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Abstract

In this paper we consider the transmission problem of a material composed by three
components, one of them is a Kelvin-Voigt viscoelastic material, the second is an
elastic material (no dissipation) and the third is an elastic material inserted with a
frictional damping mechanism. The main result of this paper is that the rate of decay
will depend of the position of each component. When the viscoelastic component
is not in the middle of the material, then there exists exponential stability of the
solution. Instead, when the viscoelastic part is in the middle of the material, then
there is not exponential stability. In this case we show that the decay is polynomial
as 1/t2. Moreover we show that the rate of decay is optimal over the domain of
the infinitesimal generator. Finally using a second order scheme that ensures the
decay of energy (Newmark-5 method), we give some numerical examples which
demonstrate these asymptotic behavior.

1 Introduction

The wave equation with localized frictional damping was studied by several authors and
by now it is very well known that the semigroup defined by this equation is exponentially
stable no matter the size nor the location of the subinterval where the damping mechanism
is effective. See for example [6, 7, 8, 11, 14, 15, 16, 20] to quote such a few.

K. Liu and Z. Liu in [10] proved a similar result to the Euler Bernoulli beam equation
with localized Kelvin-Voigt damping. That is to say, no matter the size nor the position of

the damping mechanism is effective, the semigroup defined by the solution of the model is
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always exponentially stable. Under the light of this result one can arrive to the conclusion
that the semigroup defined by the solution of the wave equations with localized Kelvin-
Voigt damping is also exponentially stable. This is clearly not true as proved in [10].
That is localized Kelvin-Voigt damping does not produce exponential stability.

In this paper we consider the transmission problem with localized viscoelasticity of Kelvin-
Voigt type. Here we consider a beam composed by three different components, one of them
is of viscoelastic type, the other is only an elastic part and finally the third component of
elastic type with a frictional damping mechanism. The main result of this paper is that
the position of this component (optimal design) plays an important role in the study of

the stabilization. For example if we consider a beam of the forms given below

VEF Model
Viscolastic Part Elastic Part Frictional Part
u() v(z) w(z)
| | | |
0 I I I
EVF Model
Elastic Part Viscoelastic Part Frictional Part
u(z) v() w(x)
| | | |
0 I I i
EFV Model
Elastic Part Frictional Part Viscoelastic Part
u() v(z) w(z)
| | | |
0 I I I



The longitudinal displacement v is divided into two parts

w(z) if €0,y

v=1< v(z) if z€]ly,l]

w(z) if z€]l,l]
where each component u, v and w, represents the displacement of the first, second and
third component of the beam, respectively. There exist six possible combinations of the
material. Two possibilities occur when the elastic part is at the center of the material.
Other two possibilities when the viscous part is in the middle of the beam, and finally
when the elastic part with frictional mechanics is at the center of the beam. Performing
the change of varible s = [ — = this six posibilitites can be reduced to three. We refer to

each model as VEF, EVF and EFV. The VEF model is given by

P1 Uy — R Ugg — Ko Ugge = 0 in 0, lo[x]0, oo, (1.1)
P2y — Ko U = 0 in Jlg, 11[x]0, oo, (1.2)
P3 Wy — K3 Wee +yw, = 0 in ]I, [[x]0, ool. (1.3)

where kg, K1, ko and k3 are elastic positive constants, and p;, py stands for the mass

density functions. The transmission conditions are given by
u(lo, t) =v(lp, t), K1 ug(lo, t) + Ko ug(lo, t) = Ko vi(lo, t), t =0, (1.4)
v(ly, t) =w(ly, t), kKevg(lo, t) = k3w (lo, t), t=0. (1.5)
The boundary conditions
w(0,t) =0, w(l,t)=0, t=0, (1.6)

and the initial data
u(z, 0) = uo(z), w(z, 0) = w(z) in )0, o,
v(@, 0) = vo(x), vlw, 0)=vy(z) in Jlo k], (1.7)
w(z, 0) = wol(x), wi(x,0)=wi(zx) in |h, .

Instead, the EVF model is given by

PLig — Kitgy = 0 in |0, lo[x]0, oo, (1.8)
P2V — Ko Upe — KoUge = 0 in lg, 11[X]0, oof, (1.9)
P3 Wy — K3 Wey +ywy = 0 in ]I, [[x]0, ool. (1.10)



The transmission conditions are given by
U(lo, t) = ’U(lo, t), K1 um(lo, t) = K9 Um(lo, t) + Ko ’Uxt<l(], t), t> 0, (111)

’U(ll, t) = ’lU(ll, t), K9 ’Ux<ll, t) + Ko U{L’t<ll7 t) = K3 U}x(ll, t), t 2 O, (112)

with the same boundary condition and initial data (1.6)-(1.7). Finally, we consider the

EFV model

Pruy — K1z, = 0 in 0, lp[x]0, oo, (1.13)
P2V — KoUze + 70y = 0 in ]l07 ll[x]07 00[7 (1-14)
/)3 Vit — R3 Wgyy — Ko Wt = 0 iIl ]lh l[X]O, OO[ (115)

The transmission conditions are given by
U(lo, t) = U(lo, t), K1 Ux<l(], t) = K9 ’Ux<l(], t), t> 0, (116)

’U(ll, t) = ’lU(ll, t), K9 Um(ll, t) = K3 wm(ll, t) + Ko wmt(ll, t) t 2 0, (117)

with the same boundary condition and initial data (1.6)-(1.7).

The main result of this paper is to show that the solutions of the above models are expo-
nentially stable if and only if the viscous part is not at the center of the beam. Otherwise,
the model is not exponentially stable. In this later case we will show that the solution

decays to zero polynomially as t~2. Moreover we prove that the rate of decay is optimal.

Our main tool to prove the exponential stability and the lack of exponential stability

is a result due to Priiss [19]

Theorem 1.1 Let (S(t))i=0 be a Cy-semigroup on a Hilbert space H generated by A.

Then the semigroup is exponentially stable is and only if
iR Co(A), and [[iA]—A) Yo <O, VAIER

To show the polynomial decay and the optimality we use a result due to Borichev and

Tomilov [5].

Theorem 1.2 Let (S(t))i=0 be a bounded Cy-semigroup on a Hilbert space H with gen-
erator A such that iR C o(A). Then

1, ) . .
e 10AT =) Hlean <G VAER & [SHA Inw < 777



The remaining part of this paper is organized as follows. In Section 2 we show that
the corresponding models are well possed. In Section 3 we show that the corresponding
semigroup is exponentially stable provided that the viscous component is not in the middle
of the beam. In Section 4 we consider the case when the viscous component is in the middle
of the beam and we prove that there is a lack of exponential stability. Finally, in Section
5 we prove that when the system is not exponentially stable then the semigroup decays
polynomially to zero as t~2. Moreover we show that the rate of decay is optimal for any

initial data belonging to D(.A).

2 The Semigroup approach

The aim of this section is to prove the existence and uniqueness of solutions of the VEF

problem. Let us denote by
H™ = H™0, lo) x H™(lo, I) x H™(ly, 1), L* = L*(0, lo) x L*(lo, l) x L*(ly, 1)
H = {(u, v, w) eH": w(0)=w(l)=0, uly)=0v(l), vlh)=w()}.
Under the above conditions we have that the phase space is given by
H=H xL°
Denoting by
Zi = (Uz‘, v, wy, Uy, Vi, VVZ)

where ¢ = 1, 2. Note that this space equipped with the inner product

lo - h B
(Z1, Zz>7{ = / (/)1 Uy U2+/€1U1,xﬂ2,x) dl’—i‘/ (/)2V1V2+/i2v1,x@2,x) dx
0

lo

l
+ / (103 W1W2+’{3w17$w27$) dz

l1
is a Hilbert space. We also consider the linear operator A; : D(A;) C ‘H — H for
i =1, 2, 3. Denoting by ® = (u, v, w, U, V, W)* we define

U U
V V
w w
Alq) - p_ll (51 Ugy + Ko Umm) ’ AQ(I) - % Uz ’
Z_i Uz p% (KJQ Uze + Ko V:m:)
o Wap — W o Wap — W



A3q) - K1 )

@Umm vy

pi?) ("{3 Wya + Ro WJ:J:)

whose domain D(A;) is given by

D(A)) = {(I> ceH: (U V,W)eH], (ku+kon, v,w)eH?, (2.1)
k1 Uz (lo) + Kone(lo) = K2ve(lo),  Kove(l) = K3we(l1)} (2.2)
D(A,) = {(I> eH: (U V,W)eH], (u,kyv+roV,w)eH?, (2.3)

K1 ux(lo) = R9 Um(lo) + Ko ‘/x(lo), K9 Um(ll) + Ko V(ll) = K3 wx(ll)} . (24)

DAs)={@ecH: (UV,W)eH, (u,v,rsw+roW)eH?, (2.5)

K1 ux(lo) = K9 Ux(lo), K9 'Ux(ll) = K3 wx(ll) + Ko Wx(ll)} . (26)

Using u; = U, v, =V, and w; = W, the system (1.1)-(1.7), (1.8)-(1.12) and (1.13)-(1.16),
can be reduced to the following abstract initial value problem for a first-order evolution

equation

d
ﬁé(t) = Ad(t), ®(0) = Dy, Vi>0,
with ®(t) = (u, v, w, ug, vy, w))T and @y = (ug, vo, wo, uy, v1, w;)’. Next, we show

that the operator A generates a Cy-semigroup of contractions over H.

Proposition 2.1 The operator A generates a Cy-semigroup (Sa(t))i=o of contractions

on the space H.

Proof. We will show that A is a dissipative operator and that 0 € p(.A), the resolvent
set of A. Then our conclusion will follow using the well known Lumer-Phillips theorem

(see [18]). We observe that if & € D(A;), then

lo 5 l
(A1 @, @), = :‘i1/ Uxﬂmdl’+/€2/ Vovgdr + ks | W,ow,dx
0

l() ll

lo - noo l o
+/ (/{1U+/€0U)xdel‘+/€2/ UxdeIE+/(I€3w$$—’)/W)WdZE.
0

lo ll

6



Integrating by parts and performing straightforward calculations we obtain

lo l
Re (A, @, ®),, = —/{0/ |Ux|2dx—7/ (W |*da. (2.7)
0 A
Similarly we have that
15 l
Re (Ay®, @), — — HO/ Vilde—~ [ [W2da. (2.8)
l 1
L !
Re (A; @, ®), — —7/ |V\2d:c—/<;0/ W2 da. (2.9)
l() ll

Hence, A; is a dissipative operator. To show that 0 € o(.A;) let us take F' € H. We will
show that there exists a unique ® in D(A;) such that A; & = F, that is,

-U = f (2.10)
— K1 Ugy — K2 Uz = p1f2 (2.11)
—V o= f (2.12)
— KoV = p2fa (2.13)
-W = f5 (2.14)
— K3Wze + YW = p3 f6. (2.15)
Substituting (2.10) into (2.11) and (2.14) into (2.15) yields
— KlUge = p1fot+ k2 fi e (2.16)
— K3Uzz = p2fa (2.17)
— RaWye = p3f6+7f5 (2.18)
verifying
u(lo) = v(lo), K1 ua(lo) — Ko f1,2(lo) = Kavz(lo). (2.19)
v(ly) =w(ly), kave(ly) = Kkgw(ly), (2.20)
with the following boundary conditions.
w0)=0, w(l)=0, t>0. (2.21)

A standard procedure shows that the transmission problem (2.10)-(2.21) is well posed.
Therefore, we conclude that 0 € o(A;).

From Proposition 2.1 we can state the following result ([18])

7



Theorem 2.2 For any &y € H there ezists a unique solution ®(t) = (u, v, w, uy, vy, W)

of the VEF, EVF and EFV models satisfying
(u, v, w, ug, vy, wy) € C([0, oof: H} x L?).

If &4 € D(AZ), then

(u, v, w, us, vy, wy) € CH([0, oo[: H} x L*) NC([0, oof: D(A)).

3 The exponential stability

In this section we prove that the exponential stability of the semigroup associated to the

transmission problem provided that the viscous part is not in the middle of the beam.

This means that the VEF, EFV, VFE, FEV models, are exponentially stable. Since

the proofs are similar we only consider in this section the VEF case. The corresponding

resolvent equations are given by
NP —A, D =F.
and in terms of its components are given by

iNu—U = fi in 10, I,
iIAPIU — Kitugy —koUpy = p1fo in 0, lof,
iAv—=V = fy in |y, i,
iAPV — Koty = pofa in |y, L,
iANw—W = f5 in i, ],
iAps W — KgWee + YW = p3fs in |l ]

with the following, transmission condition,
u<lo) = ’U(lo), K1 ux(lo) + Ko Ux<lo> = Ko Um(lo).

v(h) =w(l), kKove(ly) = kgwe(ly),

and boundary condition

(3.1)



Note that the model is dissipative, multiplying equation (3.1) by ® and using (2.7) we
have that

lo l
o [N dzy [ W do < o) . (3.11)
0 Iy

The following Lemma will play an important role in what follows.

Lemma 3.1 Any strong solution of the system

iAp—V = fi in Ja b (3.12)
IApY — Ky +7V = fo in Ja, b, (3.13)

verifies

51
[Ya(@)* + [2(a)[* + |1 (B)]* + [T (D) < C/l (1 + [10a]*) d + CNZI || | (3.14)

[ 00+ ) de < © (@ + V@) + ClZIIFL. @15)

lo

/1 (N2* + [¢a]?) do < C ([u D) + [¥@)*) + CNZIIF], (3.16)

lo

where Z = (¢, V) and F = (f1, f2).

a+b

Proof. Multiplying equation (3.13) by (:p -5

)Em, taking real part, using integration
by parts and using equation (3.12) our conclusion follows. To get inequalities (3.15) and

(3.16) we multiply the equation (3.13) by (x — b)), and (z — a) 1), respectively.

Theorem 3.2 The semigroup associated to the transmission problem decays exponentially
as time goes to infinity provided that the viscous component is not in the middle of the

beam.

Proof. Note that A is a closed operator, such that D(A) has compact embedding over
the phase space H. Therefore the spectrum set of A denoted as o(.A), consist only of
eigenvalues. Thus, to prove that the imaginary axes is contained in the resovent set of A
it is enough to prove that there is not imaginary eigenvalues. To see that let us reasoning
by contradiction. Let us suppose that there exists an imaginary eigen value 2\, with
A € R such that iA® — AP = 0. Using relation (3.11) for F' = 0 we get W = U = 0 which
implies that w = w = 0. From (3.4)—(3.5) we have that

—)\ng’l}—ligvam:()

9



Satisfying
v(lo) =v(l1) =0,  vy(lo) = va(l1) =0

Bacause u = w = 0. Considering the above problem as an initial value problem (at x = [,
or x = [;) we conclude that v = 0. Therefore we get that ® = 0. This is contradictory,
therefore is not possible that there exists imaginary eigenvalues. Thus, iR C o(A).

Finally, let us prove that the resolvent operator is uniformly bounded over the imagi-
nary axes. Multiplying equation (3.7) by w we get

l

1 ! l
1A p3 W@d[[—ﬁ)g/w$xmd$+’}/ Wwdr=ps | fewdx.

l1 l1 ll ll

It follows that

z z I z
53/ lwe|* dr < Remgwm(ll)w(ll)ijg/ W*dr+~Re | Ww d:z:+p3Re/ few dx
15 I 51 Iy

l
< HgRewm<zl)w<zl)+c/ W2 de+C |0 |IF|. (3.17)
1

Note that

wall) () = — = wi(l) TRw() = — = () V) + Falh)

Using Lemma 3.1 we get

1 1

lwe(ly) w(ly)| < o lwe(11)| [W ()| + o |wz(11) f1(l1)]
c [ c
< o (Jwa|* + W) d:p+7 ||| {|F7]]-
RYN/A Al

Substitution of this inequality into (3.17) yields

[ [
vy [l de < O/Wdex+OHQMFw
l1

51
provided A is large enough. From inequality (3.11) we get

l
ks [ fwol* de < Cl@||[|1F],

1

which implies

l
/"mvf+ma%dxs;CW¢mww

51

10



Using inequality (3.16) from Lemma 3.1 to v we get
l1
/l (VP +[valf)de < C (V)P + oo ()]?) + C 2] [|1F]].
0
From the transmission conditions we get
1
/l (VI + ) de < C (WP + [we()]*) + C (@] | F].
0
Using Lemma 3.1 once more we get
l1
| P )de < clepiF
0
Multiplying equations (3.3), (3.5), (3.7) by u, v, w and summing up the product result
and using the transmission conditions we get
lo 51 l
51/ |ug|? da + 52/ v |? da 4+ ks | |w,|* dx
0 lo 1
lo 1 l
< C/ |U,|* da + C/ |V |? dx + C/ (W |*dz + C||®] || F|
0

lo ll

< C@ffIF]-
From the above inequalities we get
l2)* < Clle |71,

which implies the exponential decay.

4 The lack of exponential stability EVF, FVE

In this section we show that the semigroup associated to the EVF, FVE models are not
exponentially stable. Since the FVE model, can be obtained from EVF by making the
change of variable ¢ = [ — z, it is enough to show the result to the EVF model. In fact,

the resolvent system associated to model EVF is given by

iND— Ay D =F, (4.1)

11



which in terms of its components is given by

A P1 U — R1Ugzy = pP1 f2 (43)
tAv—=V = f3 (4.4)
iAP2V — KUy — Ko Vi = p2fa (4.5)
IAP3W — K3Wee + YW = p3 fo6, (4.7)

with transmission condition
U(lo) = U(lo), K1 um<lo) = Ko Um(l0> + Ko Vx<lo), (48)
’U(ll) = w(ll), K9 Um(ll) + Ko ‘/Ya:(ll) = K3 wx(ll), (49)

and boundary condition.

u(0) =0, w(l)=0. (4.10)

Here we will show that the EVF partial viscoelastic model is not exponentially stable.

To do this we will consider the functions
hi=h=l=h=/=0, pfa=q
Therefore, the system (4.2)-(4.7) can be written as
“Npru— Rl = g
— )\2p2U—H2Uxx—’i/€0>\Uxx = 0
— )\ngw — K3 W + 1y Aw = 0.
Rewriting the system

2
Ugy T QU = —(

vm+62v =0

Wep + 02w = 0,
where
azzﬂ)\Q’ 52— P? A2, Uzzps)\z—i)\’Y.
K1 Ko +Z)\/<L() K3

12



Note that

] /00 q(s) sin(a (lp — s)) ds — ! /096 q(s) sin(a (x — s)) ds.

«

() = u(l) sin(a x) sin(a z)

sin(aly)  asin(aly

o(@) = u(ly) sinh(Bz) (u(lo) sinh(81;) —v(ll)) sinh(f (z — ly))

Uito sinh(83 1) sinh(5 ly) sinh (6 (I, — lo))
sinh(o (z — 1))
w(@) = v(h) sinh(o (I — 1))

Using the transmission condition (kg + i A ko) vz(l1) = k3w, (l1) we get
l

cosh(B 1) sinh(B 1)
Bull) S 5 (i) S — o)) coth(s (t ~ o)
= w(b) f’; — coth(e (b ~ ).
It follows that
cosh(f ;) — sinh(5 ;) coth(B (I; — lp))
Brulo) sinh(f )
h(o (Iy —1
= ot [T - )]
From where it follows that
Bu(ly) B k3o coth(o (lh —lo)) B
D R [ Kz + i A o B coth(5 (1 ZO))} '

u(lo) = h(A) v(h),

where
B k3o coth(o (11 — 1)) B : B
h(\) = — [ 5 (s 7 A o) — coth(p (I lo))] sinh(f (1 — lp)).
Note that
1 Co
~ — OO

[RN)] " [sinh(5 (l —1o))]
as |B| = oo, and ¢o > 0. Using k1 uy(lp) = ko v:(lo) + i ko Avi(lg) we get

cos(alp) cos(alp)

k1 a u(ly)

lo
/0 q(s) sin(a(lp — s)) ds

cosh (B lp)
sinh(5lp)

sin(alp) " sin(alp)
lo
- /@1/0 q(s) cos(a(lp — s)) ds = B (ke + i ko A) u(lp)

sinh(5 ;) B (ke +ikoA)
- <u<l°) sinh(Blo) “<l1>) sinh(B (I, — Io))”

13




It follows that

u(lo) [B (k2 + i kg A) sin(avly) coth(Blo) — k1 a cos(arly) + j (B)]
= Ky cos(a lo)/o q(s) sin(a (lp — s)) ds — sin(alp) 51/0 q(s) cos(a(ly — s)) ds

lo
= — /11/ q(s) sin(a s) ds.
0
Let us take

alp=2nm+ —, q(s)=sin(as).

Nk

So we have that

2
aly ~ s sin(aly) ~ a sin(aly) ~ ¢y, tanh(al) =1
s

1
V'
as n — oo and 0 # ¢y € C. This implies that

K1 &1
B (k2 +iroA) sin(aly) coth(B1ly) — k1« cos(aly) +7(8) A

This implies that

u(l) = C_;
For 0 # ¢y € C. Note that the expression
. I — . l
Bole) = pul0) et SO o) sinfa - o) ds

+/0xq(s) sin(a (x — s)) ds

can be written as

sin(a (lp — x))  sin(ax)

b = (e - ) [ sinfa o - o) s

sin(alp) sin(alp)
+/0 q(s) sin(a (x — s)) ds.
::Z)r(ar) ’
Then
Bu(z) = {02 cos(ax) — (cz cos(aly) + 1) Ssiir:liiz:;)) Q) + Q(x).

14



Taking ¢(s) = sin(f s) and squaring and integrating we have
Qx) = / (sin(a's) sin(az) cos(as) — sin®*(as) cos(ax)) ds
0

— sin(az) /0 “sin(a s) cos(as) ds — cos(a z) /0 " sin?(ars) ds

i a3 T
= — sinf(ar) cos(a x)/ sin(a ) ds
20([0 0

sin®(a x) _xcos(ax)  cos(ax)sin(2ax)

(4.11)
2al 2 2

Therefore

B s [cosa —cos(aly) = 1
C==r~ "3 T wr ~73

Note that l L , ,
/ |Q<8)‘2 ds > / M dr — % > l_ i (4_12)
0 0 Q

8 18 o
l
/

Finally,

sin(a z)|?

d
sin(al) °

e cos(ax) — (cz cos(aly) + 1)

- |y cos(aly) + 1] [
2 sin?(a ) 0
R cin — C. (4.13)

sin?(ax) dz — ¢

Inserting inequalities (4.12) and (4.13) into (4.11) we get that there exists a positive
constant C' such that

l
/ lav(z)|* do > — C + Cn,
0
for large n, that is
1
—/ lav(z)|? dov > C.
nJo

In particular, we have that

[
WW>AWNM?

U||? must be bounded. But

If the rate of decay can be improved then we have that ——

1

nl—s

l

22> [ 50 > Con (4.14)
0

from where our conclusion follows

15



5 Polynomial decay and Optimality

Here we prove that the solutions of the EVF model decays polynomially as ¢~2. Moreover

we will show that the rate of decay is optimal.

Theorem 5.1 The solution of the EVF model decays polynomially as t=2. Moreover the
rate of decay is optimal over D(A) and

Ck,
121 < 555 [1%ollpear)- (5.1)

Proof. Using the same arguments as in the prove of Theorem 3.2 we can show that
iR C o(A).

Let us prove that the resolvent operator is uniformly bounded by C|A|'/?

over the

imaginary axes. Multiplying equation (4.1) by ® and using (2.8) we get

I l
/@0/ \Vo|?dx +~ [ |[W|*dx = Re(F, ®)y. (5.2)

lo ll

From (4.2) we have
1/2 1/2
MVl < Cllvall + C IVl + C 1Pl < C DI 1Pl + C L Pl

Using interpolation and inequality (5.2) we get

ml

A
1/2 3/2

125 IF 1l + 1915 1F 1] (5.3)

VIZ: < ClIVI- VI <

C
< =
A

1/2 1/2
11137 P12 + I lle) 1V

Multiplying equation (4.5) by (z — ly) (k2 v, + K3 V;) and taking real part we have

l1

h S 1 d
Rei)\/ n(x—1lp) (ngx+/{3\/;)dx——/ (2 —lo) — |ka vy + k3 Vo |* da
lo 2 lo d$

I
= pf1 Re f3 (.’L‘ — l()) (/‘iz Uy + K3 Vx) .

lo

Using (4.4), we note that

h (I, — o) 1"
/ﬁRei)\/ Vix—1y)0,dx = — 5 RQ\V(O)|2+§/<;2/ \V|? dax
lo

lo

5
—/{2/ (x — o)V fdz.

lo
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We denote the functional

1

L=+
2

(02 [V (0) + 20, (0) + ris V2 (0)[°]

It follows that

15 o 1 15 1 11
I, = pgRez’)\/ (x—lo)Vdeerépl/ |V|2d$+§/ Ko vy + k3 Vo |* d

lo lo lo
51

I B
—p2 Re f3 (=) (H2Um+/€2Vx)dﬂf—P2/ (x—1o)V fdx

l() lO

51
< [ (MVAIVI+ V2402 do o+ C 1P
lo

l1
< O [Vl (WP IVI) da o C @l Pl

lo
Using (5.3) we get
3/4 5/4
L < C 2 (1@l IF Il + @I 115, (5.4)

for A large enough. On the other hand, multiplying equation (4.3) by (z — lo) w, we get

lo lo lo
i)\pl/ U(l‘—lo)ﬂagdl‘—lig/ um(x—lo)ﬂwdx:,og/ (x —ly) fou, dx.
0 0 0
Taking real part and using (4.2) we obtain

1 [l 1 K o
5 / (P |UP + fir ug]?) de = 5P lo <|U(lo)\2+p_1|um(lo)‘2) + Re/ (@ —lo) f2 Uy du
0 1 0

lo o
+p1Re/ (x — 1) U f1,dz
0

Using (1.3), and performing straightforward estimates it follows that

I 1 K
5 [ IO mlul) e < gt (J0GE + 2 ) + C e Il
0

2 2
< C [V(>I)* + k1 ua(lo) + k2 Va(lo)*] + C |l 1 F [l
Using inequality (5.4) we get
lo
| R aayde < O (19001l + 1915 1PI).

Multiplying (4.3), (4.5) and (4.7) by @, v and w respectively, using (4.2), (4.4) and (4.6)

lo 1 l
:‘i1/ |, |? dx+/i2/ v, |? d$—|—/i4/ lw,|* dx
0 lo I

lo I l
<C’/ |U|? d:E+C/ V|? dx+C'/ W2 dz + C ||®| || F||
0 I

lo

we get that
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From (5.3)-(5.4) we conclude that
1812 < €N (1@l I F Il + 1215 1)
Thus
1@l < CINYZ [ F

for A large enough. Therefore, from Theorem 1.2 we get

Ck
12O < 7% [1Pollpear)-

Inequality (5.1) follows by using a standard semigroup procedure. Finally, to prove the
optimality we will use inequality (4.14). In fact, if the rate of decay can be improved for

example as

Ck,
||(I)(t)|| < 12/(1—2¢) ||‘1>0||D(A)

for € > 0 small enough, then we have that the expression
1
— |P]I?
5= 1ol
must be bounded, but from (4.14) and from the fact that |A| &= ¢; n we get

1

l1
—|)\‘176 | > /z lav(z)]?dz > Cyn® — oo
0

Bust this is a contradiction, so we have that the rate of decay can not be improved.

6 Numerical approximations

Here we will verify numerically the polynomial and exponential rate of decay obtained
in the previous sections. It is important to note that any numerical approximation is
a finite-dimensional simplification of the original problem. Thus, any numerical method
used, decay exponentially for large enough times, and this because of its restrictive nature
of the finite dimensional space approach.

Denoting by £ the energy

1 lo L !
E(t) = 3 {pl/o ufd:c+p2/l vfd:c+p3/l w} dx

0 1

lo l1 l
+/{1/ uid:p+/§2/ vid:p+/{3/ widw} :
0 lo L
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and denoting by Ever, Eevr, Egrpv the energy for the three respective cases VEF, EVF
and EFV, it is not difficult to see that the energy decays for all the cases. More precisely,

d lo l
—&ver(t) = — /io/ u?, dr — fy/ w? dx (6.1)
dt 0 I
d I l
—E&pvr(t) = — /io/ V2, do — fy/ w? dw (6.2)
dt lo I
d l 15
—E&rrv(t) = — /@0/ wit dr — 7/ vf dx (6.3)
dt I o

In this regard, we have a robust numerical method of high order which in turn ensures
a natural way (without additional artificial viscosity for example) the decay of energy

with the same terms prescribed in identity (6.1).

6.1 Linear equation of Motion

T

First, we approximate the displacement vector [u,v,w]' in space using finite elements

P2. For that, we consider the variational problem

lo Iy l
P1 / U 1 dT + o / Ve o d + P3/ Wy 3 dx
0

l() ll

lo I l
+K1q / Uz P12 dz + Ko / Vg P2.x dz + /{3/ Wy P2,z dl‘,
0

lo ll

= R(u, v, w; 1,92, ¢3) (6.4)

for all (1,2, p3) € V = {(p1, 92, ¥3, P12, P20 P30) € D(A;)} for i = 1,2 and 3, defined
in (2.2)-(2.6), and where R take the values Ryvgr, Revr, Rerv, for the different cases,

respectively, given by

lo l
7?'\/'E]:?<u7 v, W; Y1, P2, 903) = — Ko / uit P, dxr — 7/ wt2 ¥3 dx (65)
0 I
I1 l
7?'EVF(UW v, w; Y1, P2, @3) = — ko / Uit P2, dx — 7/ wt2 ¥3 dx (66)
l() ll
l I1
Rerv (U, v, w; @1, P2, 03) = — "io/ w;?:t P30 dr — ’7/ Ut2 o dx. (6.7)
ll l()

The variational problem (6.4) have a unique solution in the same sense of Theorem 2.2,
which we approach by two-degree piecewise polynomial basis functions (see [1, 2, 3, 4]).

Then, we choose J; values of z in the interval (0,1y), Jo values of = in the interval (ly, [;),
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and J3 values of x in the interval (I1,1), with a total of J = J; 4+ J5 + J3 — 1 nodes for the

unknowns. That is,
O=20<21<...<Tpy, =lg<Tpy11<...<Tp, =l <Tppyp1 <...<@p, =1.

We obtain a vector [us(t), vs(t), ws(t)] " approximation of [u, v, w]" in R” xR’ xR”7. Addi-
tionally, let us define [Us(t), V5(t), Ws(t)]" the approximation of the velocity [U, V, W],
where Us(t) = 04(t), Vs(t) = vs(t) and Wi(t) = ws(t). Using the boundary and trans-

mission condition, we easily obtain the linear equation of motion

Uh 1 U, U, 1 uy,
M Vh + @Cvisc Vh + Cfrict Vh + @K Vi - 07 (68)
W, W, W, Wh

where M, C;sc, Cyriee and K are the mass, viscoelastic damping, frictional damping and
stiffness matrices of the system in Ms,;(R). We remark, that the matrices C,;s. and
Cypict, have several null rows depending of each one of the tree cases. For instance, for
the VEF case, the matrix C,;s. have only the first J rows nonzero, and the matrix Cy,;

have only the last J rows nonzero.

6.2 Time discretization

Regarding now to the time discretization, it is desirable that the algorithm has at least
second-order accuracy too, and because the spatial discretization used in structural dy-
namics often leads to inclusion of high-frequency modes in the model, it is also desirable to
have unconditional stability. The method consists of updating the displacement, velocity
and acceleration vectors at current time " = ndt to the time t"** = (n+1)dt, a small time
interval ¢t later. The Newmark algorithm [17] is based on a set of two relations expressing

the forward displacement [uj*!, vi™ wit|T and velocity [Uj*!, Vit WEHT in terms
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of their current values and the forward and current values of the acceleration,

UM = U+ (1 — )6t UL + ot ULt (6.9)
utt o= up+ G — 5) St2 Uy + B> Upt! (6.10)
Vit = VP4 (1 —7)6t Vi + 6t Vit! (6.11)
vith = v+ (% - B) St2 VT 4 Bot> Vith (6.12)
Wit = W2 4 (1 — )6t WP + 5t Wit (6.13)
witl = wi+ (% — 5) 5t* WP + Bot> Wit (6.14)

where § and 7 are parameters of the methods that will be fixed later. Replacing (6.9)-
(6.14) in the equation of motion (6.8), we obtain

Uy U U
(02*M + 76t C + B6t°K) | Vit' | = —Cyise Vi |+ =7)dt | Vy
L | Wi | Wi
C U T 0
—02° Ctrict Vi |+ =7)dt | Vy
| Wi | Wi
uy Uy | Up
-K vi | ot | Vi |+ (5 — 5) st | vy (6.15)
wy Wy Wi

The acceleration [UFH, VI W2+ )T is found from (6.15). On the other hand, the
velocity (U, Vit WITT follow from (6.9), (6.11) and (6.13), respectively. Finally,
the displacement [uj "', v wi™!|T follow from (6.10), eqref405 and (6.14), respectively

by simple vector operations.

6.3 Energy balance of the Newmark algorithm

We define the discrete energy as

& = S[U5 Vi, Wi M | Vs | 4 oo [ug,vs, wy [ K | v
2 W 20x
5 Ws

which is an approximation of that defined in (6.1) for the continuous case. The increment

of this energy can be expressed in terms of mean values and increments of the displacement
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and velocity by the following identity:

B n+1
1 1 T T T U(S 1 T T T o '
W; ws |,
[ n+ i T n+ i T
Us ? AU 1 U ? Augs
V?+§ M AV(g -+ ﬁ V;LJFE K AV5
T
] W?Jr% AW5 W?Jr% AW5

1 n+1 n . . .
where u"*t2 = % and Au = u""! — u”. Now, in order to derive the required energy

estimates, we rely on calculations and notations similar to S. Krenk [9] to finally obtain

1| Un ! U, |
3 Vi, M, | V,
W, W,

2 Vi
Wp L Wy Wh Wh
1 1 Auh Auh 1 AIjh ! [ AIjh
<’y — 5) @ AVh K AVh + (6 - —’7) 5t2 AVh M* AVvh
AWh AWh AWh | AWh
na1 T natl )
5t Auy, i Auy, Uthj Uthj
— 2512 (Stiz AVh Cvisc Avh + V;H—E Cvisc VZ+2
Aw Aw n+3 nt3
h h Wh Wh )
. T .
5t 1\2 | AU AU
25:(;2 (ﬁ - 5’}/) A\/vh Cvisc A\/vh
AW, AW,
nrl 17 n+3
5t Auy, ! Auy, Uh+i Uh+i
—— 5t_2 Avy, Cfrz‘ct Avy, + VZ+§ Cfrict VZ+§
AWh AWh WZ+§ WZ+§
. T .
5t3 12| AU AU
+ (5 - 57) AV Crrict | AV,
AW, AW,
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where M, = M + ( )5t (512 Coise + Cfm-ct). Then, we choose v = % and = %,

reducing the above expression to

T T ntl
1 U, Uy 1 up uy
- Vh M Vh +—2 Vv K Vp
20x
Wh Wh Wy Wy
n
1 T 1
Au, 77T Auy, Ut Ut
ot N A Z+1 Z+1
v v = =
= - =" Cvisc = + Vv, 2 Cvisc Vv, 2
25 2 ot ot h h
€T Awy, Wh n+1 ntl
o 5 w ' wte
1 T 1
Au, 77T Auy, UZ+§ UZ+§
5t 3t 5t ) L
Av Av n+z n+s
Y 6th Cf”iCt 5th + Vh 2 Cfrict Vh 2
2 Awy, Awy, nti n+i
ot ot W, 2 W, 2
h h
<0

(6.16)

Figure 1: Initial conditions wug, vy and wy.

Remark 6.1 The identity (6.16) corresponds to the discrete version of (6.1)-(6.3). More

precisely, the matrices of R?, C friet. and Cyige have only J nonzero rows, and depending

on the distribution of these rows, is that the right term of (6.16) coincide with each one
of the three cases VEF, EVF and EFV which correspond to (6.1), (6.2) and (6.3),

respectively. Thus, for example, in the case of the Viscoelastic-Elastic-Frictional model
VEF, it follows that

kCi 0 0 00 0
Cvisc - 0 0 0 s Cfrict = 00 9 ,
0 00 00 1C,
and then, the identity (6.16) can be rewrite as
ot Au] ~ Au T
ntl __ on _ hC h Un+ CUn+
& & 25x2“°{ 5t o T

0t [AW] = AWy, ailT
-5 { S Co W CaW }

which corresponds well to a discretization of (6.1) consistent with the definition of energy.

With this, we expect the rate of decay of energy in the discrete case is an accurate reflection

of what happens in the continuous case.
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VEF-model: deformations (u,v,w) VEF-model: velocities (U,V,W)

Il

I

Figure 2: Viscoelastic-Elastic-Frictional (VEF) model (top), and Elastic-Frictional-
Viscoelastic (EFV) model (bottom), simulation for ¢ € (15, 1000000). Exponential De-
cay, when the frictional part is isolated of the viscoelastic part.

6.4 Numerical Example

Now we present an example with one initial condition in D(A) for the three cases to

illustrate graphically the polynomial and exponential energy decay.

6.4.1 Example 1. Initial conditions with different smoothness

Let us suppose here that [ = 3 and 7" = 1000000. We will study the asymptotic behavior

for a family of initial conditions of the form

(
(z=1) Jz—3|+1 ifze(0,1)
r—3) |z =3|+2 ifze(1,2
[ug vo wp ] = < ( 2)| 2| : 1.2 (6.17)
222 + 9x — 9 if x € (2,3)
0 otherwise
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EVF-model: deformations (u,v,w) EVF-model: velocities (U,V,W)

Figure 3: Elastic-Viscoelastic-Frictional (EVF) model, simulation for ¢ € (15, 1000000).
Polinomial Decay, when the viscoelastic part is in the middle and in contact with the
fractional part.

at rest, that is Uy = Vo = Wy = 0 (see Figure 1). We suppose additionally that x; =
Ko = k3 = 1, kg = 10000, v = 100. Note that the initial condition verifies be on D(A),
and meets the minimum requirements of regularity for it. The discretization is given by
J =300 and N = 10°, that is dz = L/J = 0.01 and 6t = T/N = 1. Figure 2 shows the
evolutionary behavior of cases, Viscoelastic-Elastic-Frictional (VEF) model (top), and
Elastic-Frictional-Viscoelastic (EFV) model (bottom). In both cases, the energy decays
exponentially, and correspond to the cases where the viscoelastic part is isolated from
the frictional part. Both for the VEF model, as well as for the EFV model, both for
the deformations u, v, w (on the left), as well as for the deformation velocities U, V,
W, the viscoelastic and frictional part of these four cases, practically immediately fell to
zero. On the other hand, the purely elastic, decays more slowly. Still, the total energy
decays exponentially (see Figure 4). In both cases, we plot from the time t = 15, in
order to improve the visual on the asymptotic behavior (which is the interest in short),
and removing the initial behavior while important because it determines the rest, on the
other hand, it changes the scale of the global behavior. In Figure 3, the viscoelastic part is
on the middle, isolating the elastic part of the frictional part. That is, it correspnds to the
Elastic-Viscoelastic-Frictional (EVF) model. While both the frictional, as the viscoelastic
have a behavior called dissipative, the mere fact that the frictional part is isolated from
the elastic, makes the latter not stabilize quickly enough in the case of VEF model or

EFV model, and it decays only polynomial, which is what was shown in theory in the
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x107* Energies ) Zoom of energies on log-log scale
1 T T T T 10 T T

VEF
EVF |4
EFV

10° t

107}

107t

10+

10 10° 10 10

Figure 4: Energy decays for the three cases VEF, EVF and EFV. Left: plot of the
energies; Right: zoom of the plot on log-log scale.

previous section, and currently checks in this figure.

Finally, in Figure 4, we plot the decay of the energies. Here, we see clearly the difference
between EFV and VEF cases (whose decay is exponential) v/s EVF case (whose decay
is polynomial). On the graph on the left, the energy is plotted directly, and clearly the
EVF case seen well above the other two. The graph on the right is a zoom of the same
graph but in log-log scale. In this zoom, shows an asymptotic behavior of the EVF case
near a straight a line, which is interpreted in a log-log scale, as polynomial behaviour,

instead the VEF and VEF cases decay much faster than just straight (exponential)
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