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Abstract

In this work we propose and analyze a new fully divergence—conforming finite element method for
the numerical simulation of the Boussinesq problem, describing the motion of a non-isothermal
incompressible fluid subject to a heat source. We consider the standard velocity—pressure formu-
lation for the fluid flow equation and the dual-mixed one for the heat equation. In this way, the
unknowns of the resulting formulation are given by the velocity, the pressure, the temperature and
the gradient of the latter. The corresponding Galerkin scheme makes use of the nonconforming
exactly divergence—free approach to approximate the velocity and pressure, and employ standard
Hdiv—conforming elements for the gradient of the temperature and discontinuous elements for
the temperature. Since here we utilize a dual-mixed formulation for the heat equation, the tem-
perature Dirichlet boundary condition becomes natural, thus there is no need of introducing a
sufficiently small discrete lifting to prove well-posedness of the discrete problem. Moreover, the
resulting numerical scheme yields exactly divergence—free velocity approximations; thus, it is prob-
ably energy-stable without the need to modify the underlying differential equations, and provide
an optimal convergent approximation of the temperature gradient. The analysis of the continuous
and discrete problems are carried out by means of a fixed—point strategy, under a sufficiently small
data assumption. We derive optimal error estimates in the mesh size for smooth solutions and
provide several numerical results illustrating the performance of the method and confirming the
theoretical rates of convergence.
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1 Introduction

Preliminares

Natural convection is a phenomenon present in different important applications in engineering and
industry. Briefly, we can mention that electrical and electronic industries use it for the thermal regula-
tion of components and devices of industrial equipments. Also, this phenomenon appears in geophysics
and oceanography when studying climate predictions and oceanic flows. Roughly speaking, it refers
to a fluid motion generated by density differences due to temperature gradients. Mathematically, it
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is modelled by the Navier—Stokes equations coupled to a convection-diffusion equation through the
Boussinesq approximation (variations in density are neglected everywhere except in the buoyancy
term), reason why it is often called the Boussinesq model.

In the last decades, the devising of suitable numerical methods for solving the Boussinesq equations
and its generalizations, such as temperature-dependent coefficient problems, has become a very active
research area (see, e.g. [I, 2, 8, 12, 13 14, 18 19, 23 24, BI], and the references therein). In
particular, in [8], which up to the authors’s knowledge is one of the first works in analyzing a finite
element discretization for the Boussinesq problem, it is introduced and analysed a primal formulation
where the main unknowns of the respective system are the velocity, the pressure and the temperature
of the fluid. There, suitable assumptions on the finite elements subspaces are introduced to ensuring
that the associated Galerkin scheme is well posed and convergent. In particular, the use of any pair
of stable Stokes elements for the fluid variables and Lagrange elements for the temperature leads to a
convergent scheme.

Recently, in [24] it has been proposed and analyzed a new finite element method with exactly
divergence—free velocities for the numerical simulation of a generalized Boussinesq problem where the
viscosity and the thermal conductivity depend on the temperature of the fluid. The method proposed
in [24], which is based on the works [10] and [11], makes use of divergence—conforming elements for
the velocities, discontinuous elements for the pressure, and standard continuous elements for the tem-
perature. Thus, the resulting method has the distinct property that it yields exactly divergence—free
velocity approximations, which is an essential constraint of the governing equations, and is proba-
bly energy—stable without the need for symmetrization of the convective discretization. However, to
ensure existence and stability of solution of the numerical method, since the temperature Dirichlet
boundary condition becomes essential (due to the fact that the heat equation is discretized by using
an H'-conforming method), it is needed to construct a sufficiently small (in the L3-norm) discrete
lifting of the temperature boundary data. The latter is a delicate matter as the numerical construction
of discrete liftings may be computationally expensive, which constitutes the main drawback of this
approach.

Now, it is well-known that in several physical phenomena where the system exchanges energy with
its surroundings through heat transfer, the heat flux ¢ := —kV6 can be employed to calculate the
energy balance, where 6 is the temperature and x the thermal conductivity. Hence, the gradient
of the temperature is a must know variable and the more accurate its approximation, the better
the approximation of the energy balance. Then, the employment of a mixed method for solving the
corresponding heat equation seems to be the best option. In this direction, in [I8] the authors introduce
a new mixed formulation for the two-dimensional Boussinesq problem. There, it is introduced the
gradient of the temperature as an additional unknown, which together to the velocity and its gradient,
as well as the pressure and the temperature of the fluid, constitute the main unknowns of the resulting
dual-mixed variational system. The associated Galerkin scheme makes use of the Raviart-Thomas
element of lowest order for the gradient of the velocity and the temperature, and piecewise constants
for the velocity, temperature and pressure. Existence of solution and convergence of the numerical
scheme are proved near a nonsingular solution and only quasi—optimal error estimates are provided.
In turn, in [I3] it is introduced a new augmented fully—mixed finite element method for the stationary
Boussinesq problem. The method is based on the introduction of a pseudostress tensor depending
on the pressure, and the diffusive and convective terms of the Navier—Stokes equations for the fluid,
and an auxiliary vector unknown involving the temperature, its gradient and the velocity for the
heat equation. The resulting variational formulation is then augmented by using the constitutive and
equilibrium equations of the system and the boundary conditions, and as a consequence, it is obtained
an augmented fully-mixed formulation for the coupled problem, which allows the utilization of Hdiv—



conforming spaces for approximating the unknowns of both, the Navier-Stokes and convection-diffusion
equations.

According to the discussion above, and with the purpose of contributing to the development of
new numerical methods to approximate the solution of natural convection problems, allowing a direct
approximation of the gradient of the temperature, in this work we propose and analyse a fully Hdiv—
conforming finite element method for the numerical simulation of the Boussinesq problem. Here
we consider the standard velocity—pressure formulation for the fluid flow equation and similarly to
[18] we introduce the gradient of the temperature as a further unknown and employ a dual-mixed
formulation for the heat equation. In this way, the unknowns of the resulting formulation are given by
the velocity, the pressure, the temperature and its gradient. For the corresponding Galerkin scheme
we employ the divergence—conforming approach utilized in [24] for the discretization of the fluid
equation, and differently from [24], the heat equation is discretized by using standard H div—conforming
elements for the gradient of the temperature and discontinuous elements for the temperature. We
emphasize that, since here we utilize a dual-mixed formulation for the heat equation, the temperature
Dirichlet boundary condition becomes natural, thus there is no need of introducing a discrete lifting
to ensure well-posedness of the problem. In turn, it allows to approximate directly the gradient of the
temperature, thus avoiding numerical differentiation of the temperature field. Moreover, differently
from [18] we prove that our method is optimal convergent, and this optimality can be achieved without
incorporating any stabilization parameter as it is done in [I3]. In addition, it exactly preserves the
divergence—free velocity constraint. The analysis of the continuous and discrete problems are carried
out by means of a sufficiently small data assumption and a fixed—point strategy. More precisely,
similarly to the analysis in [13] (see also [12] [3]), we rewrite the variational problem as an equivalent
fixed—point problem and apply the classical Schauder (Brouwer) and Banach fixed—point theorems to
prove existence and uniqueness of solution of the continuous (discrete) problem. Finally, we derive
optimal error estimates in the mesh size for smooth solutions.

The rest of the paper is organized as follows. In Section [2| we introduce the model problem, derive
the corresponding weak formulation and analyze its existence and uniqueness of solution. Next in Sec-
tion [3| we propose the Hdiv—conforming method and analyze the well-posedness of the corresponding
Galerkin scheme by mimicking the analysis developed for the continuous problem. In Section [4] we
prove that our numerical method is optimal convergent. Finally, in Section [5| we provide several nu-
merical results illustrating the performance of the primal-mixed finite element method and conforming
the theoretical rates of convergence.

We end this section by fixing some notations and well-known previous results. To that end, let us
denote by Q C R"™, n € {2,3}, a given bounded domain with polyhedral boundary I", and denote by
n the outward unit normal vector on I'.

In the sequel, standard notations will be adopted for Lebesgue spaces LP(€2) and Sobolev spaces

WHP(Q) endowed with the norms || - [[1r(q), || - [[wtr(o) and the seminorm by | - [we.r (o) respectively.
Note that WOP(Q) = LP(Q), and if p = 2, we write H!(Q2) in place of W%2(Q), and denote the norm
by || - |l+,o and the seminorm by |- |; . The spaces of vector-valued functions are denoted in bold

face. For example, H!(Q) := [HY(Q)]", t > 0 We denote H'/2(T") as the space of traces of functions
in H'(Q) and H~/2(T") denotes its dual. Along with the above we denote (-,-) as the duality pairing
of H-'/2(") and H/2(I") with respect to the L?(T') inner product. By || - ||, with no subscripts, will
stand for the natural norm of either an element or an operator in any product functional space. We
employ 0 to denote a generic null vector. In addition, in the sequel we will make use of the well-known
Holder, Poincaré inequalities, given respectively by

. 1 1
/Qlfg\ < M le@ lglley, ¥ F LX), Vg €LUQ),  with 4+ - =1, (L1)
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lwlho < Clwa, Yw € H(l)(Q), (1.2)

Finally, we recall that H!(Q) is continuously embedded into LP(2) for p > 1 if n = 2 or p € [1,6] if
n = 3. More precisely, we have the following inequality

lwlltr) < Csan(p) [wlie, — Yw e H(Q), (1.3)

with Cgep(p) > 0 depending only on ||, and p (see [26, Theorem 1.3.4]).

2 Continuous problem

In this section we introduce a model problem, cast it into weak form, discuss the stability properties
of the forms involved, and review some theoretical properties regarding existence and uniqueness of
solution. We start by introducing the model problem.

2.1 The model problem and its weak formulation

In this work we are interested in approximating the solution of the stationary Boussinesq problem
consisting of a system of equations where the incompressible Navier—Stokes equation:

—vAu+ (u-V)u+Vp —gf =0 in Q divu =0 in €,

(2.1)
u=0 on I' and /p—(),
Q
is coupled with the convection-diffusion equation:
—kAl+u-VO =0 in 0 =0p on T, (2.2)

where Q is a bounded domain in R™, n € {2,3}, with polyhedral boundary I". Above, the unknowns
are the velocity u, the pressure p and the temperature 6 of the fluid occupying the region €2, and the
given data are the fluid viscosity v > 0, the thermal conductivity x > 0, the external force per unit
mass g € L2(Q), and the boundary temperature 6p € H/2(T).

Now, since we want to derive a numerical scheme allowing a divergence—conforming approximation
for the whole coupled system, differently from [24], here we introduce the flux

o :=xkV0H in Q (2.3)

as a further unknown and realize that can be rewritten as the following first—order set of equations,
k1o —-VH =0 in Q —dive+rtu-c =0 in Q, 0 =60p on T. (2.4)

As a consequence, in the sequel we derive our variational formulation based on the coupled system

given by (2.1)) and (2.4). To that end, as usual we first multiply the first equation of (2.1)) by a test
function v € H}(€2), integrate by parts to obtain

Z//QVu:VV~I—/Q((u-V)u)~V—/deivv - /Qﬁ(g-v)zo, Vv € H{(Q), (2.5)

and incorporate the second equation of (2.1)) weakly through
/qdivu—O VqeL3(Q), (2.6)
Q
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which suggests to look for the unknowns u and p in the Hilbert spaces H}(2) and LZ(€2), respectively.

Next, to write equations (2.4]) in weak form we first recall that H'(€2) is continuously embedded
into LY(Q), with t > 1if n =2 and 1 <t < 6 if n = 3 (see for instance |26, Theorem 1.3.4]), and
observe that if particularly ¢ > 2 and if u € H}(Q2) and o € L%(Q2), then

u-oel’(Q), (2.7)

with

2t 6—n
= — 1, —— 2 . 2.
. HQe(, . ) ne {23} (2.5)

Consequently, and according to the second equation of (2.4), we obtain that dive € L"(£2) which
suggests us to introduce the Banach space

H(div,;;Q) == {T € L*(Q) : divr € L"(Q)}, with r¢€ (16;”> n € {2,3}, (2.9)

equipped with the norm
17 (v = IITll60 + [1div Tl (g
Observe that H(div; ) C H(div,; Q).
Then, multiplying the first equation of by T € H(div,;{2), integrating by parts, and using the
boundary condition # = 0p on I', we obtain

Ii_l/U-T+/ fdivr = (7 -n,0p) V1 € H(div,; Q). (2.10)
Q Q
Finally, since —dive + x~tu- o € L"(Q), we impose this identity weakly as follows

/wdiva—ﬂ_l/w(u-a)zo Ve € L5(Q), (2.11)
Q Q

with o1
s =— 2.12
2 (212)
satisfying % + % = 1. Notice that s > n for n = 2,3 and that % + % + % =1.
In this way, from now on we fix ¢ > 2, define r and s as in (2.8) and ([2.12), respectively, and sum
up properly equations (2.5)—(2.11]), to arrive at the variational coupled problem: Find (u,p,o,0) €

H{(Q) x L3(Q) x H(div,, Q) x L¥(Q) such that
Ag(u,v) + Og(u;u,v) — Bg(v,p) — D(0,v) =
Bs(u,q) =
Ar(e,T) + Br(1,0) = G(1),
Br(o,v) + Or(u;0,v) =

(2.13)

for all (v,q,T,v) € H{(Q) x L3(Q) x H(div,, Q) x L*(£2), where the forms Ag : H}(Q) x H} () — R,
At ¢ H(div,,Q) x H(div,,Q) — R, Bs : H}(Q) x L3(Q) — R, Br : H(div,,Q) x L(Q) — R,
Os : H}(Q) x H}(Q) x H{(Q) — R, O : H{(Q) x H(div,, Q) x L¥(Q) = R, D : L¥(Q) x H}(Q) — R,



and the functional Gp : H(div,,Q) — R are defined, respectively, as

Ag(u,v) = V/QVU:VV, Ap(o,7) = x71 /QO"T,
Bg(v,q) = /qdivv, Br(t,v) = Ydiv T,
Q@ @ (2.14)
u,v) = w - ul-v w; o = —x! WO
Os(winv) = [ [(w-)ul-v. Or(wio.v) |-
D(0,v) = /QQg'v, G(t) = (t-n,0p)p.

2.1.1 Stability properties

In what follows we establish the stability properties of the forms involved. We begin by observing
that, after simple computations, the bilinear forms Ag, A, Bs and Bt are bounded:

[As(u,v)] < vlulielvie,  |Ar(e,7) < &7 om0 17l r@y,.0) (2.15)

and
1Bs(v,q)| < [[vlellgllog:  [Br(m.¥)| < ITlla@iv,.0) |¥Ls@- (2.16)

In turn, owing to the Holder’s and Sobolev inequalities, (1.1]) and ((1.3)), respectively, it is not difficult
to see that Og satisfies

1,0

[Os(w1 — waiu,v)| < Ly [lwi — Wl [ullrelviiLe, (2.17)

1,95 (2.18)
for all wi, wo,u, v € H}(Q), with L?, := Cgep(s) and C3 := Cgp(58)Csop(t). Similarly, for Op we have

[Os(wi — wa;u,v)| < G5 [w1 — wal1elul1elv

O (w1 — wa; 7,9)| < Lollwi = WallLeoy |7l v, o) ¥ ), (2.19)
O (w1 = wa; 7,9)| < CHllwi = wallvol 7|l aaiv, o) ¥l @) (2.20)
for all wi,wq € HY(Q), 7 € H(div,; ), ¥ € L5(Q), where L} := k7! and C} := k71 Cs0p ().
Using again ([1.1]) and (1.3) we can readily see that

ID(¥,v)] < Cp [¢ls(o) lgloge Ivine ¢ €L(Q), v e Hy(Q) (2.21)

and
|G(T)| < Cq ITllm@iv, 0 10pll12r 7€ H(div,;Q), (2.22)
with Cp := Cgup(t) and Cg := Csep(s). For the latter we refer the reader to [9].

Now we let
Kg:= {veHL(Q):Bs(v,q) =0, VgqeL3(Q)}

(2.23)
= {veH}Q): :divv =0, inQ},
and observe that for any w € Kg, there holds
Os(w,v,v) =0, VveH) Q). (2.24)



In addition, owing to the well-known Poincaré inequality we have that Ag is elliptic, that is
AS(Vvv) > og HVH%,Q7 Vv e H(l)(Q)v (225)

which together with (2.24)) implies that for each w € Kg, the bilinear form Ag(-,-) + Os(w;-, ") :
H{(Q) x H}(Q) — R is H}(Q)—elliptic. Similarly, we let

Kr := {r € H(div,,Q) : Bp(T,¢) =0,V € L*(Q)}

(2.26)
= {re€ H(div,,Q):divr=0 in Q},
and realize that A satisfies
Ap(r,7) > 71 ||T”%{(divr,ﬂ) VT eKr. (2.27)
For the caracterization of Kt and the proof of (2.27)) we refer the reader to [9, Lemma 2.2].
Let us now recall that the bilinear forms Bg and Bt satisfy the following inf-sup conditions
Bg(v,
sp D g, vaeLi@) (2.28)
verin\(oy Vi
BT T, 1/’
sp  BUTOL s g, v e @) (229)

reH(dive2)\{0} |71 H(div, )

For the proof of these inequalities we refer the reader to [27, Section 2.2] and [9, Lemma 2.1] respec-
tively.
Finally, let us consider the bilinear form A : H(div,,Q) x L¥(Q2) — R, defined by

A((e,0),(1,9)) = Ar(o,T) + Br(T,0) + Br(o,v), (2.30)
for all (o,0), (7,v) € H(div,, ) x L*(2). Owing to the properties (2.27)) and (2.29)) and applying [20,
Proposition 2.36] it is not difficult to see that A satisfies the following inf-sup condition:

. A((¢,6), (7))

‘ >, V(¢ ¢) € H(div,, Q) x L3(2),  (2.31)
(r)e[H(dive,Q)xLs @0y (T, ¥)]]

where v > 0 is the constant defined by

/iﬁ%
K2BE +4KBr+2

N = (2.32)

2.2 Existence and uniqueness of solution

In what follows, similarly to [12] and [I3] (see also [3]), we study the well-posedness of problem (2.13))
by means of a fixed—point strategy and the classical Babuska—Brezzi theory. We begin by introducing
the associated fixed-point operator.



2.2.1 The fixed—point operator

In view of the fixed-point strategy to be used in the proof of solvability of problem (2.13)), let us
introduce first the reduced problem: Find (u,o,6) € Kg x H(div,, 2) x L*(2) such that
AS(u7 V) + OS(u; u, V) - D(97 V) = 0,
Ar(e,T) + Br(1,0) = G(1), (2.33)
BT(‘J-:T/}) +OT<u7o-71/}) = 07

for all (v, 7,v) € Kg x H(div,,Q) x L*(Q2). It is not difficult to see that, according to the definition

of Kg and owing to the inf-sup condition (2.28)), problem ({2.33) is equivalent to (2.13). This result is
established next. The proof of this result follows analogously to the proof of [25, Lemma 2.1], reason

why it is omitted.

Lemma 2.1 If (u,p,0,0) € H}(Q) x L3(Q) x H(div,; Q) x L¥(Q) is a solution of (2.13)), then u € Kg
and (u,0,0) is a solution of (2.33). Conversely, if (u,o,0) € Kg x H(div,;Q2) x L*(Q) is a solution
of ([2.33), then there exists p € L3() such that (u,p,o,0) is a solution of (2.13).

Now, let us introduce the bounded and convex set

CpCa
. lg
¥

X = {W € Kg: HWHLQ < 0,0 ’9DH1/2,F} (2.34)

and define the operator
T : X1 — X1
(2.35)
w — T(w)=u,

with u being the first component of the solution of the linearized version of problem (2.33)): Find
(u,0,0) € Kg x H(div,,Q) x L*(Q) such that

Ag(u,v) + Os(w;u,v) = D(0,v),
Ar(o,T) + Br(1,0) = G(1), (2.36)
Br(o,¢) + Or(w;o,¢) = 0,

for all (v, T,9) € Kg x H(div,, Q) x L*(Q).

It is clear that (u,o,0) € Kg x H(div,, Q) x L*(Q) is a solution of problem (2.33), if and only if,
T(u) = u. This result, together with the equivalence between (2.13)) and ([2.33)), imply the following
relations:

T(u)=u <& (u,0,0) € Kgx H(div,,Q) x L5(Q) satisfies ([2.33))
(2.37)
& (u,p,0,0) € HY(Q) x L3(2) x H(div,, Q) x L*(2) satisfies (2.16).

In this way, in establishing the well-posedness of (2.13)), or equivalently (2.33)), it suffices to prove that
T has a unique fixed-point in X;. Before proceeding with the solvability analysis, we first state the
well-definiteness of the fixed-point operator T.



2.2.2 Well-definiteness of the fixed-point operator

For the forthcoming analysis we define the sets

. CpC C
X = {<w,¢> € Ks x L) s [wlho < == Elleloalfnlor: 16l < f||6D||1/2,r}, (2.38)
and
s Ce
Xy =49 € L*(Q) : |9]lLs0) < THHDHl/Z,F ; (2.39)

and the operators
R: X - X3

(2.40)
(w.¢) — R(w,¢)=nu,
with u being the unique solution of problem: Find u € Kg, such that
As(u,V) + OS(Wv u,V) = D(¢7V) Vv € Ksg, (241)
and
S: Xy — H(div,; Q) x Xy
(2.42)

w o S(w) = (S1(w),S2(w)) = (0,6),

where (o,0) € H(div,,) x Xz is the unique solution of problem: find (o,0) € H(div,; ) x L*(),
such that

Ar(o,7) + Br(T,0) = G(1) VT e H(div,,Q), (2.43)
Br(o,¥) + Or(wio, ) =0 V¢ e L (Q), ’
Then, it readily follows that operator T can be rewritten in terms of R and S as follows
T(w) = R(w, Sa(w)) Yw e X;. (2.44)

In addition, provided a fixed-point u = T(u), the element (o,0) € H(div,,Q) x L*(2) such that
(u,0,0) € Kg x H(div,,Q) x L*(Q) is a solution to (2.33) (see (2.37)), satisfies the identity

(o,0) = S(u). (2.45)

According to the above, to proving that T is well-defined, it suffices to prove that operators R and
S are both well-defined separately. We begin with the well-definiteness of R.

Lemma 2.2 For each (w, ) € X, there exists a unique u € Xy, such that R(w,¢) = u.

Proof. Let (w,¢) € X. Owing to the H}(Q)—ellipticity of the bilinear form Ag(-,-) + Ogs(w;-,), the
well-posedness of is a direct consequence of the Lax-Milgram lemma, which is clearly equivalent
to the existence of a unique u € Xy, such that R(w, ¢) = u. Moreover, from with v = u, from
and from the definition of X (cf. ([2.38)), it readily follows that

CpCq
Qagsy

Cp
[ullre < as Igllo. |9llLs (@) < Igllo. 1€p]l1/2,r (2.46)

which implies that u € Xj. ([



Now, to prove that the mapping S is well defined, for a fixed w € X, let us define the bilinear
form Ay, : H(div,, Q) x L*(2) — R, given by

Aw((0,0),(T,0)) :== A((c,0), (T,9)) + Or(w;o,p) Y (o,0), (T,) € H(div,, Q) x L*(Q), (2.47)

where A is the bilinear form defined in (2.30)). Using the estimate (2.31)), it is not difficult to see that
Ay, satisfies the conditions of the Banach-Necas-Babuska theorem (cf. [20, Theorem 2.6]). This result
is established next.

Lemma 2.3 Givent>2ifn=2andtc (2,6] ifn =3, let r = 2% and s = ;2. Assume that

t+2 -2
CgCDCG 1
7|’9DH1/2,FHg||0,Q <3 (2.48)
Then, for each w € X1, the bilinear form Ay satisfies the following estimates
Aw((¢.9), (T,¢)) _ 7
Sp = sup > —||< i) T Y @llLs ), 2.49
' e xs@ioy 1T )] IClizavesey + Aol (2.49)
V (¢, ) € H(div,, Q) x L*(2), and
S = sup Au(7,0),(C.0)) > 0 ¥(C.0) € [H(div,, @) x L@ \{0},  (250)

(T)eH (div,,Q)xL5(Q)

where v > 0 is the constant defined in (2.32)).

Proof. In what follows we proceed analogously to the proof of [9, Theorem 4.1].
First, using and the continuity of Ot in , we easily obtain that for all ({,¢) €
H(div,,Q) x L*(Q),
S129I(¢ o)l = CollwlleliCllaaiv,.0)-

Hence, utilizing the fact that w € X; and assumption (2.48)), from the latter inequality we easily
obtain (2.49). In turn, since the bilinear form A (cf. (2.30)) is symmetric, it is clear that (2.31)) yields

sup A0 - ¢ o)l V(¢ 6) € Hidive, @) x L),
(ra)elHdive ) xLs@N oy (T, ¥)l

which together to the continuity of Or, the fact that w € X; and estimate ([2.48]), implies

r Aw((T7¢)7(C7¢))

Sy 1= sup
(7)€ [H (dive,Q) x L5 (Q)]\ {0} (T, )l

Y

WD = ClIwllallélis @

\%

-
> YICl aiv,s0) + §H¢HLS(Q)7

for all (¢, ¢) € H(div,, Q) x L*(2). Then, since Sy > §2, from the latter inequality it is not difficult
to see that Ay, satisfies (2.50]), which concludes the proof. O

The following lemma establishes the well-definiteness of S.

Lemma 2.4 Givent>2ifn=2andt € (2,6] ifn =3, letr = t% and s = t% Assume that (2.48)

holds. Then, for each w € X1, there exists a unique (o,0) € H(div,; Q) x Xs, such that S(w) = (o,0).
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Proof. The existence of a unique (o,60) € H(div,;$) x L*(2) such that S(w) = (o,0) is a direct
consequence of Lemma E and the Banach-Necas-Babuska theorem. In turn, since (o, ) satisfies
equations (2.43)), using (2.22) we readily obtain

[Aw((e,0), (7,9))| = |G(7)| < Callfpll1/2,rll(T,¥)]], (2.51)
which together to (2.49) implies that § € X5 and concludes the proof. O

Remark 2.1 Observe that from (2.51)) we actually deduce that S(w) € Z, with

2 = {(r,¢) € H(divy,9) x 1(9) : 2|17l sy + 1l < Callbplijar} . (252)

The latter will be employed later to conclude the corresponding a priori estimate.
We conclude this section by establishing the well-definiteness of operator T.

Theorem 2.5 Assume that (2.48)) holds. Then, for each w € Xy, there exists a unique u € X; such
that u = T(w).

Proof. According to the identity (2.44), the well-definiteness of T follows straightforwardly from
Lemmas 2.2 and 2.4 O

2.2.3 The main result

Now we prove the main result of this section, namely, existence and uniqueness of solution of problem
(2.13)). First, we address the existence of solution by employing the classical Schauder’s fixed point
theorem written in the following form:

Let W be a closed and convex subset of a Banach space X and let' T : W — W be a continuous
mapping such that T(W) is compact. Then T has at least one fized point.

Next, for the uniqueness of solution we apply the classical Banach’s fixed—point theorem, which, for
the sake of completeness, is established now:

Let X be a Banach space and let T : X — X be a contraction mapping, that is, there exists
0 < p <1, such that

1T(z) = T(y)lx < plle —yllx,Va,y € X.
Then there exists a unique fized—point of T in X.

We begin with the existence of solution. To that end we first establish the following preliminary
results.

Lemma 2.6 Givent > 2 ifn =2 and t € (2,6] if n = 3, let s = t% Then there exist positive
constants Ly, and Lr,, and Cr such that

[R(w1, 1) — R(w2, ¢2)[l1.0 < Lr, [W1 — WallLt) + LR, |61 — ¢2llLs () (2.53)

and
[R(w1,¢1) — R(wa, d2)[l1,0 < Crllwi — wal[1,0 + Lr, |1 — ¢2l|Ls (@), (2.54)

for all (w1, ¢1), (Wa,92) € X.
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Proof. Let (wi,¢1), (Wa,¢2) € X, and uy, ug € X; such that R(wi,¢1) = u; and R(wa, ¢2) = us.
Then, from the definition of R (cf. (2.41])) it readily follows that

Ag(u;,v) + Og(wi;u,v) = D(¢;,v) Vv eKg, Vied{l, 2} (2.55)

Then, from (2.55)), by subtracting both equations, choosing the test function v = u; — ug, using the
identity (2.24)), and adding and subtracting suitable terms, we obtain

Ag(up —ug,u; —ug) = —Og(w1 — wa;ug,ur — u2) + D(¢1 — ¢2,u; — uz). (2.56)

In this way, estimate (2.53)) can be obtained after a straightforward application of the ellipticity of
Ag (cf. (2.25))), the continuity of D (cf. (2.21)), the fact that u; € Xj, and estimate (2.17)), with
constants Lr, and Lg,, given by

S

Analogously, estimate can be obtained from (2.56) by employing ([2.25) , - the fact that
u; € Xy, and estimate , with constant Cr given by

Cp
Ly, = HgHO QHHD”l/ZF and L, = 78 HgHo,Q. (2.57)

C3CpCe

O‘S

Cr = Iglloellfpll1/2,r- (2.58)

O

Lemma 2.7 Givent > 2 ifn =2 and t € (2,6] if n = 3, let r = t«% and s = % Assume that

hypothesis (2.48) holds. Then, there exist positive constants Lg and Cg, such that

1
5”81(“’1)_Sl(w2)HH(divr;Q)+”SQ(Wl) Sa(wa)llLs() < Ls|[wi — wallLe (o) (2.59)

and
1
5 I81(w1) = S1(W2)ll aaiv, ) + [S2(w1) = S2(w2)llLs (@) < Csllwi — wall10 (2.60)

for all wi, wo € Xj.

Proof. Given wy, wo € Xy, let (61,01), (02,02) € H(div,,Q) x Xg, such that S(wy) = (o1,61) and
S(wsq) = (o2,02). From the definition of S (cf. (2.42)) and (2.43))), there holds

Ar(oy,7) + Br(7,0;) + Br(oi,¢) + Or(wiso4,9) = G(1),
for i € {1,2} and for all (7,%) € H(div,,Q) x L*(Q), which after simple computations, implies
Ar(e1 — o9, T) + By(1,01 — 63) + Br(o1 —02,¢) + Op(wi;01 —02,¢) = —Op(wWi — Wa;02,),
for all (1,%) € H(div,,Q) x L*(Q), or equivalently
Aw, ((01 — 02,61 — 02),(1,9)) = —O1(W1 — Wa; 02, %)), (2.61)

for all (7,%) € H(div,,Q) x L*(Q), where Ay, is the bilinear form defined in (2.47).

In turn, let us observe that for i € {1,2}, S(w;) = (04,0;) € Z (cf. - which in particular
implies that o2 || r(div,;0) < HGDHI/Q r. Then, using this 1nequahty, the fact that wy; € Xy, and
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assumption ([2.48)), it is not difficult to see that estimate (2.59) follows from (2.49)), (2.19) and (2.61),
with

2LTC
Ls = ¢

10Dl1/2,r (2.62)

Analogously, estimate (2.60)) follows from (2.49), (2.20) and (2.61]), with Cg given by

2 T

10D]]1/2,r (2.63)

Now, we are in position of establishing the existence of solution of ([2.13)).

Theorem 2.8 Giwvent > 2 ifn=2andt € (2,6) if n =3, let r = % and s = t—t Assume that
hypothesis (2.48) holds. Then there exists (u,p,o,6) € H}(Q) x L§(2) x H(div,, Q) x L*(Q) solution
to (2.13)). Moreover, there exists C' > 0, independent of the solution, such that

o) T 10]ls) < Clloplli/2r- (2.64)

Proof. We begin the proof by noticing that here, for the 3D case, the interval (2,6) must be open
in both sides since we shall employ the fact that H!(Q) is compactly embedded into L(2) (see [26),
Theorem 1.3.5]).

As mentioned before, and according to (2.37)), to proving the existence of solution of (2.13]) it suffices
to proving that T has at least one fixed-point by means of the Shauder’s fixed-point theorem. To that
end we first recall that (cf. (2.44))

T(w) = R(w, Sz(w)) Vw e Xy,

and observe that from ([2.53)) and (2.59)), there holds
[T(w1) — T(wz)

w1 — wa||Lt() + LR, [[S2(W1) — Sa(w2)||Ls ()
(2.65)
< (LR1 + LR2LS)HW1 - WQHLt(Q)

for all wi, wo € Xj.

From and , it can be readily seen that T is a continuous operator. Moreover, using
the fact that L!(Q) is compactly embedded into H!(Q) it is not difficult to prove that T(Xy) is
compact. In fact, let {zx}ren be a sequence of Xy, which is clearly bounded. It follows that there
exists a subsequence {Zx}ren C {Zk}keny and z € H) () such that z 5 z. Then since H(Q) is
compactly embedded into L!(Q), we deduce that z — z in L!(2), which owing to implies
that T(zx) — T(z) in H}(Q). Hence, T(X;) is compact. Therefore, by applying the Shauder’s
fixed-point theorem we obtain that T has at least one fixed—point, or equivalently, problem has
at least one solution.

Now, to deduce ([2.64]) we first observe that u € X; (cf. (2.34])) which implies that

CpC,
2 f||guo,ﬂ||9D||1/2,r. (2.66)

[ufli0 <

In turn, from Remark [2.1] and according to (2.45), it follows that (o,6) = S(u) € Z (cf. (2-52)), which
implies

i

§HU”H(divr, + Y0l () < Callfplli/2.r- (2.67)
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Finally, for the estimate of the pressure p, we make use of the inf-sup condition of Bg ([2.28)), the
continuity of Ag, Og and D (cf. (2.15)), (2.21))), and the first equation of (2.13)), to arrive at

Bg(v,
Bslplloe < sup Bs(v.p)
verr oy IvilLe
_ sup Ag(u,v) + Og(u;u,v) — D(0,v) (2.68)
veH} (Q)\{0} [v]l1,0
< (v luflio + C3 lulf o + Cp 16llLs() lglloq) -

From (2.66)—(2.68) we easily deduce (2.64)), which concludes the proof. O

We end the analysis of the continuous problem ([2.13)) by establishing the corresponding uniqueness
result.

Theorem 2.9 Givent >2 ifn=2 andt € (2,6) ifn =3, let r = ;2L and s = ;2. Assume that

t+2 -2

CoCs (G5 , 23
Qg7 ag

Then, the solution of problem 1S unique.

Igllo.ellfpll1/2r < 1. (2.69)

Proof. First, we observe that if we assume (2.69)), then hypothesis (2.48)) holds, which implies that
problem ([2.13]) admits at least one solution.

Now, proceeding analogously to the proof of Theorem that is, recalling that (cf. )
T(w) = R(w, Sa(w)) Vw e X,
and using estimates and , we easily deduce that
IT(w1) = T(wa)[1.0 < (Cr + Lr,Cs)[[w1 — wall1,0, (2.70)

for all wi, wo € X. Then, observing that

CpCeq (C3 20%
Cr + Lr,Cs = —2—< (O + ,YO> e

0,2 "9D”1/2,F7

ag7y as

from (2.70) and hypothesis (2.69)) we readily obtain that operator T is a contraction mapping. There-
fore, employing the classical Banach’s fixed—point theorem we conclude that T possesses a unique
fixed—point u € Xy, or equivalently, according to (2.37)), problem (2.13) has a unique solution. O

3 A nonconforming finite element discretization

In this section we introduce our nonconforming finite element method for approximating the solution
of problem . As we shall see next in the forthcoming sections, the analysis of the corresponding
discrete problem follows straightforwardly by adapting the fixed-point strategy introduced and ana-
lyzed in Section We emphasize that the latter is feasible since, similarly as in [24], we consider
here the exactly divergence—free finite element method proposed in [11] to approximate the velocity
of the fluid. More precisely, using the incompressibility property of the fluid, which it is exactly sat-
isfied here, we can introduce the discrete version of problem and the corresponding discrete
fixed—point operator, satisfying the same properties as the ones described in Sections [2.2.142.2.3]

We start by introducing our Galerkin scheme and reviewing the discrete stability properties of the
forms involved.
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3.1 The discrete problem

Let Tp, be a regular triangulation of ) by triangles K (resp. tetrahedra K) of diameter hx and define
the mesh size h = max{hg : K € T;}. In addition given an integer [ > 0, for each K € T}, we let
P;(K) be the space of polynomials functions on K of degree < [, and define the corresponding local
Raviart—Thomas space of order [ as

RT(K) := Py(K) © B(K)x,

where P;(K) = [P,(K)]", x is the generic vector in R”, and P;(K) C P;(K) denotes the space of
polynomials of total degree equal to [. Employing this definitions we introduce the finite-dimensional
spaces
H., := {z€ H(div;Q):z|x € RT|(K), VK €T} 31)
Vii= {z€Ll?Q):z|lx € A(K), VKeT,}, (
and then, for a given k > 1, we define the finite element subspaces to approximate the unknowns u,
and p, o, and 6, respectively by

pi=HiNHy(div;Q), Q) =Yy, Ef:=H"' and ¥} =YV}, (3.2)

where

Hy(div; Q) :={ve H(div;Q):v-n=0, onT}.

Observe that 27 C H(div;Q) C H(div,; ), whereas VI is not a subspace of H}(€), thus the method
is nonconforming. Then in order to deal with the nonconformity of our approach we must introduce
discrete versions of the forms Ag and Og. To do that we first introduce some additional notations and
definitions.

For each K we denote by nx the unit outward normal vector on the boundary 0K. In addition,
we denote by E1(7r) the set of all interior edges (faces) of Ty, by Eg(7},) the set of all boundary edges
(faces), and define &, (Ty) = E1(Th) UEB(Tr). The (n — 1)-dimensional diameter of an edge (face) e is
denoted by he.

We will use standard average and jump operators. To define them, let K™ and K~ be two adjacent
elements of 75, and e = KT NIK~ € E(Ty). Let u and M be a piecewise smooth vector-valued,
respectively matrix-valued function, and let us denote by u®, M¥ the traces of u, M on e, taken from
within the interior of K*. Then, we define the jump of u, respectively the mean value of M at x € e
by

1
[ =v"@ng +u”@ng-,  {M} = S(MT+ M), (3.3)
where we denote by u ® n the tensor product matrix [u ® n]; ; = u;n;, 1 < i,5 < n. For a boundary
edge (face) e = 0Kt NT, we set [u] = u* ®n, with n denoting the unit outward normal vector on T,
and {M}} = M™.

For the discrete version of Ag we take the symmetric interior penalty (SIP) form (see [4]) given by

Al(u,v —V/ Viu:Vpv —v Z /{{th}} [v]

e€&n(Th)

> [UVivy s+

e€E(Th) eegh(Th)

(3.4)

I/a()

Here, ag > 0 is the interior penalty parameter, and we denote by V} the broken gradient operator.
As discussed in [I1], other choices for A% are equally feasible (such as LDG or BR methods), provided
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that the stability properties in Section [3.1.1] below hold. For the convection term, we take the standard
upwind form [22] defined by

og<w;u,v>_/< Vau-v+ Z/ (wong - [w-ng)u —u)-v, (35

KeTy, K\F

where u€ is the trace of u taken from within the exterior of K. We note that convective forms with
no upwinding can also be chosen in our setting, such as the trilinear form in [I7), Section 6].

Having introduced the additional notations described above, we now introduce our discrete problem:
Find (up, pp, oh,0) € VI x Q) x BZ x ¥ such that
Ag(up,v) + Of(up;up, v) — Bs(v,py) — D(0h,v) = 0,
Bs(up,q) =
Ar(op,T) + Br(T,0,) = G(1),
Br(on,¢) + Or(up;opn, ) = 0,

(3.6)

for all (v,q,7,¢) € VI x Q) x BT x \Ilz, where Bg, D, Ar, Br, O and G are the forms and functional
defined in Section 211

3.1.1 Discrete stability properties

Here we discuss the stability properties of the forms involved restricted to the corresponding discrete
spaces. We begin by observing that the form At and Bt as well as the functional G, are continuous
with the exact same constants described in Section [2.1.1) (see (2.15)—(2.22))). To establishing the
continuity of the remaining forms we need to introduce first the broken norms

VI35 = > IVavilg+ Y aok IIvIIG. veH(Th), (3.7)
KeT, ecéy,
and
V137 = VI 7 + > Pk VB v eH(Ty), (3.8)
KeTy,
where

H(T;) = {vel?Q):vlx e H'(K) VKeT,}, [>1.

By using the inverse estimate |plo,x < C'h;(1 Ipl1.x, for all K € Ty, p € Py(K), it can be readily seen
that
IVlle7 < Clivlg  veVy. (3.9)

In turn, the following Sobolev inequality holds: for each ¢ € I(n) C R, with I(2) = [1,00) and
1(3) = [1, 6], there exists a constant Cepp(t) > 0, such that

Vi) < Camp@lvling v e HY(T). (3.10)

For n = 2, this has been proved in [28, Lemma 6.2]. In the case n = 3, the proof follows along the
lines of [32, Lemma 5.15, Theorem 5.16].

To proving the continuity of the form Ag we can proceed analogously to [5] and utilize the trace

inequalities

—-1/2

lolloor < C(hi? oo + By [olig),  ve HY(K) (3.11)
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and
—1/2
lloox < Ch Ipllox,  p € Pu(K), (3.12)

to obtain
[A§(u,v)| < C [z IVI7,  wveVE (3.13)
and
A8 (u,v)| < Ch [lullo,7 IVI7,  weB*(Th), ve Vi (3.14)

Now, owing to the Sobolev embedding (3.10) with ¢ = 4 and the trace inequalities (3.11)) and (3.12)
(see for instance [24, Lemma 3.4]), we have

08 (wy — wasu,v)| < CP ||lwi —wall17 [[all7 V], (3.15)

for all wi, wo,u € H?(73,) and for all v € V¥, with 6’8 > 0 independent of h. Similarly, for O (cf.
(2.14))), we have that

Or(w1 — wos 7,9)| < CF w1 — wall1. 75 17| raivs0) %]l @) (3.16)

with 68 = K COump(t), and for D we easily get that for ¢t > 2if n =2 and ¢ € (2,6] if n = 3, and for
s = 1%27 there holds

D@, V)| < Cplgllog l¥lls VI, v eHY(Th), v € ¥, (3.17)

with Cp := Cemp(t). In addition, by using the Holder’s inequality (1.1)) we readily obtain

Bs(v,q)| < [IVlvi7 lallog,  veHY(Th), ¢ € Q). (3.18)

Next, we establish the ellipticity of the forms A’SZ and Ap. First, for A]S’ we recall that, provided
that ap > 0 is a sufficiently large constant (see [I7, Lemma 4.12]), there holds

Adv,v)zas|vlig,  YveVi (3.19)
Let us now define the sets
Kgj = {veEVI:Bs(v,q)=0,¥geQ’} and K= {T € B : Br(r,¢) =0,V € \I/z} .
Since the pairs (V}, Q%) and (E7, \IIZ) satisfy
divVE C QY and divE] C 0f,

it readily follows that
Kgp:={veVy:divv=0 in Q} (3.20)

and
Krp={r€&]:divr=0 in Q}. (3.21)

In particular, on Kt ; we have that At is elliptic:

Ap(r, 1) >kt HTHIZLI(divr;Q) V1 eKrp. (3.22)

Moreover, on Kg 4 it is well-known (see, e.g., [22} [10]) that Og satisfies

1
Of(w;v,v) = 9 Z lw - n.||[v][*ds >0 weKgp, vevy, (3.23)
e€€r(Th) "

17



which together to (3.19) implies that for each w € Kg 5, the bilinear form A%(,-)+O%(w;-, -) is elliptic.
In (3.23)), in the integrals over edges (faces) e, the vector n. denotes any unit vector normal to e.

Now, let us recall that the bilinear forms Bg and Br satisfy the following inf-sup conditions:

Bs(vh, qn)
sup

== > Bsllgnlloe,  Van €@}, (3.24)
Vievy\{o} [vhll1,7

and
BT (Th ) ¢h)
sup @ #—

> Brllvnlls@y, Y € 0, (3.25)
THLEEZ\{0} HThHH(divT,Q)

where B\S and B\T are positive constants independent of the mesh size. The proof of (3.24)) follows
along the lines of [29] from the surjectivity of div : H}(Q2) — LZ(2) and the properties of the Raviart—
Thomas interpolator, whereas the proof of (3.25)) can be found in [9, Lemma 3.3].

We end this section by observing that, owing to the properties (3.22)) and (3.25) and applying [20,
Proposition 2.36], the bilinear form A defined in ([2.30]) satisfies the following discrete inf-sup condition:

A((C}w (Z)h)v (Tha wh))

(Thstn)€[ES x W] \{0} Thy Yn)||
where 7 > 0 is the constant defined by
K B2

5= (3.27)

HZB?T—FZI/QBT—FQ'
3.2 Existence and uniqueness of solution of the discrete problem

In this section we address the well-posedness of problem . Here we proceed analogously to the
continuous case and prove the existence and uniqueness of solution of by means of a fixed—point
strategy. For the uniqueness of solution we use again the Banach’s fixed—point theorem, whereas for
the existence result we employ the well-known Brower’s fixed—point theorem in the following form:

Let W be a compact and convex subset of a finite dimensional Banach space X and let T : W —
W be a continuous mapping. Then T has at least one fived point.

Similarly to the analysis of the continuous problem, we begin by introducing the fixed—point oper-
ator.

3.2.1 The discrete fixed—point operator

Analogously to the continuous case we start by defining the following reduced version of problem ({3.6]):
find (up,op,0n) € Kgp x EF x \Ilz such that

Al(up,v) + Of(up;up,v) — D(Oh,v) = 0,
AT(Uh, T) + BT(T, ah) = G(T), (328)
Br(op, ) + Or(up;on, ) = 0,
for all (v,7T,7) € Kgj x Ef x \Ilz, with Kgj, being the set defined in (3.20). Owing to the inf-sup
condition (3.24]), here we also obtain that both (3.6 and (3.28)) are equivalent.
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Lemma 3.1 If (w,,pp,0h,60,) € Vi x Q) x B x \Ifz is a solution of (3.6), then up € Kgp and
(up, op,0p) is a solution of (3.28)). Conversely, if (uy, o, 0p) is a solution of (3.28)), then there exists
ph € QY such that (up, ph, oh, 0) is a solution of (3.6).

We continue by defining the bounded and convex set

CpCq
asy

Xip = {Wh € Ksp: ||lwhll, < Hg|’0,QH9D’1/2,F} (3.29)

and the discrete version of the operator T (cf. (2.35))):

Th : X17h — Xl,h
(3.30)
wp — Th(Wh) = up,

with uy, being the first component of the solution of the linearized version of problem (3.28): Find
(up,oh,0p) € Ks % Eg X \Ifz such that
Al(up,vy) + Of(whiup,vi) =  D(0h,vh),
Ar(op, Th) + Br(Th,0nh) = G(T4), (3.31)
Br(on, ¥n) + Or(wWhson, vn) = 0,

for all (Vh,Th,@Dh) S KS,h X Eg X \I’z

As for the continuous case, we have the following equivalences
Th(up) =uw, & (up,04,0,) € Kgp x EF X \Ilz satisfies ((3.28)|)
< (up,pp,op,0p) € VX QY x BT x \I/Z satisfies ((3.6)).

In consequence, to proving that problem (3.6)) is well posed, in what follows we prove equivalently
that T}, possesses a unique fixed—point. Before doing that, we first verify that our discrete fixed—point
operator is well-defined. This is addressed in the following section.

(3.32)

3.2.2 Well-definiteness of the discrete fixed-point operator

Let us first define the sets

CpCq Cq
Xy = {(Wh’d)h) € Kgp x W)« [[wplli7 < o5 Iglloellfplli/2rs  [l@nllLs@) < 7|]«9DH1/2,F ;
(3.33)
and o
G
Xoni= {on € s onlhoor < Lloolipar | (3.31)
and the discrete operators
Rh : Xh — Xl,h
(3.35)
(Whyén) — R(wp, ¢p) = up,
with uy, being the unique solution of problem: Find uy, € Kg 3, such that
Ag(up, vi) + O4(Wpian,vi) = D(¢n,vi) Vvi, € Kgp, (3.36)
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and
Sh : Xl,h — EZ X Xg}h
(3.37)
wn = Sp(wn) = (S1,n(Wn),So.n(Wn)) = (0h,0n),

where (o, 0)) € B7 x Xy is the unique solution of problem: find (o, 6,) € Ef X \I/?l, such that

Ar(op, Th) + Br(Th, 0h) = G(t) V14 € &Y,

3.38
Br(on,¥n) + Or(wWhion,¢p) =0 Vb, € WY, (3.38)

Analogously to the continuous case, from the definition of operators T}, Ry and Sy, it can be readily
seen that the following discrete version of ([2.44]) holds:

Th<Wh) = Rh(Wh, Sg,h(Wh)) VWh S Xl,h- (3.39)

In addition, provided a fixed-point u;, = Tj(uy), we have that the pair (op,,05) € Ef x UY  such that
(up,oh,0h) € Kgp x EF X \I'z is a solution to (3.28)), satisfies the identity

(O'h,(gh) = Sh(uh). (3.40)
The following lemma establishes that operator Ry is well-defined.
Lemma 3.2 For each (wy, ¢n) € X}, there exists a unique up, € Xy 5, such that Ry (wp, o) = uy,.

Proof. Since for any wj, € Kg 5, the bilinear form A]S‘(-, )+ O}S‘ (Wh; -, -) is Vi—elliptic, the proof follows
analogously to the proof of Lemma by means of the Lax-Milgram lemma. We omit further details.
d

Next, we prove that operator Sj, is well-defined. To this end we first establish the discrete version
of Lemma 2.3

Lemma 3.3 Givent>2ifn=2andt € (2,6] ifn =3, let r = % and s = 2L Assume that

C3CpCq 1
a2 I =3 3.41
agy2 | DHl/2,FHgHo,Q S5 ( )

Then, for each wy, € Xy p, the bilinear form Ay, satisfies the following estimate

sup AW’L((Ch7¢h)’ (Th7¢h))

gl -
> Sl @ivea0) + Yl onllLs @) (3.42)
(Thabn)€[E7 < U7\ {0} 1(Th,n) | (divr;€2) (@)

V(Ch, on) € BY x \I/z, where 7 > 0 is the constant defined in (3.27)).

Proof. By applying the estimates (3.16) and (3.26), this result follows analogously to the proof of
estimate (2.49). We omit further details. O

Employing this lemma we can easily obtain that operator S; is well-defined. This result is estab-
lished next.

%ands:i

Lemma 3.4 Givent > 2 ifn = 2 and t € (2,6] if n = 3, let r = ti =5 Assume
that (3.41) holds. Then, for each wy € Xy, there exists a unique (op,0,) € B x Xgp, such that

Sn(wn) = (oh,0h).
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Proof. Similarly to the proof of Lemma by applying Lemma [3.3] and the discrete version of the
Banach-Necas-Babuska theorem (cf. [20, Theorem 2.6]) it can be readily seen that problem
admits a unique solution (o4,0,) € Ef x \1/2, In addition, using (3.42) we can easily obtain that
01, € Xa. We emphasize here that differently from the continuous case, the discrete version of
is not needed since for finite dimensional linear problems, injectivity is equivalent to surjectivity. We
omit further details. O

Remark 3.1 Similarly to the continuous case, employing (3.26) one can actually deduce that Sp(wp,)
= (oh,0h) € Zy, for all wy, € Xy p,, where

o gl -
Zy = {(Thawh) €E] x U : SlTalla i) + Al¥nllze @) < CGHHDH1/2,F}- (3.43)

Now we are in position of establishing the well-definiteness of operator T},.

Theorem 3.5 Assume that (3.41)) holds. Then, for each wy, € Xy, there exists a unique up, € Xy p,
such that up, = Tp(wy,).

Proof. This result is a direct consequence of the identity (3.39) and Lemmas and O

3.2.3 Main result

In this section we provide the well-posedness of problem (3.6)). As already announced first we employ
the Brower’s fixed point theorem to prove existence of solution whereas for the uniqueness result
we make use of the Banach’s fixed point theorem. We begin by establishing the discrete version of
Lemmas 2.6] and

2t

Lemma 3.6 Givent > 2 ifn =2 andt € (2,6] if n = 3, let s = ;=5. Then there exist positive

constants 5R1 and 6’R2 such that
R4 (W1, 1) — Rp(wa, d2) |17, < Cr, w1 — wall1,7; + Crallér — d2llrs(a)., (3.44)

for all (w1, ¢1), (W2, p2) € Xp.

Proof. Using the estimates (3.19), (3.15) and (3.17)), the result can be obtained analogously to the
proof of Lemma with constants Cr, and CR, given by

~

C5CpCa ~ _C
- = 00llj2r and Cr, = =2 ligloo. (3.45)

C _v-- -
Rl aa% HgHO7Q

We omit further details. O

Lemma 3.7 Givent > 2 ifn =2 and t € (2,6] ifn = 3, let r = t% and s = 5. Assume that

hypothesis (3.41)) holds. Then, there exists a positive constant Cg, such that

1 ~
5 IS1(w1) = S1(W2)ll aaiv, ) + [S2(w1) = S2(W2)l|1s(9) < Csllwi — w217, (3.46)

for all wi, wo € Xy .
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Proof. Utilizing exactly the same arguments employed in the proof of Lemma we can obtain ([3.46)
with
~ 2C TCG
Cs = =210l /2r- (3.47)
We omit further details. O

In the following result we establish that problem (3.6 admits a solution.

Theorem 3.8 Givent > 2 ifn =2 and t € (2,6] if n = 3, let r = t+2 ands—tﬂ Assume that

hypothesis (| - ) holds. Then there exists (up,pn,on,0,) € Vj x Qp X B X \I'Z solution to
Moreover, there exists C> 0, independent of the solution, such that

[unllie + [IPrlloe + lonll mdive,0) + [10rllLs@) < CllObll1 2.1 (3.48)

Proof. We start by noticing that from (3.39)), (3.44) and (3.46[), analogously to the proof of Theorem
we obtain

ITh(wW1) — Ta(w2)|1.7 < Cryllwi — walli7: + CR, S2.0(W1) — Son(wa)l|Ls ()

IN

L (3.49)
< (Cr, + Cr,Cs)|wi —

for all w1, wo € X 5, which implies that T}, is continuous on X ;. Then, as previously announced,
by utilizing the classical Brower’s fixed—point theorem, we conclude that T} admits a fixed—point uy, €
X1 n, or equivalently, owing to (3.32)), that problem (3.6) admits at least one solution (up, pp, op,0p) €
Vi x Q) x BY x \II?L. Moreover, since uy, € Xy j, and (o, 0,) = Sp(up) € Zy, (see (3.40) and Remark
3.1)), there holds
CpCaq ¥
[unll1,7 < e Iglloollépll1/2r and §||Uh||H(divT + AOnllLs @) < Callfpllij2r  (3.50)

In turn, from the inf-sup condition (3-24)), and the continuity of A} O% and D (see (3.13), (3.15) and
(3.17)), respectively), analogously to (2.68|) we can deduce that

Bs llpnlloq < (Cfx lunlliz, + CO Il 7 + Co 10kl HgHo,Q>- (3.51)
Then, from (3.50) and (3.51)) we readily obtain ([3.48)), which concludes the proof. O
We conclude this section by stating the uniqueness of solution of problem ([3.6))
Theorem 3.9 Givent > 2 ifn=2andt € (2,6] ifn =3, let r = t+72 and s = 25 Assume that

asy \ as

CpCa (C8 2CF
< (O + % ) Igllo.ellfpll1/2r < 1. (3.52)

Then, the solution of problem (3.6) is unique.

Proof. From (3.45)) and ({3.47)) it can be readily seen that

~ . COpCe (C5  20%
(Cr, + Cr,Cs) = —2=¢ (O + AO> lgllo.llfplli 21
asy \as 7

which together to (3.49) and (3.52)) implies that T}, is a contraction mapping. Therefore, the unique-
ness of solution of problem (3.6)) is a direct consequence of (3.32]) and the Banach’s fixed—point theorem.
]
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4 Error analysis

In what follows we carry out the error analysis of the finite element approximation presented in Section
under an extra regularity assumption on the solution and, similarly to the above, by assuming that
the data 0p is sufficiently small in the HY/2-norm. We start by establishing some previous results and
definitions.

In the sequel we make use of the Raviart-Thomas operator IT}, : H'(Q) — H} (cf. (3:1)) which,
given [ > 0, is characterized by the following identities:

/Hﬁl(z) ‘nf = /z -n¢  Vedge/facee e T,, V&€ Ple) when [ >0, (4.1)

and
/H%(z)-q:/z-q VK eT, VqeP;_1(K) when [ >1. (4.2)
K K

We shall also employ the L?-projection P! : L?(Q) — Y}, which is defined through the identity
/ Mz—=Pl(z)=0 VIeYi
Q

Next, to simplify the subsequent analysis, we denote the corresponding errors by
€eu=Uu—Up, € =p—py, € =0—0p, ep=0-—0,

and, given k > 1, we decompose these errors into

eu=E&utXuw =& T X 0=8 T X0, € =&+ Xo- (4.3)
with
fu=u—TII(u),  xu =) -,
517:1)_7)}];(1?)7 Xp:Pi]f(p) — Dh, (4.4)
¢, =0 —1; (o), xo = ‘(o) —ay, ‘
& =0-Py '(0), xo=Py ()~ bh

Owing to the approximation properties of operators Hﬁl and P} (see for instance [7, 21]), it can be
readily seen that

€ull27: < CR* [l Igpllo. < CH**pllis10

_ (4.5)
1€l s (aivei0) < CHE{llo ko + div ollwer )}, 11€ollLs@) < CR¥[Ipllwe.s o)

In particular, for the last two estimates we refer the reader to [20, Section 1.6.3] and [9, Section 3.1].

Having introduced the main tools to be employed in the forthcoming analysis, now we establish the
the theoretical rate of convergence of our method.

Theorem 4.1 Assume that estimates [2.69) and (3.52) hold and let (u,p,o,0) € H{(Q) x LE(Q) x
H(div,, Q) x L*(Q) and (up,pp,oh,0n) € Vi x Q) x BT x \I/Z be the unique solutions of (2.13|) and
(3.6), respectively. Assume further that

asy

Ca (65013 . 2C2Cp
as ~

1
) Igllo.llfnll1/2r < > (4.6)
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and for a given k > 1, u € H**1(Q), p € H*1(Q), o € H*(Q), dive € WF(Q) and § € WF3(Q).
Then, there exists C' > 0, independent of h, such that

leullr. 7 + llepllo.e + e |l maiv.) + leollLs@) <

. 4.7
On {allesa + Iplens + lolka + Idivalyerg + lwee).

Proof. First, since we are assuming that u € H*1(Q), it can be readily seen by integration by parts
that
Al(u,v) + Of(u;u,v) — Bs(v,p) —D(0,v) =0 YveVy

from which
Al(u,v) + Of(w;u,v) — D(0,v) = 0 Vv eKgy.

Thus, combining the latter identity with the first equation of (3.28)) we obtain the orthogonality

property
Al(ew,v) + O%(u;u,v) — Od(up;up, v) — D(eg,v) = 0 Vv € Kgp, (4.8)

which after simple algebraic manipulations can be rewritten as

Ag(Xu7V) + Og(“h?XwV) = _OéL(Xu;uvv) + D(XQ,V)
_O§(£u§ u,V) + D(£¢97V) - O}SZ(uh;guav) - A’Sl(guﬂv)7

for all v € Kgyp. In particular, for v = x,, € Kg, employing the ellipticity of the bilinear form
Ag(-, )+ Og(uh; -,+), and the continuity of Oél and D (see (3.15) and (3.17)), respectively), we obtain

~ AS =~
aslxullf 7, < Collullzllxull 7 + Coliglogllxollus @ lIxallim + L1 o) Ixullim:  (4.9)

with

Li(€y,&) = (Collulli 7, + Collunlliz + CDI€alli 7 + Cpliglloalléslns -

On the other hand, since E¢ C H(div,; ) and ¥¢ C L#(f), from the third and fourth equations
of (2.33) and (3.28]) it follows that the following orthogonality property holds

Ar(es,T) + Br(T,€9) =
Br(es,¥) + [Or(w;0,9) — Or(up;oh,9)] =

for all (7,7) € E7 x ¥Y. From this property, the definition of the bilinear form Ay, (cf. (2:47)), the
decomposition (4.3]), and simple computations it can be obtained the identity

'Allh((Xav X9)7 (T7wh)) = _OT(Xu; o, 77/}) - Auh((go-?g@)v (Ta ¢)) - OT(gu; U7w)' (4'10)

Then, utilizing the inf-sup condition (3.42), and the continuity of Ap, Bt and Ot in (2.15), (2.16))
and (3.16]), respectively, from (4.10) we obtain

0,
0,

~

¥ N ~
§HXcr||H(divT;Q) +3lx0lls @) < Colxullt ol i) + L2(€q &0, €0); (4.11)
with

Lo(€q, &9, €u) = (1 + £ + Collunllig) o i) + 1ol () + Collo v, | €ullL7-
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In particular, from (4.11)) we have that
&%

IxollLs () <
() 3

1
o || e (dives) 1 Xalln, 75 + §L2(5m€0,€u)a

which combined with (4.9)), implies

C\Dé\g 6D
U Iglloellolla@iv,0) | IXalltz < Li(€w &) + 7||g\lo,QL2(£a,€e,€u)-

(4.12)

(as ~Cllu

Hence, recalling that (see (2.66)), (2.67) and (3.50))

2Cq CpCa
lollm@iva0) < —0plh2r,  lulhg < ule < Igllo.cllfnll1/2r
Y Qs
and ~
CpCq
”uhHLTh < asy HgHO,QHeDHl/zF,
we have

L1(€u: &) < Cr(ll€ulli7 +I€ollLs@))  and  L2(&4, &0, €u) < Co(ll€q | m(div,s0) + 1€0lILs (@) T [1€ullr72),
which together to (4.12), and estimate (4.6), yields
Ixull1,7, < CUl€smive0) + 1€ollLs @) + 1€ull1,7)- (4.13)

Using this estimate, from (4.11) we also obtain

1Xo | (aives0) + [1X0lLs @) < CUI€s H(aiv,s0) + 1€0llLs ) + [[€ullr,7)- (4.14)
In this way, from (4.13)) and (4.14) and utilizing (4.3]) and the triangle inequality, we readily obtain
leull1,75, + el #iv,s0) + leallus ) < CUlée I @iven) + 1olls @) + [[€ull1,7.)- (4.15)

Now, to estimate e, we first observe that, owing to the discrete inf-sup condition (3.24)), there holds

= BS Vi, X
BslIxplloe < sup Bs(vn, xp)
vrevinvgoy Ivallim,
Bs(vp, e Bg(vy, —
viREVI\{0} [vhll,7 vREVI\{0} [vhll,7
Bs(vp,e
< s B e

viREVI\{0} HVhHLTh

In turn, from the first equations of (2.13) and (3.6, and adding and subtracting suitable terms,
analogously to (4.8)) we can obtain
Bs(v.ep) = Al(ew,v) + Of(u;u,v) — Of(up;up,v) — D(eg,v)

> > . (4.17)
= Ad(ew,V) + Og(eu;u,v) + Og(up;ey,v) — D(eg, V),

for all v € V}!. Then, utilizing (4.15)), (4.17)), (2.66) and (3.50)), from (4.16) we obtain

IXpllog < CUl€s | a(aivni) + [1€ollLs @) + [€ulli7i + [1€pll0.0),
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which together to the triangle inequality and (4.3)), implies

lepllo.e < Cl1€a Nl raiv0) + 1€ollLs @) + 1€ull7 + [I1€p]l0.0)-

This latter estimate, together to (4.15)), (4.5) and the fact that ||€,]l1,7, < ||€ull2,7,, readily implies
(4.7), which concludes the proof. O

Remark 4.1 Although the theory above has been developed considering the Raviart-Thomas element
for the unknowns u and o, the analysis can be easily adapted for other choices of finite element
spaces, such as the well-known Brezzi—Douglas—Marini element. In fact, given an integer k > 1, one
can consider the space

Hf .= {z c H(div;Q) : z|x € Px(K), VK €T},
and redefine problem (3.6) with the spaces
Po=Hf N Hy(div;Q), QY:=YF'n1i(Q) EJ:=H} and V) :.=YF, (4.18)

where th 1s the space defined in . Analogously to the analysis developed above it is not difficult to
prove that problem is well posed, and employing the approzimation properties of the corresponding
discrete spaces (see [7, Chapter 2, Section 2.5]) one can easily obtain the following theoretical rate of
convergence

leulli, 7+ llepllog + leallm@ive) + 10llLs@) <

. 4.19
O L ullene + Iollke + lolen + I4iv ey + 0l

We end this remark by mentioning that clearly both, Raviart-Thomas and BDM elements, can also
be combined for discretazing the coupled problem, that is, one can choose RTy — Py to approzimate
the pair (u,p) and BDMy, — Py_q for (o,0), or vice versa.

5 Numerical results

In this section we present some numerical results illustrating the performance of our mixed finite
element scheme on a set of quasi-uniform triangulations of the corresponding domain and con-
sidering the finite element spaces introduces in Section [3| and in Remark Our implementation is
based on a FreeFem++ code, in conjunction with the direct linear UMFPACK. For all the examples
below we define the penalization term as ag = 5, choose r = 4/3, s = 4, and utilize a Picard-type
algorithm with a fixed tolerance tol = 1le — 6. The iterations are terminated once the relative error of
the entire coefficient vectors between two consecutive iterates is sufficiently small, that is,

|coeff™ 1 — coeff™ |2

||coeffm+1||lz

< tol,

where || - ||;2 stands for the usual euclidean norm in Rf with dof denoting the total number of
degrees of freedom defining the finite element subspaces V7}!, z, EY and \Ifz. Now, we introduce
some additional notations. The individual errors are denoted by e(u), e(p), e(o) and e(d). Also, we

let 7(u), r(p), (o) and r(f) be the experimental rates of convergence given by

_ log(e(w)/e/(u)) _ los(e(v)/€' (1)

= gy P oam
oy o LEC@ @) los(e()]e ()
T ey T T og(ng)
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where h and h' denote two consecutive mesh sizes with their respective errors e and ¢’.

In our first example we illustrate the accuracy of our method considering a manufactured exact
solution defined on Q = (—1/2,3/2) x (0,2). We consider the thermal conductivity x = 1, the external
force g = (0,—1)!, and the terms on the right-hand side are adjusted so that the exact solution is
given by the functions:

1 — e cos(2my)

—1 2\x — 2,2
= = — + = +1
u(x,y) ( 2);re)\x sin(27ry) ) ) p(x,y) € b, 9(1'73/) 'y s

2

where
—872

vl 4+ V=2 £ 1672
with v > 0 being the viscosity of the fluid and the constant p is chosen in such a way that fQ p=0.

We observe that (u,p) is the well-known analytic solution for the Navier-Stokes problem obtained by
Kovasznay in [30].

A=

In Table [I] we summarize the convergence history, on a sequence of quasi-uniform triangulations, of
two finite element families corresponding to RT; — P, — RTy — Py and BDM; — P — BDM; — Py
and considering the viscosity ¥ = 1. We observe there that the rate of convergence O(h) predicted
by Theorem and Remark is attained in all the cases. In addition, the last columns of Table
illustrates that the velocity is practically divergence free for all refinement steps, and for both
RT, — P — RTy — Py and BDM; — Pg — BDM; — Py. We remark that in both cases the algorithm
stopped after around 10 iterations.

ERRORS AND RATES OF CONVERGENCE FOR THE DG-MIXED
RT; — P, — RTy — Fy APPROXIMATION.

h DOF e(u) r(u) e(p) r(p) e(o) | r(o) e(0) r(0) ||div up ]|
0.745 402 69.249 - 67.956 - 3.835 - 1.033 - 1.21e-13
0.380 1665 44.241 | 0.6655 | 21.272 | 1.7252 | 1.719 | 1.1917 | 0.634 | 0.7241 1.03e-13
0.190 | 6417 | 23.284 | 0.9261 | 12.898 | 0.7218 | 0.861 | 0.9983 | 0.309 | 1.0379 | 1.42¢-14
0.095 | 25560 | 11.346 | 1.0377 | 6.863 | 0.9107 | 0.422 | 1.0301 | 0.147 | 1.0677 1.51e-13
0.053 | 101688 | 5.592 | 1.2100 | 3.452 | 1.1751 | 0.210 | 1.1912 | 0.081 | 1.0315 1.55e-14
0.027 | 410331 | 2.700 | 1.0556 | 1.698 | 1.0289 | 0.104 | 1.0265 | 0.039 | 1.0623 1.58e-13

ERRORS AND RATES OF CONVERGENCE FOR THE DG-MIXED
BDM; — Po — BDM; — Py APPROXIMATION.

h | DOF | e(m) | r(u) | e(p) | r(p) |e(a) | r(o) | e@) | r(0) |I[divas|e
0.745 402 69.249 - 68.724 - 2.692 - 1.033 - 1.21e-13
0.380 | 1665 | 44.241 | 0.6655 | 27.826 | 1.3430 | 1.053 | 1 .3947 | 0.635 | 0.7230 | 1.03e-13
0.190 | 6417 | 23.284 | 0.9261 | 17.840 | 0.6413 | 0.402 | 1.3880 | 0.309 | 1.0393 | 1.43e-14
0.095 | 25560 | 11.346 | 1.0377 | 9.733 | 0.8747 | 0.178 | 1.1769 | 0.147 | 1.0679 | 1.51e-13
0.053 | 101688 | 5.592 | 1.2100 | 4.705 | 1.2430 | 0.087 | 1.2284 | 0.081 | 1.0315 | 1.55e-14
0.027 | 410331 | 2.700 | 1.0556 | 2.324 | 1.0226 | 0.042 | 1.0501 | 0.039 | 1.0623 | 1.57e-13

Table 1: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence and ... for the mixed
RT, — P, — RTy— Py and BDM; — Py — BDM; — Py approximations of the Boussinesq equations.
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In our second example we study the behaviour of a fluid in a square cavity Q = (0,1)? with
differentially heated walls. To that end we first recall from [I5] the problem with dimensionless
numbers:

—RaAu+ (u-V)u+ Vp —PrRagf =0 in ©Q,
divu =0 in €,
u=0 on T, (5.1)
—kAO +u-VlH =0 in Q,
0 = HD on F,

where Pr and Ra are the Prandtl and Rayleigh numbers. Here we fix the Prandtl and Rayleigh
numbers as
Pr = 0.5 and Ra = 2000,

the thermal conductivity x = 1, and analogously to [15] we choose the boundary condition 0p(x,y) =
0.5(1 — cos(27mz))(1 —y) on I'. Notice that p = 0 on the left, top and right walls whereas on the
bottom wall 8p has a sinusoidal profile with a peak of temperature 6p = 1 at x = 0.5. For the
natural convection problem in a cavity with other boundary conditions we refer the reader to [6, [16].
In Figures [1] and [2] we display the approximate solutions obtained with a BDM; — Py — RTy — Py
discretization with 254294 degrees of freedom. In Figure [1| we show the components of the velocity,
the velocity vector field and the pressure. There, it is possible to see the expected physical behaviour
from [15], that is, convection currents form inside the cavity in a symmetric configuration. In addition,
in Figure [2|it can be seen the components of the temperature gradient, the heat-flux vector field, and
the temperature. There, as expected, we observe that the heat-flux moves from higher temperature
regions to lower temperature regions.
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Figure 1: EXAMPLE 2: First (top-left) and second (top-right) components of uy, velocity vector field
(bottom-left) and pressure (bottom-right).
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Figure 2: EXAMPLE 2: First (top-left) and second (top-right) components of oy, heat-flux (bottom-
left) and temperature (bottom-right).
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