and Qp, and tol is a fixed tolerance chosen as tol = 1E — 06.
As usual, the individual errors are denoted by:

e(os) == |los — osnllaivos, e(us) :=[lus —usnllias, e(vs) = lvs — Ysnlloos
e(ps) :== |lps — psullogos, e(up) := lup — upallEs@iviop):  €Pp) == lpD — PD.Kll0,0OD,

e(p) == |lp — <Ph||(0,1),27 e(A) = [|A - )‘h||L3/2(E)>
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where ps 3, is the postprocessed pressure given by

1 .
DS h = _Etr (U'S,h + (usﬁ & us,h)) — /4, in Qg

Notice that, since the natural norms to measure the error of the interface unknowns [|A — Ap||1/33/2.»
and [[¢ — |1 /2,00;5 are not computable, we have decided to replace them respectively by | - ||L3/2(2)

and [| - [[(0,1),5;, where the last one is defined based on the fact that H'/2(%) is the interpolation space
with index 1/2 between H!(X) and L?(X):

2 1/2
19l .02 = I¥lg/s Iwlls Ve € HY(Z).

Next, we define the experimental rates of convergence

Hog) = OB/ (@s) o logle(us)/e'(ug)) o log(e(vs)/€' (7))
T T loglhs/hl) T loglhs/h) ST loglhs/hg)
rps) o= 0BE@)/Cs)) L logle(un)/e/(up) ) log(e(p)/€(pp)
T log(hs/h) T log(hn/hp) T log(hn/hp)
= loglele)/€e)) |\ loB(e()/e (V)
" log(hy/hl) - log(hs/hy)

where h, and R/, (x € {S,D,X}) denote two consecutive mesh sizes with their respective errors e and
e, respectively. In turn, we take fzg as two times hyx, which comes from the restriction on the mesh
sizes hy, < Cyhy when considering the constant Cp = 1/2. The numeric results confirm that this
choice is suitable. The examples to be considered in this section are described next. In all of them,
for the sake of simplicity, we choose the parameters y =1, p = 1, w = 1 and K = I, and according
to , the stabilization parameters are taken as k1 = 1/(2u), k2 = 2u and k3 = Ckou, where,
similarly to [9, Section 7] we choose heuristically Ck, = 1/2. Additionally, regarding the conditions

(trogp,1)s =0 and (ppp, 1)p = 0, these are imposed via a penalization strategy.

Example 1: Inverted-L-shaped domain coupled with a square domain.

In our first example, we consider an inverted-L-shaped domain coupled with a square, which yields
a porous medium partially surrounded by a fluid. More precisely, we consider the domain Q =
Qs U X UQp, with Qp = (=1,0)%, Qs := (-1,1)2\Qp and ¥ := (—~1,0) x {0} U {0} x (—1,0). The
Forchheimer number is chosen as F = 1 and the data fg, fp, and gp, are adjusted so that the exact
solution in the square € is given by the smooth functions

ug = —7Ts1n(7rx1)C(?s(7rx2) n Qs up— sm(7rx1)('exp(x2) n Qp,
7 cos(mzy ) sin(mze) exp(z1) sin(mza)

px = cos(mxy) cos(mre) in Q,, with x € {S,D}.

Example 2: 2D helmet-shaped domain with different Forchheimer numbers.

In our second example, and inspired by [8], we focus on the performance of the numerical method
(7.1) with respect to the number of Newton iterations required to achieve certain tolerance given
different Forchheimer numbers. Hence, we consider F € {0,10°,10',10?,10%,10%,10°}, the 2D helmet-
shaped domain described by 2 = Qg U X U Qp, where Qp := (—1,1) x (=0.5,0), ¥ := (—1,1) x {0},
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and Qg = (—1,1) x (0,1.25)\Qs with Qg := (—0.75,0.75) x (0.25,1.25). The data fs, fp, and gp,
are adjusted so that the exact solution in the 2D helmet-shaped domain € is given by the smooth
functions

[ —sin(27xy) cos(2mxa) . _( sin(2mx1) exp(x2) :
Us = < cos(2mxy) sin(27x) i {s, up = exp(x1) sin(27z2) i p,

px = sin(mxy) exp(rz) in €, with x € {S,D}.

Notice that, in both examples, the solutions satisfy ug-n = up -n on X and up -n = 0 on I'p.
However, the Beavers—Joseph—Saffman condition (cf. ) is not satisfied and the Dirichlet boundary
condition for the Navier—Stokes velocity on I'g is non-homogeneous and therefore the right-hand side
of the resulting system must be modified accordingly.

In Tables and [7.3] we summarize the convergence history for a sequence of quasi-uniform trian-
gulations, considering the finite element spaces introduced in Section with k£ = 0, and solving the
nonlinear problem , which requires around four and nine Newton iterations for the Examples 1
and 2, respectively. We observe that the sub-optimal rate of convergence O(h(k+2/ 3)/ 2) provided by
Theorem (when 6 = k + 1) is attained in all the cases (with £ = 0). Even more, the numerical
results suggest that perhaps only technical difficulties stop us of proving optimal rate of convergence
O(h*+1). In Table (7.2 we show the behaviour of the iterative method as a function of the Forch-
heimer number F, considering different mesh sizes h := max{hg, hp}, and a tolerance tol = 1E — 06.
Here we observe that the higher the parameter F the higher the number of iterations as it occurs also
in the Newton method for the Navier—Stokes/Darcy—Forchheimer coupled problem. Notice also that
when F = 0 the Darcy—Forchheimer equations reduce to the classical linear Darcy equations and as
expected the iterative Newton method is faster.

On the other hand, the approximated spectral norm of the pseudostress tensor components, the
skew-symmetric part of the Navier—Stokes velocity gradient, the velocity streamlines, the velocity
components on the whole domain, the geometry configuration and the pressure field in the whole
domain of the approximate solutions for the two examples are displayed in Figures and All
the figures were obtained with 657612 and 1076768 degrees of freedom for the Examples 1 and 2,
respectively. In particular, we can observe in Figure the continuity of the normal components of
the velocities on ¥ since the first components of ug and up coincide on {0} x (—1,0), whereas their
second components coincide on (—1,0) x {0}. Moreover, it can be seen that the pressure is continuous
in the whole domain and preserves the sinusoidal behaviour. Finally, similarly to Figure in
Figure [7.2) we can also observe that the continuity of the normal components of the velocities on X is
preserved since the second components of ug and up coincide on ¥ as expected. In turn, we can see
that the velocity streamlines are higher in the Darcy—Forchheimer domain.
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DOF | hg [ e(os) [r(os) | e(us) | r(us) | e(ys) | r(vs) | elps) | r(ps)
1264 | 0.188 || 14.7840 — 2.1893 — 1.5363 — 1.4364 —
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1076768 | 0.007 || 0.4490 | 0.932 | 0.0674 | 0.932 | 0.0523 | 0.926 | 0.0368 | 0.935

hp ‘ hs ‘ hs H e(up) ‘r(uD)‘ e(pp) ‘r(pD)‘ e(p) ‘ r(p) ‘ e(A) ‘ r(A) ‘iter

0.200 | 1/4 1/8 1.2761 - 0.1131 - 1.1300 - 0.2569 - 7

0.095 | 1/8 1/16 | 0.6135 | 0.984 | 0.0388 | 1.438 | 0.4481 | 1.335 | 0.0744 | 1.787
0.049 | 1/16 | 1/32 || 0.3115 | 1.037 | 0.0151 | 1.447 | 0.2129 | 1.074 | 0.0302 | 1.300
0.026 | 1/32 | 1/64 || 0.1566 | 1.081 | 0.0067 | 1.283 | 0.1003 | 1.086 | 0.0142 | 1.089
0.013 | 1/64 | 1/128 || 0.0784 | 0.968 | 0.0033 | 0.999 | 0.0502 | 0.997 | 0.0070 | 1.026
0.007 | 1/128 | 1/256 || 0.0393 | 1.204 | 0.0016 | 1.221 | 0.0249 | 1.011 | 0.0035 | 1.010

O © © 0

Table 7.3: Example 2, Degrees of freedom, mesh sizes, errors, convergence history and Newton iteration
count for the approximation of the Navier—Stokes/Darcy—Forchheimer problem with F = 10.
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