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Abstract

We propose and analyze an efficient algorithm for the computation of a basis of
the space of divergence-free Raviart-Thomas finite elements. The algorithm is based
on graph techniques. The key point is to realize that, with very natural degrees of
freedom for fields in the space of Raviart-Thomas finite elements of degree r 4+ 1 and
for elements of the space of discontinuous piecewise polynomial functions of degree
r > 0, the matrix associated with the divergence operator is the incidence matrix
of a particular graph. By choosing a spanning tree of this graph, it is possible to
identify an invertible square submatrix of the divergence matrix and to compute
easily the moments of a field in the space of Raviart-Thomas finite elements with
assigned divergence. This approach extends to finite elements of high degree the
method introduced by Alotto and Perugia in [4] for finite elements of degree one.
The analyzed approach is used to construct a basis of the space of divergence-free
Raviart-Thomas finite elements. The numerical tests show that the performance of
the algorithm depends neither on the topology of the domain nor or the polynomial
degree 7.
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1 Introduction

Given a function p € L?(Q), the classical way to compute u € H(div;{) such that
divu = p is to solve the Dirichlet boundary value problem

Ap=p in,
¢=0 ondQ,
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and take u = grad ¢. The situation is not so easy if p is a discontinuous finite element
piecewise polynomial p, and one looks for an approximation uy of u in an appropriate
finite element space such that divuy = pp. If pp is piecewise constant, then uy belongs
to the space of Raviart-Thomas finite elements of degree one. For this case an efficient
algorithm has been proposed in [3]. We now consider a discrete function pj, that is a
polynomial of degree » > 0 in each tetrahedron of the mesh of 2, and we look for uy in
the space of Raviart-Thomas finite elements of degree 4+ 1. The algorithm we present is
based on graph techniques and extends to higher polynomial degree the ideas introduced
in [4] for the case of Raviart-Thomas finite elements of degree one.
The proposed algorithm can be also used to construct a basis of the space of divergence-

free Raviart-Thomas finite elements of degree r + 1. This space appears naturally in
different applications. Let us consider the well-known Darcy problem

u+Kgradp=g in Q,
diva =0 in £,
u-n=0 on 0,

that models the velocity u of an incompressible fluid flowing in a porous medium oc-
cupying the domain €2, with coefficient of porosity equal to K. Its simpler variational
formulation is: find u € H(div; ) := {v € H(div;Q) : divv = 0} such that

/K‘lu-v: / K'g-v vve H'(div;Q).
Q Q
Let us also mention the electromagnetic problem in its curl-div formulation

curlu=J in Q,
divu=p in Q,
uxn=a or u-n=> on 9,

as proposed in [I]. For a magnetostatic situation, u is the magnetic field in Q generated
by an electric current density J (in this case, p = 0 and u-n = b on 092). For an
electrostatic situation, u is the electric field in Q generated by the charge density p (in
this case, J = 0 and u x n = a on 9).

There are different techniques for constructing basis of a divergence free (or approx-
imately divergence free) finite elements spaces in R? and R3; see, for instance, [13],
[10], 110, [12], [7], [14], [6]. Concerning the construction of a basis of the space of
Raviart-Thomas finite elements that are divergence free, it has been done, for elements
of degree one, in [19] for a simply-connected domain with a non-connected boundary
(see also [9] where curvilinear elements are considered), in [I7] for a g-fold torus, and in
[2] for a domain with arbitrary topology. To our knowledge, there are not yet results
for the case of Raviart-Thomas finite elements of higher degree. (In [2I] the authors



construct a basis of divergence-free finite elements of degree r > 1 by taking the curl
of corresponding potential spaces in two-dimensional domains, 2 C R2. However in the
three-dimensional space this approach is not so direct due to the large kernel of the curl
operator.) We treat the three-dimensional case, Q C R?, and the same approach is valid
in the two-dimensional case too.

This paper is organized as follow. In Section [2] we introduce the necessary notation
and briefly present some results of graph theory that will be used in the sequel. Then
in Section [3| we write the matrix associated to the divergence operator when using
the standard degrees of freedom (moments) for fields in the space of Raviart-Thomas
finite elements of degree r + 1 and for elements of the space of discontinuous piecewise
polynomial functions of degree r > 0. Moreover we prove that it is an incidence matrix
of a particular connected graph with no self-loop. Using this last property we compute in
Section [4]the moments of a discrete field in the space of Raviart-Thomas finite elements of
degree r+1 with assigned divergence. Notice that when using high order approximations,
the cardinal basis {¢, ; }?5{ of the finite elements space with respect to a chosen set of
degrees of freedom {mg}?Rf, (in this case the moments), has generally to be constructed
from a given (favorite) basis {1, k}dRT of the finite elements space. This construction
involves the inversion of a generalized Vandermonde matrix V, with [V]ox = mg(1y, x).
The inverse matrix V! provides, column by column, the coefficients to express the
cardinal functions as a linear combination of elements of {"/’h,k}ii‘q (see [0]), namely
Oy ;(x) = zR’{[ k.j¥hx(x). Once one has the vector U gathering the moments of
a discrete function uy, and a cardinal basis, we obtain

w,(x) = 07 Uy, (%) = X957 U SO0 (V=1 iy, 1 (%)
=yt dRT TV ki Ujpp p(x) = S Ut v, k(%) -

In Section [5] we use the algorithm presented in Section [ to compute the moments
of a basis of the divergence-free Raviart-Thomas finite elements space for any degree,
and Section [6] contains some numerical experiments illustrating the performance of the
method for the construction of a basis of the space of divergence-free Raviart-Thomas
finite elements of degree two and degree three.

2 Notation and preliminary results

Let © be a bounded polyhedral domain of R? with Lipschitz boundary. Let us consider
a tetrahedral mesh 7, = (V,&,F,T) over Q. Here V is the set of vertices, £ that of
edges, F that of faces and T the set of tetrahedra of 7. By ny, ng, nr, and ny we
denote their cardinalities, namely the number of vertices, edges, faces and tetrahedra of
the mesh, respectively.



Fixing a total ordering vq,va, ..., vy, of the elements of V we induce an orientation
of the edges, faces, and tetrahedra of Tj,.

e To any edge e € £ we can associate an increasing function m, : {0,1} — {1,2,...,np}
indicating the vertices of e. In this way we assign an (inner) orientation to e and
by abuse of notation, the oriented edge [Vme(o),vme(l)] is still denoted by e. The
unit tangential vector to e is 7, = el "Yme(©®

[Vine (1) = Vime (0)]

e To any face f € F we can associate an increasing function my : {0,1,2} —
{1,2,...,nyp} indicating the vertices of f. By abuse of notation, the oriented
face [vmf(o),vmf(l),vmf(z)] is still denoted by f. The unit vector normal to f is
N, — (Vi 1 (1) =V (0) X (Vi 1 (2) =Vim  (0))

f= Vi (1) =V £ (0))X (Vi (2) =Vim g (0)]

e To any tetrahedron ¢t € T we can associate an increasing function m, : {0, 1,2,3} —
{1,2,...,ny} indicating the vertices of t. By abuse of notation, the oriented tetra-
hedron [V, 0); Ving(1)s Vine(2)s Vime(3)] 18 still denoted by ¢. The outward unit vector
normal to the boundary 0t of ¢ is ny.

We will denote Ay(7r) the set of oriented subsimplex of 7}, of dimension d < 3.

In the following Ax will be the barycentric coordinate function of the vertex vy,
namely, the continuous piecewise linear function (M|, € Py for all ¢ € T) such that

)\k(Vj) = 5k,j-
We will use multi-indices of the form

d
n+d
nEI(n,d—l—l)—{nT—(no,...,nd)eNd+l :Zm—n}, #I(n,d+1) = ( J ) )
i=0

For any n € Z(n,d + 1) we denote

n!
an = —————— .
n
nolm! - nq!

Given s € Ay(Tp) and n € Z(n,d + 1) we denote

d

A7 = H}Ags(i) .

Note that

d n
1= <Z )‘ms(l)‘5> = Z Qg AT (1)
=0

neZ(n,d+1)



Let D, be the following space of vector polynomials of degree r + 1 in R3:
Dyy1 = (P)’ &P,

being P, the space of homogeneous polynomials of degree r. The space of Raviart-
Thomas finite elements of degree r + 1 is

RTy 41 ={zp € H(div; Q) : 23|, € D1 V€ T}

It is known that dim RT} .1 = drr = nr (T —; 2) + 3nT1 <T _:1))+ 3). This space have

been introduced in [I6], but originally it had been introduced in [I8] for Q C R2.
We denote P, the space of discontinuous finite elements that are piecewise polyno-
mial of degree r, namely,

Ph,={peL*Q): p|, eP.VteT}.
r+3

3
For a brief overview of these spaces and of the Nédélec finite elements of degree r + 1

It is known that dim Py, = dp = nt

that will be mentioned in Section 5| see, e.g., [I5]. The classical set of degrees of freedom
used to identify the elements of RTj, .1 are moments supported in faces

/Zh'ana qE]P)T(f)afej:a
f
and moments supported in tetrahedra
/zh q, q€[P._1(D)]?, teT.
t

Similarly, the classical set of degrees of freedom used to identify the elements of P}, are
moments supported in tetrahedra

/phq7 qeP.(t), teT.
t

Since we are free to choose any basis of the spaces P,.(f), [P,_1(¢)]® and P,.(¢), a possibility
is to consider the following set of moments for RT}, ,41:

Ca//Zh-nf)\a/ with O/EI(T,?)), f€f7
f

and
5ﬁ/zh- /\'Bgrad)\mt(j), with BeZ(r—1,4), 1<j<3,teT.
t



For Py, one can consider moments of the form
Ca /ph)\a with « € Z(r,4), t € T.
t

Here, Cy, Cy and 65 are real numbers. We anticipate that we have introduced some
parameters in the definition of moments to have the divergence operator represented by
an incidence matrix in the high order case, as it occurs naturally in the low order case.
We will thus set, for any n € Z(n,d + 1),

Cy = ay and @7 =(n+1)ay.

We recall some basic definitions and results of graph theory that will be used later
(they can be found, for instance, in [20]).

Definition 1. The all-vertex incidence matrix M¢ € Z™*™ of a directed graph M =
NV, A), with n nodes N' = {n;}}'_y, m arcs A = {a;}L, and with no self-loop, is the
matrix with entries

1 if a; is incident on n; and oriented away from it,
[M€);; =< —1 ifaj is incident on n; and oriented toward it,
0 if aj is not incident on n; .

An incidence matriz M of M is any submatriz of M¢ with n—1 rows and m columns.
The node that corresponds to the row of M€ that is not in M will be called the reference
node of M.

Note that
rank M® =rank M <n —1,

and if M is connected, then rank M€ = rank M = n — 1, see, e.g., [20, Thm. 6.2].
We recall the definition of spanning tree of a graph M = (N, A).

Definition 2. A tree of a graph M = (N, A) is a connected acyclic subgraph of M. A
spanning tree S is a tree of M containing all its nodes.

If S is a spanning tree of M = (N, A), then § = (N, B) with B ¢ A. Moreover B
has exactly n — 1 arcs.

In the next sections we will use the following result that joins Theorem 6.9 and
Theorem 6.12 in [20].

Theorem 3. Let M = (N, A) be a directed connected graph with no self-loop and
M e Z0=Dx" an incidence matric of M. Let S = (N, B) be a spanning tree of M and
Mg the submatriz of order n — 1 of M given by the columns of M that correspond to
the arcs in B. Then Mg is invertible and the nonzero elements in each row of Ms_t1 are
either all 1 or all —1.



Proof. The proof can be found, for instance, in [20]. However, for the sake of
completeness, we recall in the sequel the main ideas. Each column of Mg corresponds
to an arc of the spanning tree S = (N, B) with B = {aj(k)}z;%, for a certain function
jg:A{l,...,n—=1} = {1,... ,m}.

Each arc aj) € B divides the graph S in two connected components Sﬁk) and
87(1];); (the subindex r refers to reference node). We will denote Sr(k) = (Nr(k),Bﬁk)) the
connected component containing the reference node and Sr(blf«) = (Nr(wlf), 15’7(1]?)) the other
one. We associate to a;() the vector wk) € 771 with components:

-1 ifn; & /\/}(k) and a;(;) points from Sr(k) to 87(5) ,
[W(k)]i = 1 ifn; & ./\fr(k) and @) points from S,(lli) to Sr(k) ,
0 ifn; € ./\/’r(k) .

Now we will check that
(WY T My, = 0py -

In fact, [(w(k))TMst]l is the scalar product of the vector w(*) and the column of My
corresponding to the arc a;().
If the reference node is an extreme node of a;(;), then

e for k # [, the extreme node of a;(;y that is not the reference node, is in ./\/}(k), hence
[(wE)T M), = (0) (1) = 0 (if the extreme node, that is not the reference node, is
the initial one), or [(w*¥))T My]; = (0) (=1) = 0 (if the extreme node, that is not
the reference node, is the final one);

e for k =, the extreme node of a;() that is not the reference node, is not in j\/}(k).
If () points from S to S, then [(wk))T My ], = (~1) (1) = 1 while if a;
points from S to S, then [(w®)T My, = (1) (1) = 1.

If the reference node is not an extreme node of a;(), then

e for k # [, the two extreme nodes of the arc a;(), nli and né, are in the same

connected component S,Ek) or ngn); we have

(—1) (1) + (1) (1) it n}, n, g M and ajq points from S& to S

(W) "My = S (—1) (1) + (
~1)(0)+ (1) (0) ifnl, nl € AP

SO [(w(k))TMst]l =0;

e for k = [, one of the extreme nodes of a;() is in /\/r(k) and the other is not. If a;,

points from ngk) to Sg;), then the final node of (k) (with entry equal —1 in the

1)(1) ifnl,nl ¢ N®) and a;(k) points from Sk 6 8!

k)



k-th column of M) is not in N¥) and the scalar product is (—1) (—=1) +(0) (1) =
1. If aj4) points from ST(L’ﬁ) to &gk), then the initial node of aj;;y (with entry

equal 1 in the k-th column of M) is not in N,gk) and the scalar product now is

(1) (1) +(0) (=1) = 1.

So, it follows that M ' is the matrix with entries
(M gy = [w®];,
since we have showed that

Z[Ms_ kg [Malj0 = Z[W(k)]j[Mst]j,l = Okl -

3 The divergence matrix

Our aim now is to identify the matrix that relates the moments of z, € RT} 1 with
the moments of p;, = divz;, € Py ,. From the divergence theorem in a tetrahedron, for
any o € Z(r,4) we have

/phaa)\a = /divzhaa)\a = / Zp, - Ny A\ — /zh Qo grad A% . (2)
t t at t

Note that 4

grad \® = Z ;N> grad Ay, (i) 5
i=0
being e; € N* the vector with components (ei)j = 0ij, 0 <14,j < 3. Clearly oz A*™ % is
zero if o = 0, otherwise it is a polynomial of degree r—1 of the form ;M with 8 € Z(r—
1,4). We recall also that, since 1 = Z?:o Ama (i), then grad Ay, o) = — Z;‘i:l grad Ay, (i)
on the tetrahedron t. So we have

d
grad \* = Z (i A*™% — apA*™%0) grad A (i) -
i=1
Finally we note that aqa; = ao,rilag,a@ = rGq—e;, hence

d
/Zh “aq grad A* = Z /Zh : (Taa—ei)\aiei - 7’aoz—eo)‘aieo) grad )\mt(i) :
t i=1"7t

Here v € Z(r, 4). However, if f € 0t and v,,,(;) € f, then

(0o, = 0 ifa; #0,
@ F7) ag )\ for a certain o € Z(r,3) ifa; =0.



The multi-index o’ € Z(r,3) is Ry o, being Ry 5 € Z3** the matrix obtained from the
4 x4 identity matrix by omitting the i-th row. For instance, if f = [V, (0), Vin,(2)s Ve (3)]5
then

1 000 o
o =Rgja=|0010|a=| a
0001 s

Notice that, since a; = 0, then ao = aq. Hence
(Ry, poo)
/ zh-ntaa)\a:an-nt/zh-nfamtfa))\ s
ot feot f ’

and for each f € 0t, the multi-index o’ = R; pov is in Z(r, 3), as it is the case in moments

supported in faces.
So, equation reads

. (Ry, per)

(6% _ B

/le ZRaa AT = E ny-nyg / Zp - Ny a<Rt’fa>)\
t feot f

d (3)
— Z /zh . (Taa_ei)\o‘*ei — raa_eo)\a*eo) grad Ay, (;) -
=11

Let p € R be the vector with entries the moments of pn =divz, € P, and Z € RérT
the vector with entries the moments of z, € RT} 1, then we can write as:

p=Dy,Z,

where the matrix D7; is the matrix associated to the divergence operator that is, in fact,
a linear operator from RT}, 41 to Py .
From the divergence theorem in the whole domain {2 we have also

/ph:/divzh:/ Zp - oo = Z (nf‘naQ|f/Zh'nf> )
Q Q o0 feon f
where ngq denotes the outward unit vector normal to the boundary 9€). From we

1= Z Aoy )\a/f

a'€Z(r,3)

have

for any f € F. Hence
— / diVZh = — Z ng- nagyf Z /Zh . nfaa//\al . (4)
Q Fean aez(r3)”’f
Denoting p® € R4+ the vector p® = [p', — Jo pr] ", we can write and as

p‘=D3Z.



Proposition 1. The matriz D7, is the all-vertex incidence matriz of an oriented graph

M = (N, A) with dp + 1 nodes: T3

to O, and drr arcs. The divergence matriz D7, is the incidence matriz with reference

for each tetrahedron plus one corresponding

node the one corresponding to OS).

Proof. To see that each column of D% has exactly two elements different from zero,
one equal 1 and the other equal —1, we note that each column corresponds to a face
moment

/Zh ‘nf aa/)\a/, fer, o € I(T, 3) ,
f
or to a tetrahedron moment

/Zhrag)\’@ grad)\mt(i), teT, BeI(r—1,4),i=1,2,3.
t

The faces can be internal, if their interior is in €, or they can be on the boundary of 2.
e If f is an internal face, then it belongs to two different tetrahedra, ¢t~ and ¢T.

Hence, in the column that corresponds to the moment [ 7 Zh nfaa/)\a,, there
are two entries different from zero, one in the row corresponding to the moment

(RT_ o) . .
ft, Pha v /))\ t=f~ " and another one in the row corresponding to the moment
@
tf
(R o) c .
ft+ Pra v a/))\ .~ . They have opposite sign, because the non zero coefficients
thf
are ny - n,- and ny - ny4, with n;- = —ny+.

e If f is on the boundary of €, then it belongs to just one tetrahedron, say t, and,
on f, n; = npn. In the column that corresponds to the moment ff Zp - nfaa:)\a/
there is one entry different from zero in the row corresponding to the moment

it

ffpha A

(RT o) . This entry is equal to ny-n;. There is another entry different
0

from zero in the row corresponding to 02 with opposite signs, because it is equal

to —(l’lf . l’l(‘)Q) = —(l’lf . ni).

e The column corresponding to ft zhraﬁ)ﬁ grad A, ;) has two entries different from
zero: one in the row corresponding to [, prag1e,A° 0, and the other in the row
corresponding to [, prag+e, A2 with opposite sign as can be seen in (3)). O

Proposition 2. The graph M = (N, A) corresponding to the all-vertex incidence matrix
D5, is connected.

Proof. Let us recall that the set of nodes N is composed by elements of the form

/divzhaa/\a, teT, acZ(rd) and / Zp, - Do ,
t o0

10



(that we will denote by [e, t] and [0f2], respectively) and the set of arcs A, by elements
of the form

/Zh . nfaa/Aa/, fer, o € I(T, 3)
!

and

/zh . ra,g)\'egrad/\mt(i), teT, BeI(r—1,4), i=1,2,3,
t

(that we will denote by [&/, f], and [3,t,i], respectively). As consequence of the diver-
gence theorem, we observe that

(i) for a fixed t € T and any B € Z(r — 1,4) the arc [3,t,14] link the nodes [3 + ey, t]
and [B+e;,t], 1 =1,2,3.

(i) for any o’ € Z(r,3), the arc [@/, f] link the nodes
[RtT,’fa’,t*] and [R;f
with tt,t— € T.

[Rz—fa’, t] and [09)], if f is a face on the boundary of Q, namely, f C 9t N O
for some t € T.

o/, t1], if f is an internal face such that f = dt™ Not~

Now we will show that, for a fixed ¢t € T, any two nodes of the set S(t) = {[ev, ] :
a € I(r,4)} are connected. More precisely we will show that any node [a,t] € S(t) is
connected with the node [e, t] = [(r,0,0,0),t] € S(t). In fact, by using (i), it is possible
to construct a path of length a1 between the node [@, t] and the node [(r—aq, 1, 0,0), t].
In the same way, there exists a path of length s between the nodes [(r — a1, aq,0,0), ¢]
and [(r — a1 — ag, a1, a9,0),t] and finally, a path of length a3 between the nodes [(r —
a1 —ag, a1, a2,0),t] and [(r— a1 — ag — ag, a1, as, a3),t] = [a, t]. Thus, the nodes [a, ]
and [a, t] are connected.

Moreover if f is an internal face, then there exists t; and t3 in T such that f =
Oty N Ote. From (ii), we know that any arc [@/, f] connects the nodes [Rtt,fa’,tl] and
[thfa’,tg]. On the other hand, if f is a face on the boundary of €2, then f C 0t N OS2
for some ¢ € T. In this case, the arc [@/, f] connects the nodes [R,;T re,t] and [0Q].

Since 2 is connected we can arrive from any tetrahedron in the mesh to any other
following a path constructed by its common faces and this fact guarantees that all nodes
are connected. O

Example 1: the case r = 1.
The moments of pj, € Py 1 are ftph)\mt(i) for all t € T. So, for 0 <7 < 3 we have

/diV Zp )‘mf(z) = / Zp - Ny )‘mf,(i) - /Zh : grad )‘mf,(i) . (5)
t ot t

11



Moreover

Vini(0)s Vine(1)s Vine (2)s Viue3)). = —[Vine (01 Vine (1)> Vi 2))  [Vine (0)s Ve (1) Vina (3)]
- [th(O) » Vimy(2)) th(3)] + [th(l) » Vimy(2)) th(3)] .

This means that

nt’[vmt(oyvmtu),vmt(z)] = TV, ) Vg (1) Vme )]
nt|[vmt(o>,vmt<1>,vmt<3)] = Vg 0) Vi (1) Ving (3] 2
nt|[vmt(0)7vmt(2)7vmt(3)] = TV, ) Vi @) Vime )]
nt|[th(l)vvmt(Z)vvmt(S)] = DV, (1) Vi (2) Vg 3)]

Finally, taking into account that grad Ay, (o) = — Ele grad A, (i), we see that the matrix
Dy relating the moments of py, = divzy, € P, and z, € RT} 9 in a tetrahedron ¢ is

-1 00 100 —-100 000 11
-1 0 010 000 100 —10
D= 0 0-1 000 0-1 0 010 0-1 0 [0123].
000 001 0 0-1 001 0 0-1
[012] [013] (023 [123] (0123

When assembling the whole matrix, D7, , relating the moments of p;, and zj,, we will have
four lines for each tetrahedron, three columns for each face and another three columns
for each tetrahedron. In the three columns corresponding to an internal face, there are
exactly two non null blocks of four lines corresponding to the two tetrahedra sharing
this face. The non zero elements on each block have opposite signs, due to the different
orientation of the face on the boundary of the two tetrahedra. On the other hand, each
boundary face has exactly one non zero block on its columns, because such a face belongs

to the boundary of just one tetrahedron.
Let us consider now the matrix Df that incorporates to Dy a row corresponding to

the equation

-1 0 O 1 0 0 -1 0 O o 0 O 1 1 1

0-1 0 o 1 0 0o 0 O 1 0 O -1 0 0

Di = 0 0 -1 0o 0 O 0-1 0 o 1 0 0-1 0
0o 0 O 0 0 1 0 0 -1 0 0 1 0 0-1

1 1 1 -1 -1 -1 1 1 1 -1 -1 -1 0 0 O

The last (blue) row is the one corresponding to equation .

Ezxample 2: the case r = 2.
The moments of py, € P2 are [, py (@i jAmi (i) Ame(s)) > for all t € T, with 0 <7 < j <3

and
a;j = ! ?fz.:]',
’ 2 ifi#£j.

12



The face moments in RT}, 3 are

/th 07 (@i Ay () Ay (), 0<i<j <2,
and the tetrahedron moments are
/ch (2 A0 grad Ay, 5y), 0<i<3, 1<5<3.
So
/divzh (@i Ay () A () = /

) o Zp - Ny (ai,j)\mt(i))\mt(j)) - /ch gfad(ai,j)‘mt(i))‘mt(j))’

where grad A,,,, ) = — Z?:l grad Apy, (;) and
grad(@i j A, (i) Ami (7)) = @i (A (i) 878d Ay () + Ay () 818 Ay 3)) =

2/\mt(i) grad )‘mt(i) if i = j s

Q(Amt(i) grad )‘mt(j) + )‘mt(j) grad )‘mt(z)) ifi#£j.
So in the case of just one tetrahedron we can write the divergence matrix. We divide
it in two blocks: the block D'/, that relates the tetrahedron moments of Py, o with the
face moments of RT}, 3, and the block D', that relates the tetrahedron moments of P o

with the tetrahedron moments of RT} 3.

00[f-1000UO0TO O 100000 100000 00000 07
01 0-1 00 00 010000 000000 000000
02 0 0-1 000 00O0GO0TO0O 0-1 00 00 000000
03 000000 001000 0 0-1 000 000000
11 00 0-100 00O0T1TO0O 000000 100000 /|_ .y
12 000 0-10 000TO0TO0O 000000 010000 ’
13 000000 000O0T10 000000 0071000
22 0000 O0-1 00O0GO0TO0O 00 0-100 ©000O0T1UO0O
23 000000 00O0GO0TOO 0000-10 000TO0T10
33 L ooo0oo000 0000O0°1 000001 ©000O0GO0O 1]
00 01 02 11 12 22 00 01 03 11 13 33 00 02 03 22 23 33 11 12 13 22 23 33
[012] [013] (023] [123]
0o [ 1 1 1 0 0 0 0 0 0 0 0 01
01 -1 0 o0 1 1 1 0 0 0 0 0 ©
02 0o -1 0o o0 0 O 1 1 1 0 0 0
03 o 0o -1 o o0 O O O 0O 1 1 1
11 o0 0 0 -1 0 0O O O O O 0 © _pt
12 o 0o 0 0 -1 0 -1 0 0 0 0 0
13 o 0o 0 0O O -1 0 0 0 -1 0 0
22 o 0o 0 0O O O O -1 0 0 0 0
23 0o 0o 0 0 0 0 0 0 -1 0 -1 0
33 L o o o o o o o 0 0 0 0 —1]
01 02 03 11 12 13 21 22 23 31 32 33
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Then
D, =[D',DY].

4 An element of RT),,; with assigned divergence

We now propose an efficient algorithm for the computation of the moments of a solution
of the following problem: given p;, € P, find u, € RT}, 41 such that divu, = py,.
Denoting U € RYAT the vector with entries the moments of uy, and p € R4 the vector
with entries the moments of pp, we are looking for a solution of the rectangular linear

system

D;U=p. (6)

Let S = (N, B) be a spanning tree of M = (N, A). By definition B has exactly dp
of the drr arcs of A. For instance, if » = 1, the submatrix in red of the matrix Df below

[ -1 0 0 1 0 0 -1 0 O 0 0 O 1 1 1]
0-1 0 0 1 0 0 0 O 1 0 0 -1 0 O
Dy = 0 0 -1 0 0 O 0-1 0 0 1 0 0-1 0|,
0 0 0 0 0 1 0 0 -1 0 0 1 0 0-1
11 1 -1 -1 -1 11 1 -1 -1 -1 0 0 0 ]

is the all-vertex incidence matrix of a spanning tree S of M. In Figure [1| we present, on
the left, the graph M (one style of line for each block of three columns in the matrix
Df), and on the right, the spanning tree S.

Figure 1: The graph M that corresponds to the matrix Df with a different style of line
for each three-column block in Df (left) and the spanning tree S (right).

In the matrix D7, we distinguish the columns corresponding to the arcs in S (and

we denote Dy the submatrix of D7, composed by these columns; the subindex st refers
to spanning tree), and the columns corresponding to arcs not in S (and we denote D,
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the submatrix of D7, composed by these columns; the subindex ct refers to co-tree). So,
reordering the columns of D7, by using a permutation matrix P, we can write

D, P = [Dgt, Dey] .

From Theorem [3 and Propositions [T] and [2| we know that Dy is non singular. De-
noting 4 = P U, we have

D7’hU=p<:>D7‘hPil=p,

and D7, P = [Dg, D). So, if we denote g the vector with the first dp components
of Y and 4. the vector with the remaining drr — dp components, we can write the
rectangular linear system to be solved as

Dst Llst + Dct i'[ct =p. (7)

For any choice of U € RérT—dP solving Dgily = p — Do, we obtain a solution of
. If we choose for instance . = 0 we obtain

Dy'p
0 9

S =

and then U = P4l.

5 A basis of the space RT}; = RT}, 1 N HO(div; Q)

r+1
Proceeding in a similar way, we can compute the moments of the elements of a basis of

the space RT}?,anrl =R} 41 0N HO(div; Q).

Proposition 3. The columns of the matriz

-1
B=P _Dst DCt c ZdRTX(dRT_dP) ’

being I the identity matriz in RArT—dP)x(drr—dpP) " gre the moments of dpp — dp linear

independent functions in RT}, .1, that are divergence-free.
Proof. Taking p = 0 in and replacing . with the identity matrix of dimension
drr — dp, it is easy to check that

D7, B =Dy P — Dy +Dy=0.

_DS;IDCt ] _ [DstaDct] [ —Dslect ]

The fact that the corresponding functions are linearly independent is a consequence of
the identity block in the definition of B. O
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Let Nj,41 be the space of Nédélec curl conforming finite elements of degree r + 1.
If 0X2 has p + 1 connected components (0€2)o, ..., (082),, then it is well known (see e.g.
[8]) that given zp € RT}, 41, there exists wy, € Np 41, such that curlwy, = 2z if and
only if divz, = 0 and f(aﬂ)k zp -ngo = 0, for £ =1,2,...,p. Moreover, the dimension
of the space of functions in H°(div;Q) that are not the curl of any vector potential in
H(curl; Q) (the second de Rham cohomology group) is equal to p.

It is possible to construct a basis of the space RT,?J 41 with p elements that are
representatives of a basis of the second de Rham cohomology group and the remaining
drr — (p + dp) that are the curl of vector potentials in Np, 41.

Let (02)o be the external connected component of 9€2. We consider the following
problem: given p;, € Py, and C € RP, find uy, € RT}, 41 such that

diVlNIh = Ph,
f(aﬂ)kﬁh'naﬂzck, for k=1,2,...,p.

The number of equations is now equal to dp + p, while the number of unknowns remains
equal to drp. From , we have 1 = Za,g(r 3) G’ )\O‘/‘f for any f € F, hence

f(aﬂ)k Uy -ngo = Zfe(aﬁ)k (nf . naQ’f ff uy, - nf>
- Zfe(aﬂ)k (nf ’ n89’f Za’eI(n?,) ff uy, - nfaa/)\o‘/) .

So, the new p equations (multiplied by —1) can be written as

- Z ny - nool, Z /uh nfaa/)\ =-—Cy, k=1,...,p, (8)

Fe(0Q)x o’ €Z(r,3)

or using matrix notation, H U= —C, being U € RYRT the vector with the moments of
uy,. Note that the entries of matrix H € RPX4RT are 0, if f & (0Q)y, or, —ny - nag)]f,
that is equal to 1 or —1, if f € (0Q)y.

Denoting by V € R *P the vector V = [ é ] and by l~?7-h e Rlptp)xdrr the

D,
H

The matrix DT e R@PTPIXArT jg ap incidence matrix of a new connected and
directed graph M = (N A) with no self loops. This new graph M is similar to the
graph M: the node of M that corresponds to 02 has been replaced in M by p+1 nodes
corresponding to the different connected components of 052

/ Zp - NHQ kzov"'vp)
(0
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and the number of arcs in M is equal to the number of arcs in M. If f is a face on 012,
then f C (0Q)r N Ot for some t € T and some k € {0, ...,p}. In this case the arc [o/, f],
with &’ € Z(r, 3), connects the nodes [Rz—fa’,t] and [(89)x] of the graph M and hence
also M is connected.

The all-vertex incidence matrix of M = (/\7 , /T) has a row for each connected com-
ponent of 9€2. The sum of these p + 1 rows is equal to the row corresponding to 92 in
the all-vertex incidence matrix of M. The reference node for the incidence matrix l~)771
is the one that corresponds to the external connected component of 02, (0€)p. This
means that in the matrix ZN?Th all the columns corresponding to tetrahedron moments or
face moments for internal faces have exactly two entries different from zero, one equal
to 1 and the other equal to —1. Both of them are in rows of D7, . But in 57} also the
columns that correspond to face moments for a face f € (092); with k € {1,...,p} have
two entries different from zero, one in D7, and the other in the k-th row of H. Only
the columns that correspond to face moments for a face f € (9€2)¢ have just one entry
different from zero.

Let S be a spanning tree of M. Accordlng to S we identify a set of d lp+p columns of
D7;L that compose an invertible matrix D,;. Reordering the columns of D7—h we can write

D7. P = [Dy, Dey] . Now we have Dy, € Z4pt9)x(dp+0) and D, e Z(dp+e)x(drr—(dp+p)),
Proceeding as before and denoting = PTU we can write
DrU=V & Dy, Py=V & [Dg, Dyl i =V.
ct

Here ﬂst is the vector with the first dp 4+ p components of {1 and ﬁct the vector with the
remaining drr — (dp + p) components. Hence

-lN)stﬁst =V - Ectﬁct = - ﬁctﬁct .

p
C

Let €, k € {1,...,p} be the elements of the canonical basis of RP and let e;, j €
{1,...,drr — (p + dp)} be the elements of the canonical basis of R4T—(@P+P)  Let us
consider p = 0. For k € {1,...,p}, we denote Sy € ZP*P the solution of the linear

system
~ ~ 0
Dst‘ust,k = [A ] )
€k

and for j € {1,...,drr — (p+dp)}, we denote ﬁst,pﬂ- € ZP+P the solution of the linear
system

Dst‘ust,p+j = _Dctej .

17



We denote, respectively, N1 € R(E@P+P)XP the matrix with column % equal to ﬁst,k, and
Ny € R(dp+p)x(drT—(dP+P)) the matrix with column J equal to U 51 ;. It follows that

BuV: - [ ! ] T and DuNae —Ba.
P
being I, the identity matrix in RP*P. In a more compact way we have
5St‘]\f = [fv _561‘/] ) (9)

with ﬁst c Z(dP-i-p)X(dP'HD), N =[Ny, Ns] € ]R(dP"FP)X(dRT—dP), T € R@P+p)xp gnd _ﬁct c
7.(dp+p)x(drr—(dp+p))

Proposition 4. The columns of the matriz

Bi=P

N ] c 74RT¥p
0

are the moments of functions Uy, € R1}, 41 such that

divap, =0,

f(aﬁ)z Up N =0 forl=1,2,...,p.
The columns of the matriz

N.
By=P 2

Lipr—(dp+p)

] c 74rr X (drr—(dP+Pp)) ,
being Iy, —(dap+p) the identity matriz in Rrr—(dp+p))x(drT—(dr+P)) " gre the moments of
drr — (dp + p) linearly independent functions, Uppi; € RT}, 41, such that

div ﬁh,p-‘,—j =0 5

f(aﬁ)z Uppt Do =0 forl=1,2,....p.

Proof. 1t is enough to check that 157-,1 By =
P

N ~ ~ | N ~ 0
' | =[Dw,Da] | " | = DuNi = .
0 0 I,

;) ] and l~)7-h§2 = 0. In fact,

Dy By = Dy P

On the other hand

Dy By — Dy, P

N- ~ ~ N- ~ ~
I 2 = [DstaDct] I 2 = _Dct“‘Dct =0.
drr—(dp+p) drr—(dp+p)

O]
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Remark 4. The functions Upy, k € {1,...,dgrr — dp} form a basis of the space
RT,?’TJrl = RT),,+1NH(div; Q). The first p elements Upx, k € {1,...,p} are divergence-
free functions that are not the curl of any vector potential. They are representatives of a
basis of the second de Rham cohomology group. The remaining drp — (dp + p) elements
Upptj, J €{1,...,drr — (dp +p)}, are the curl of vector potentials in the space Np i1
of Nédélec finite elements of degree r + 1, because they satisfy

div ﬁh7p+j =0 5

f(an)l Uy Noo =0 forl=1,2,...,p.

6 Numerical results

In this section we illustrate the performance of the method for the construction of a
basis of RT,?’T_H = RT}, r+1 N HO(div; Q) analyzed in Section 5.

The algorithm has been implemented in MATLAB (R2016a). All the numerical
computations have been performed by an Intel Core i7-6700HQ, with a processor at 2.60
GHz on a laptop with 12 GB of RAM. The input is a mesh created by TetGen (see [13]),
the output is the matrix with the degrees of freedom (moments) of a basis of RTh s
with a column for each element of the basis, as indicated in Proposition [

a) Sphere. p = 0. ) Cube with a cube cavity. p = 1.
) Torus with toroidal cavity. p = 1. (d) Cube with two cubic cavities. p =
2.

Figure 2: The geometry of the considered test cases.
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The algorithm has been tested by computing this matrix for r = 1 and r = 2,
in successive uniformly refined meshes of the domains 2 presented in Figure We
consider four different test cases. In the first one the domain €2 is a sphere, its boundary
is connected, so p = 0. In the second test case €2 is a cube with a concentric cubic cavity,
the boundary has two connected components, so p = 1. In the third test case €2 is a
torus with a concentric toroidal cavity, its boundary has two connected components, so
p = 1. In the last one the domain € is a cube with two cubic cavities; the boundary has
three connected components, so p = 2.

In the tables we report, for each test case, the number of elements of the mesh n, the
dimension dgr of the space RT}, .41, the dimension dp of the space P, . In the fourth
. In the fifth column, Prepro. [ms],

indicates in milliseconds the time spent to read the mesh, assemble the matrix l~)7-h and

column, drr—dp is the dimension of the space RT,? i1

build the spanning tree. In the last column, SL [ms], indicates the time in milliseconds
spent to solve the drr—dp linear systems in equation @]) usmg the command backslash of
MATLAB and finally construct the matrix of moments B = [By, By] € Rérr*(drr—dp),

6.1 Thecaser=1

For the first test case, the sphere, we consider two different spanning trees. In Table
(that has in fact seven columns), we report the computational times for eight successive
uniformly refined meshes. In the sixth column, SL b.f [ms], we indicate the time in
milliseconds for solvmg the drr — dp linear systems in @ and finally construct the
[Bl, Bg] € Rérr*(drr—dr) when using a spanning tree built by

using a breadth-first search. In the last column, SL d.f [ms], we indicate again the time

matrix of moments B =

for solving the drr — dp linear systems in @ but now using a spanning tree built by
using a depth-first search.

ny drT dp | drr —dp | Prepro. [ms] | SL b.f [ms] | SL d.f [ms]

104 1092 416 676 302.7 0.9 7.8
1035 10 095 4 140 5 955 384.7 4.1 921.8
2625 25 488 10 500 14 988 407.0 11.8 6 320.5

7 829 75 078 31 316 43 762 404.8 34.3 103 916.7
15 690 150 516 62 760 87 756 520.4 82.0 -
31 748 299 880 | 126 992 172 888 791.1 256.7 -
64 239 604 086 | 256 956 347 130 1325.0 620.6 -
128 609 | 1201 494 | 514 436 687 058 2 451.5 1 665.7 -

Table 1: Results for the sphere, (r = 1).

The results show that the time for solving the drr — dp linear systems in @D is
much longer when the spanning tree is built by using a depth first search. Indeed, the
number of elements different from zero in the matrix B = [By, By] € Rirr*(drr—dp)
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that contains the moments of a basis of RT,? 41+ 18 larger with a depth-first search than
that with a breadth-first search spanning tree.

nr drr | drT —dp | Breadth-first (%] | Depth-first [%)]

104 1 092 676 0.322 9.06

1 035 10 095 5 955 0.055 7.86

2 625 25 488 14 988 0.024 7.38

7 829 75 078 43 762 0.010 7.51
15 690 50 516 87 756 0.005 -
31 748 299 880 172 888 0.004 -
64 239 604 086 347 130 0.002 -
128 609 | 1 201 494 687 058 0.001 -

Table 2: Sparsity of the matrix B containing the moments of a basis of RT} (r=1).

r+17

In Table [2| we report the sparsity of the matrix B associated to these two kinds of
spanning trees.

In Figure 3| we illustrate the behavior, with respect to the dimension of the problem,
of the total computational time (on the left), and of the time to solve the drp — dp
linear systems in @ (on the right). In the plot on the left, the slope of the curves
changes when the considered mesh attains a critical size. Before this critical size, the
preprocessing time is more significative than the resolution time, and after, the other
way around. This behavior does not depend on the adopted method to construct the
spanning tree. In the plot on the right, only the resolution time is considered, which
has a rather linear (resp. quadratic) behavior when adopting the breadth-first (resp.
depth-first) spanning tree.

108 T T T 108

—o0(h’) =——0(h"), § = 2.2968
105 | [~®=DFs ] ——o(h?)

| o(h?)
=ill= DFS

104 L

0% M 10%r
o
— o—0
2L 4
10 / 02k

10!
100 L
0L 4
10 o)
== BFS

Time
Time

—o0(h) ]
0O(h"), @ = 1.2117
=— 0(h?)

== BFS

107! 1072
102 103 104 10° 10° 102 103 104 10° 108

der - dp dpr - dp

Figure 3: Total computational time (left), and time for solving the linear systems using
breadth-first or a depth-first spanning tree (right) in the sphere test case, (r = 1).

For the second, third and fourth test cases, we present numerical results only for a
breadth-first spanning tree. These three examples show that the method is successful in
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domains with a non connected boundary. In the case of the torus with a toroidal cavity
the domain is not simply connected; however this aspect does not influence the perfor-
mance of the algorithm. The fourth example shows that the algorithm is robust with
respect to the number of connected components of the boundary. These considerations
are summarized in Figure [d] where we can clearly see that the time for solving the linear
systems is independent of the topology of the test case domain and depends only on the
dimension of the matrix ﬁst.

102 L

[}
£ (4
10t /
=@ First test
== Second Test
Third Test
== Fourth Test
10%¢7Z ) .
103 104 10°

der - dp

Figure 4: Time for solving the linear systems using breadth-first spanning tree in the
four test cases, (r = 1).

In Tables 3] [ and [5} we report the detailed computational times of the second, third
and fourth test cases with successive uniformly refined meshes, respectively.

ny drT dp | drr —dp | Prepro. [ms|] | SL b.f [ms]

807 8 091 3 228 4 863 386.5 3.8

1 606 16 020 6 424 9 596 442.2 7.3

3 221 32 010 12 884 19 126 493.5 14.2

6 468 63 444 25 872 37 572 555.6 30.1
12 964 124 935 51 856 73 079 719.7 86.2
25 940 246 282 103 760 142 522 825.1 201.4
50 995 480 507 203 980 276 527 1 905.4 496.2
102 169 954 693 408 676 546 017 3 896.7 1 346.0

Table 3: Results for the cube with a concentric cubic cavity, (r = 1).

Finally, in Figure [5| we plot, on the left, the total computational time, and on the
right, the time to solve the dry — dp linear systems in @D, both as a function of the
problem dimension. We notice again the existence of a critical dimension of the mesh
size starting from which the preprocessing time is not longer dominant. In the plot on
the right, only the resolution time is considered, which has a rather linear behavior with
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ny drT dp | dgr —dp | Prepro. [ms] | SL b.f [ms]
1784 17 664 7 136 10 528 424.5 8.5

3 366 33 327 13 464 19 863 487.8 14.8

6 939 68 781 27 756 41 025 648.5 31.4
13 891 138 555 55 564 82 991 655.9 70.4
27 849 274 611 | 111 396 163 215 998.0 192.2
55 705 540 477 | 222 820 317 657 1414.4 444.4
111 345 | 1062 786 | 445 380 617 406 2 576.3 1133.8

Table 4: Results for the torus with a concentric toroidal cavity, (r = 1).

nrT dRT dp dRT — dp Prepro. [ms} SL b.f [ms]

719 7149 2 876 4273 401.2 3.9

1 530 15 072 6 120 8 952 422.7 7.8

3 098 29 991 12 392 17 599 475.6 16.3

6 280 60 150 25 120 35 030 561.3 37.3
12 577 | 119 199 50 308 68 891 754.7 87.7
25293 | 237951 | 101 172 136 779 1 168.0 206.4
50 621 | 472 260 | 202 484 269 776 2 556.6 498.8
101 288 | 937 815 | 405 152 532 663 3 696.9 1 .390.7

Table 5: Results for the cube with two cubic cavities, (r = 1).

6.2 The case r =2

respect to the problem dimension.

with respect the polynomial degree r.

We use the same meshes as the ones used for the case r = 1, and we present tables and
figures similar to those of the previous case to show that the algorithm is also robust

ny drT dp | dgr —dp | Prepro. [ms] | SL b.f [ms] | SL d.f [ms]
104 2 808 1 040 1 768 263.9 0.8 53.6
1035 26 400 10 350 16 050 359.7 8.7 6 906.5
2625 66 726 26 250 40 476 398.2 25.9 73 048.1
7 829 197 130 78 290 118 840 550.8 111.6 -
15 690 395 172 | 156 900 238 272 869.4 285.2 -
31 748 790 248 | 317 480 472 768 1518.1 785.2 -
64 239 | 1593 606 | 642 390 951 216 2 990.6 1819.9 -

Again, the time for solving the dgrr — dp linear systems in @ is much longer when
using a spanning tree constructed with a depth-first search (see Table [6), since the
number of elements different from zero in B = [By, By] € R4#7*(drr=dp) ig Jarger using
a depth-first search than that using a breadth-first search spanning tree (see Table .

Table 6: Results for

2

the sphere, (r = 2).

3
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(b) Torus with toroidal cavity. p = 1.
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(¢) Cube with two cubic cavities. p = 2.

Figure 5: Total computational time (left), and time for solving
in the three test cases with not connected boundary, (r = 1).

In Figure [6] we represent the total computational time (on the left), and the time to
solve the drr — dp linear systems in @D (on the right), with respect to the dimension of
the problem. The behavior of the case r = 2 is similar to the behavior of the case r = 1,

as we can see in Figure [6] and Figure [7}

In Tables [8] [9] and we report the detailed computational times of the second,
third and fourth test cases with successive uniformly refined meshes, respectively.
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nr drr | drT —dp | Breadth-first (%] | Depth-first [%)]
104 2 808 1768 0.143 8.45
1035 26 400 16 050 0.024 5.95
2 625 66 726 40 476 0.010 5.51
7 829 197 130 118 840 0.004 -
15 690 395 172 238 272 0.002 -
31 748 790 248 472 768 0.001 -
64 239 | 1593 606 951 216 < 0.001 -

Table 7: Sparsity of the matrix B containing the moments of a basis of RT} (r=2).

r+1

108 T T 106 r
= 0(h?) = 0(h’), 5 = 2.3763
~8— DFS 5[ [=—o?

105 J 10 o(h?)

—8—DFS

104 L

103 L

Time

102 L

O(h)

——BFS

100 L L 10'1

Figure 6: Total computational time (left), and time for solving the linear systems using
breadth-first or a depth-first spanning tree (right) in the sphere test case, (r = 2).

Finally, in Figure [8] we plot, on the left, the total computational time, and on the
right, the time to solve the drr — dp linear systems in @D, both as a function of the
problem dimension. We remark again the existence of a critical dimension of the mesh
size starting from which the preprocessing time is not longer dominant. In the plot on
the right, only the resolution time is considered, which has a rather linear behavior with
respect to the problem dimension.

7 Conclusions

We have introduced and analyzed an efficient method for the computation of the mo-
ments of a function in the space of Raviart-Thomas finite elements of degree r + 1 with
assigned divergence. The proposed algorithm is based on basic results from graph the-
ory. It turns to be so performant that it can be used to construct a basis of the space
RT,? of divergence-free Raviart-Thomas elements of any degree.

Concerning the construction of a basis of divergence-free Raviart-Thomas finite ele-
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Figure 7: Time for solving the linear systems using breadth-first spanning tree in the
four test cases, (r = 2).

ny drT dp | dgrr —dp | Prepro. [ms| | SL b.f [ms]

807 9 936 3 840 6 096 300.3 4.1

1 606 21 024 8 070 12 954 417.5 9.7
3221 41 676 16 060 25 616 429.1 19.7

6 468 83 346 32 210 51 136 511.6 43.0
12 964 165 696 64 680 101 016 658.4 96.2
25 940 327 654 | 129 640 198 014 965.9 306.5
50 995 648 204 | 259 400 388 804 1 646.2 655.4
102 169 | 1 266 984 | 509 950 757 034 3071.5 1582.1

Table 8: Results for the cube with a concentric cubic cavity, (r = 2).

ments of degree r+1, for r = 1 and r = 2, the numerical tests show that the efficiency of
the algorithm is analogous in the two cases and that the behavior depends on the dimen-
sion of the finite elements space but not on the degree of the approximation. Moreover,
it is robust with respect to the topology of the domain. When using a breadth-first
spanning tree on big enough meshes, the computational time is of order ~ 1.2 with

respect to the dimension dgp — dp of RT}? .
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ny drT dp | dgr —dp | Prepro. [ms] | SL b.f [ms]
1784 46 032 17 840 28 192 427.1 20.4
3 366 86 850 33 660 53 190 484.1 46.6
6 939 179 196 69 390 109 806 765.2 107.2
13 891 360 456 | 138 910 221 546 889.5 242.2
27 849 716 316 | 278 490 437 826 1 581.9 640.2
55 705 | 1415184 | 557 050 858 134 2 792.3 1482.4

Table 9: Results for the torus with a concentric toroidal cavity, (r = 2).

ny drT dp | dgr —dp | Prepro. [ms|] | SL b.f [ms]
719 18 612 7 190 11 422 372.9 7.3

1 530 39 324 15 300 24 024 411.6 19.9
3 098 78 570 30 980 47 590 476.3 39.9
6 280 157 980 62 800 95 180 635.0 100.1
12 577 313 860 125 770 188 090 998.5 253.4
25 293 627 660 252 930 374 730 1702.7 581.8
50 621 1 248 246 506 210 742 036 3 069.8 1401.8

Table 10: Results for the cube with two cubic cavities, (r = 2).

References

1]

2]

[6]

[7]

A. ALoNSO RODRIGUEZ, E. BERTOLAZZI, AND A. VALLI, Simple finite element
schemes for the solution of the curl-div system. arXiv:1512.08532v1, 2015.

A. ALoNsO RODRIGUEZ, J. CAMANO, R. GHILONI, AND A. VALLI, Graphs, span-

ning trees and divergence-free finite elements in domains of general topology, IMA
J. Numer. Anal., 37 (2017), pp. 1986-2003.

A. ALoNSO RODRIGUEZ AND A. VALLI, Finite element potentials, Appl. Numer.
Math., 95 (2015), pp. 2-14.

P. ALOTTO AND I. PERUGIA, Mized finite element methods and tree-cotree implicit
condensation, Calcolo, 36 (1999), pp. 233-248.

M. BoNAZZOLI AND F. RAPETTI, High-order finite elements in numerical electro-

magnetism: degrees of freedom and generators in duality, Numer. Algorithms, 74
(2017), pp. 111-136.

W. Ca1, J. Wu, AND J. XIN, Divergence-free H(div)-conforming hierarchical bases
for magnetohydrodynamics (MHD), Commun. Math. Stat., 1 (2013), pp. 19-35.

Z. Ca1, R. R. Parasukevov, T. F. RuUsseLL, J. D. WILSON, AND X. YE,
Domain decomposition for a mized finite element method in three dimensions, SIAM
J. Numer. Anal., 41 (2003), pp. 181-194.

27



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[19]

[20]

J. CANTARELLA, D. DETURCK, AND H. GLUCK, Vector calculus and the topology
of domains in 3-space, Amer. Math. Monthly, 109 (2002), pp. 409-442.

F. DuBoIs, Discrete vector potential representation of a divergence-free vector field
in three-dimensional domains: numerical analysis of a model problem, STAM J.
Numer. Anal., 27 (1990), pp. 1103-1141.

D. F. GRIFFITHS, An approxzimately divergence-free 9-node velocity element (with
variations) for incompressible flows, Internat. J. Numer. Methods Fluids, 1 (1981),
pp- 323-346.

K. GUSTAFSON AND R. A. HARTMAN, Divergence-free bases for finite element
schemes in hydrodynamics, SIAM J. Numer. Anal., 20 (1983), pp. 697-721.

C. A. HALL AND X. YE, Construction of null bases for the divergence operator
associated with incompressible Navier-Stokes equations, Linear Algebra Appl., 171
(1992), pp. 9-52.

F. HeEcHT, Construction d’une base de fonctions Py non conforme a divergence
nulle dans R, RAIRO Anal. Numér., 15 (1981), pp. 119-150.

S. LE BORNE AND D. Coo0x, II, Construction of a discrete divergence-free basis
through orthogonal factorization in H-arithmetic, Computing, 81 (2007), pp. 215—
238.

P. MoNK, Finite element methods for Maxwell’s equations, Numerical Mathematics
and Scientific Computation, Oxford University Press, New York, 2003.

J.-C. NEDELEC, Mized finite elements in R, Numer. Math., 35 (1980), pp. 315
341.

F. RapeTTI, F. DUBOIS, AND A. BOSSAVIT, Discrete vector potentials for non-
simply connected three-dimensional domains, STAM J. Numer. Anal., 41 (2003),
pp- 1505-1527.

P.-A. RAVIART AND J.-M. THOMAS, A mized finite element method for 2nd order
elliptic problems, in Mathematical aspects of finite element methods (Proc. Conf.,
Consiglio Naz. delle Ricerche Rome, 1975), vol. 606 of Lecture Notes in Mathemat-
ics, 1977, pp. 292-315.

R. SCHEICHL, Decoupling three-dimensional mized problems using divergence-free
finite elements, STAM J. Sci. Comput., 23 (2002), pp. 1752-1776.

K. THULASIRAMAN AND M. SwAMY, Graphs: theory and algorithms, A Wiley-
Interscience Publication, John Wiley & Sons, Inc., New York, 1992.

28



[21] J. WANG, Y. WANG, AND X. YE, A robust numerical method for Stokes equations
based on divergence-free H(div) finite element methods, STAM J. Sci. Comput., 31
(2009), pp. 2784-2802.

29



10%
10° 103
o o
£ £
= =
10?
—o0(h)
102 ] 10t = 0(h"), a = 1.2388| 5
——o(h) o(h?)
=4~ BFS == BFS
104 10° 10* 10°
dRY d 4 dRT d P

10%
10°
10°
v o
£ E
F F
102
—o(h)
= 0(h"), a = 1.2567
= 0(h) o(h?)
—4—BFs —0—8Fs
10° 10°
dgr - dp dar - dp
(b) Torus with toroidal cavity. p = 1.
10*
3
103 10
o o
£ £
F -
10?
—o(h)
=== 0(h"), a = 1.2575
——o(h) 10 o(h?)
102 =455 | | —9—5Fs
10° 10°
der - dp Ger - dp

(¢) Cube with two cubic cavities. p = 2.

Figure 8: Total computational time (left), and time for solving the linear systems (right)
in the three test cases with not connected boundary, (r = 2).
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