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Resumen

En esta tesis desarrollamos el andlisis de error a-priori y a-posteriori de algunos
métodos de elementos finitos mixtos estabilizados. Para tal efecto consideramos los siguien-

tes problemas modelos:
e Un problema de Poisson con condiciones de contorno mixtas.
e Un problema de Poisson con condiciones de tipo Neumann.
e Un problema de elasticidad lineal con condiciones de tipo Dirichlet.

Para el primer problema presentamos una nueva formulacién mixta aumentada con mul-
tiplicador de Lagrange que nos permite analizar su resolucion numeérica. Especificamente,
el esquema aumentado se deduce introduciendo términos residuales de minimos cuadrados
provenientes de la ecuaciones constitutiva y de equilibrio. Utilizamos la teoria clésica de
Babuska-Brezzi para demostrar que la formulacién mixta dual resultante y su esquema de
Galerkin correspondiente son problemas bien planteados, y proporcionamos las razones
de convergencia optimales. Luego, desarrollamos el analisis de error a-posteriori de dos
estimadores diferentes, uno de tipo residual, que resulta ser confiable y eficiente, y otro
estimador basado en la proyeccién de Ritz del error, que resulta ser confiable y cuasi-
eficiente. Finalmente, incluimos resultados numéricos que avalan la eficiencia de ambos
esquemas adaptivos.

Para el segundo problema presentamos el andlisis de error a-priori y a-posteriori de un
nuevo esquema estabilizado, el cual introduce la traza de la solucion en la frontera como
un multiplicador de Lagrange. Esto nos sugiere enriquecer la formulacién con un término
residual medido en la norma del espacio de Sobolev de orden 1/2. Utilizamos bases de on-

delettes para construir una forma bilineal, equivalente al producto escalar respectivo, que
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permite controlar este término estabilizador. Probamos que tanto la formulaciéon varia-
cional como el esquema de Galerkin asociado son problemas bien propuestos, y deducimos
las razones de convergencia optimales correspondientes. Ademads, presentamos el analisis
de un estimador de error a-posteriori que resulta ser confiable y cuasi-eficiente.
Finalmente, para el problema de elasticidad consideramos una nueva formulacién au-
mentada que se origina al incluir términos de minimos cuadrados provenientes de las
ecuaciones constitutiva y de equilibrio, y de la relacion que define la rotacién en términos
de los desplazamientos. Para esta formulacién desarrollamos un estimador de error de
tipo residual confiable y eficiente. Presentamos resultados numéricos que confirman las

propiedades teoricas del estimador y la versatilidad del esquema adaptivo.
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Chapter 1

Introduccion

1.1 Motivacion y discusion bibliografica

En diversas areas de la Fisica y la Ingenieria se encuentran modelos dados en términos
de ecuaciones diferenciales parciales. Para resolver estos problemas, el Método de Ele-
mentos Finitos (MEF) ha demostrado ser una herramienta muy eficaz. En algunos casos,
tales como el problema de Poisson con condiciones de Dirichlet homogénea, la formulacion
variacional asociada al MEF conduce a una forma bilineal simétrica y coerciva. Como
consecuencia inmediata se tiene que la existencia y unicidad de la solucion del problema
variacional puede establecerse utilizando el Lema de Laz-Milgram. No menos importante
es que, en dicho caso, cualquier discretizacion conforme de elementos finitos conduce a sis-
temas de ecuaciones simétricos y definidos positivos, propiedades favorables al momento
de escoger algoritmos veloces para su resolucion (ver, por ejemplo, [14, 15, 26, 31, 46]).

Los MEF que utilizan espacios diferentes para aproximar variables diferentes, reciben
el nombre de Métodos de Elementos Finitos Mixtos. Generalmente, las nuevas variables
que se introducen en la formulacién estan motivadas por algun interés fisico. Este es el
caso de las ecuaciones de la elasticidad, donde el tensor de esfuerzos puede introducirse
como una nueva incégnita para ser aproximada simultaneamente con el vector de des-
plazamientos. La introduccién de nuevas incognitas transforma un problema de valores de
frontera eliptico en un sistema de ecuaciones diferenciales, en cuyo caso las formulaciones
variacionales asociadas corresponden generalmente a problemas de punto de silla. Esto

genera una serie de dificultades tanto a nivel tedrico como practico, ya que los espacios



usados para la aproximacién de diferentes incégnitas no pueden escogerse de manera
independiente, y deben satisfacer la condicién de Ladyzhenskaya-Babuska-Brezzi (LBB)
o inf-sup (ver, por ejemplo, [3, 16]). Ademads, una vez satisfecha la condicién inf-sup
discreta, los sistemas de ecuaciones que se obtienen suelen ser indefinidos (ver, por ejemplo,
[17, 26, 31, 39, 47]). Como resultado de ello, las formulaciones de elementos finitos mixtos
que evitan este tipo de condiciones de estabilidad, han sido motivo de gran interés en las
ultimas décadas. Estos enfoques pueden clasificarse en dos grandes categorias principales:
técnicas de estabilizacién para Métodos Mixtos y la aplicacion de principios de Minimos
Cuadrados (ver, entre otras, [13, 18, 19, 30, 31, 32, 33, 41, 42, 44]).

Por otra parte, como consecuencia de la necesidad natural de optimizar recursos y
mejorar la precisién de la soluciéon obtenida, surgen las técnicas de adaptacion de ma-
llas. Al respecto, la aplicacion de algoritmos adaptivos, basados en estimadores de error
a-posteriori, garantizan un buen comportamiento de la solucion numérica por elementos
finitos de problemas de valores de contorno, sean estos lineales o no lineales (ver, por
ejemplo, [1, 2, 8, 38, 50]). En general, encontramos dos tipos de estimaciones de error:
estimaciones de error a-priori y a-posteriori. Las estimaciones a-prior: se basan en el
conocimiento previo de la regularidad de la soluciéon, y entregan la velocidad de conver-
gencia del método, es decir, cuan rapido el error tiende a cero a medida que se refina la
malla. Sin embargo, estas estimaciones no dan informacién cuantitativa del error real para
una malla fija. Esta dltima informacién es posible de obtener con el uso de los estimadores
de error a-posteriori, a través de la informacion obtenida en el proceso de calculo de la
solucion aproximada. Para ejemplificar lo anterior, consideremos un problema eliptico
bidimensional, en un dominio con una triangulacion asociada con cierto parametro h. Si
llamamos u a la solucion real de nuestro problema y u; la soluciéon numérica calculada,

las estimaciones a-priori tienen la forma
lu —unl| < CHZ,

donde || - || denota la norma en la cual queremos medir nuestro error, 3 es el orden de
convergencia y C' es una constante que depende de la regularidad de la solucion.

Es un hecho que la calidad de la aproximaciéon puede deteriorarse ante la aparicion de
singularidades locales de la solucién real. Una alternativa para resolver dicha dificultad,
consiste en refinar mas la malla. El problema radica en que la subdivisién simultdnea

de todos los elementos conlleva un costo computacional demasiado elevado. Por lo tanto,



1.2 Resultados obtenidos y organizacién de la tesis 3

necesitamos construir mallas que tengan en cuenta la localidad de la singularidad, esto
es, algoritmos que refinen principalmente en esos lugares. Este proceso se conoce como
Método de Refinamiento Adaptivo o simplemente adaptividad. Por tal motivo, los esti-
madores de error a-posteriori se calculan localmente a partir de los datos del problema.
Esto es, si denotamos por 7}, la triangulacién del dominio, y por T a cada elemento de

7T}, un estimador de error a-posteriori tiene la forma

n= {Zn%}m,

TeTy,

donde 72 representa una estimacién del error en T que se cdlcula usando la solucién
aproximada y los datos del problema. Para que un estimador n pueda considerarse una
medida adecuada del error, es deseable que existan constantes C'y, Cy > 0, independientes

de h, tales que
Cin < lu—upl| < Con. (1.1)

El hecho de obtener una cota superior de la norma del error global que involucre a 7
(lado derecho de (1.1)), refleja que se dispone de una medida confiable del error cometido.
Es mas, sélo ésta es necesaria para asegurar que la aproximacion numérica ha alcanzado
alguna tolerancia prescrita. Si ademas se puede obtener una cota inferior de la norma del
error global que involucre a 7 (lado izquierdo de (1.1)), entonces se dice que el estimador es
eficiente. Esto se debe a que en las demostraciones de esta desigualdad suele probarse que
nr esté localmente acotado por ||[u —us||a(r), donde A(T) es un conjunto de elementos de
la triangulacién 7, que incluyen a T', y || - || a(r) denota la norma de la funcién restringida
al conjunto A(T'). Por ende, estas técnicas de estimaciones de error a-posteriori pueden

detectar eficientemente las singularidades.

1.2 Resultados obtenidos y organizacién de la tesis

Esta tesis se divide en tres capitulos. En el primer capitulo presentamos un nuevo
método mixto estabilizado para la resolucién numérica de ecuaciones diferenciales par-
ciales con condiciones de contorno mixtas. En el segundo capitulo andlizamos una esta-
bilizacién, basada en bases de ondelettes, del Método de Elementos Finitos Mixto con

multiplicadores de Lagrange. Por ultimo, en el tercer capitulo realizamos el anélisis de



error a-posteriori de la formulacién mixta aumentada introducida en [36] para el problema
de elasticidad lineal.

Para dar una presentacion més detallada de los resultados obtenidos, a continuacion
damos una breve descripciéon del Método de Elementos Finitos Mixtos con multiplicadores
de Lagrange. Consideramos el problema de Poisson con condiciones mixtas en la frontera.
Sea € un dominio acotado simplemente conexo en R? con frontera poligonal T, tal que
todos sus angulos interiores estdan en (0,27). Denotamos por I'p y I'y a subconjuntos
disjuntos de T tales que |I'p|, Tn| # 0y T' = Tp UTy. Entonces, dados f € L3(Q) y
g € H'/2(T'y), el problema consiste en: Hallar v € H'(2) tal que

ou

—Au=f en Q, u=0 en I'p, —
ov

=g en 'y,

donde v es el vector normal unitario exterior a I'. Recordamos que el espacio de Sobolev
H~'2(T'y) denota el dual de Hy)*(T'y), donde

Hééz(FN) = {v|ry v € HY(Q) con v=0 en I'p}.

La paridad dual correspondiente con respecto al producto interior de L*(T'y) se denota
por (-, -)ry-

Puesto que estamos interesados en utilizar Métodos Mixtos, primero definimos la
incégnita adicional o := Vu en 2. Multiplicamos esta relacién por una funcién test
T, e integramos por partes usando el hecho que u© = 0 en I'p. Enseguida imponemos
débilmente la condiciéon de Neumann, lo cual hace necesaria la introduccion del multi-
plicador de Lagrange & := —u|r, € Holf(l1 ~)- De esta forma, vemos que la formulacion

variacional mixta consiste en: Hallar (o, (u,£)) € H x @ tal que

0,
B(o,(v,)) = —/va+ (9,0)ry

para todo (7, (v,A)) € H x Q, donde H = H(div,Q), Q := L%(Q) x Hy*(Ty), v las
formas bilineales A: H x H - Ry B: H x Q — R estan definidas por

A(C,T)::/QC~T V({, TEH,

B(T, (v, \)) ::/Qv div(t) + (7-v,A\)ry, VTEH, Y(v,\) €Q.
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Existencia y unicidad del problema anterior, ademas del anélisis del esquema de Galerkin
correspondiente, fueron establecidas en [5].

Aplicaciones de este método a la resolucion de diferentes problemas de valores de
contorno han sido realizadas satisfactoriamente en diferentes direcciones. Por ejemplo,
podemos mencionar problemas elipticos no lineales con condiciones de contorno mixtas
(ver [8]), problemas de transmisién (ver [20]), y problemas de elasticidad no lineal (ver
37).

Inspirados en éste método, en el Capitulo 2 presentamos una formulacion aumentada
que se obtiene al incluir términos residuales de Minimos Cuadrados provenientes de las
ecuaciones constitutiva y de equilibrio. Usamos la teoria clésica de Babuska-Brezzi para
demostrar que tanto la formulacién mixta dual resultante, como su esquema de Galerkin
asociado, son problemas bien planteados. Derivamos la estimacién de error a-priori y su
orden de convergencia correspondiente. Ademds, desarrollamos dos analisis diferentes de
error a-posteriori, uno basado en estimadores de error de tipo residual y otro basado en

la proyeccién de Ritz de error. Los resultados de este capitulo forman parte del articulo

[7]:

e T.P. BARRIOS, G.N. GATICA: An augmented mized finite element method with
Lagrange multipliers: a-priori and a-posteriori error analyses. Journal of Computa-

tional and Applied Mathematics, to appear.

En el Capitulo 3 analizamos una estabilizacién, basada en términos de minimos cuadra-
dos y bases de ondelettes, para formulaciones mixtas de problemas elipticos con condi-
ciones de Neumann en la frontera. En general, un andlisis de multiresolucién consiste de

una familia de subespacios de dimensién finita S; tales que
SoC...CS5;CSj1C...,

donde U;>05; es densa en L?(T"). Cada espacio S; estd definido por dilatacién y traslacién
de una funcién escala ¢, es decir, S; = span{y], : k € A;} donde @) (z) :== p(2/z — k)
y A; denota un conjunto de indices con cardinalidad 27. La funcién de escala puede ser,
por ejemplo, la funcién constante a trozos o la funcién lineal a trozos. Las funciones de
ondelettes W7 = {¢] : k € V; = A;;1\A;} son las funciones base del complemento
W; =span{¢y] : k € V;} de Sj en S;11, es decir,

Sj+1:Sj@Wj, S]ﬂWj:()



Denotando por wk_l =% V_1:=Agy por ¥; al vector columna cuyas entradas vienen
dadas por (¥})kev, —1<1<;j, se encuentra que ¥; constituye la base del espacio S;41, la cual
se construye de tal manera que sea una base uniformemente estable en S;;; y una base de
Riesz en L%(R). Una condicién suficiente para tener una base uniformemente estable es el
disponer de una base bi-ortogonal, o dual, U = {1Z§C : k € Vi,1 > —1} que genere espacios
SpC...C gj C ..., tales que (&i,@bf)y(p) = k10, ;. En este caso, todo v € L*(T") puede

representarse COo1mo

U_Z Z wk? LZF)wk— ZZ ¢kL2

j>—1keV; j>—1kev;

Entonces, los proyectores (0; y ()} sobre los espacios de ondelettes W; y V~Vj, respectiva-

mente, estan dados por

Qv = Z(%&”LQ(F) @D‘Z, Q;U = Z<U7¢{>L2(F) lzzj

eV, lev;

Definiendo v := sup{s € R : S; C H*(I')} y andlogamente 7, se tienen las siguientes

equivalencias de normas para todo v € H*(T'):

€1 ||U||Hs(r < Z 272 Z| @/)z L2(T 2 < e ||U||§{s(r)

j>—1 eV
e [[v]%- sy = Z 2% Z’ 1/11 L2 F)| < |l - s(T) »
j>—1 lev,

donde —y < s < 7. Es importante aqui observar que las ondelettes se construyen de
manera tal que ellas sean locales en sus correspondientes escalas (ver [22, 29]). Una des-
cripcion mas detallada del uso de ondelettes en Andlisis Numérico puede hallarse en
(12, 22, 28, 43, 45].

El esquema de resolucion de nuestro problema introduce la traza de la solucién en
la frontera Neumann como un multiplicador de Lagrange, lo cual sugiere enriquecer la
formulacién variacional con el término residual correspondiente medido en la norma del
espacio de Sobolev de orden 1/2. Para este efecto, seguimos parcialmente [12] y uti-
lizamos la propiedad de equivalencia de normas, descrita anteriormente, para construir
una forma bilineal que permite aproximar dicha norma. El procedimiento de estabilizacién
se completa con términos residuales de Minimos Cuadrados provenientes de la ecuacion

constitutiva y de equilibrio. Mostramos que la formulacién variacional resultante y su
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esquema de Galerkin correspondiente estan bien planteados. Ademads, desarrollamos un
estimador de error a-posteriori de tipo residual confiable y cuasi-eficiente. Los resultados

obtenidos se encuentran detallados en el Capitulo 3 y son parte de los trabajos [9, 10]:

e T.P. BARRIOS, G.N. GATICA AND F. PAIvVA: A wavelet-based stabilization of
the mized finite element method with Lagrange multipliers. Applied Mathematics
Letters, vol. 19, 3, pp. 244-250, (2006).

e T.P. BARRIOS, G.N. GATICA AND F. PAIVA: A-priori and a-posteriori error
analysis of a wavelet-based stabilization for the mized finite element. Preprint 2006-

02, Departamento de Ingenieria Matematica, Universidad de Concepcién, (2006).

Finalmente, en el Capitulo 4 consideramos el problema de elasticidad lineal con condi-
ciones de tipo Dirichlet en la frontera. Para la resolucién utilizamos la formulacién aumen-
tada estudiada recientemente en [36]. Esta formulacién aumentada se obtiene al introducir
términos de minimos cuadrados provenientes de la ecuacién constitutiva, de equilibrio, y
de la relacién que define la rotacién en términos de los desplazamientos. Para ejemplificar
lo anterior describimos la obtencién de la formulacién variacional presentada en [36]. Para
ello sea 2 un dominio acotado y simplemente conexo en R? con frontera Lipschitz continua,
. Dada la fuerza volumétrica f € [L?(2)]?, buscamos el tensor de esfuerzos o y el vector

de desplazamientos u tal que
o =Ce(u), diviec)=—-f en Q, y u=0 en I, (1.2)

donde e(u) := % (Vu + (Vu)*) denota al tensor de deformaciones y C es el tensor de

elasticidad determinado por la ley de Hooke, es decir,
C¢ = Mr(Q)T + 2u¢ V¢ € [LHQP,

donde A, ;x> 0 denotan las constantes de Lamé correspondientes. El tensor de elasticidad

inverso C~! viene dado por

ClC = g

T mtr(()l V¢ e [L(Q)]7=.

Imponemos débilmente la simetria de o a través de la rotacién v = 3 (Vu — (Vu)®),

multiplicamos por funciones test convenientes e integramos la ecuacién de equilibrio y



la relaciéon Vu — v = e(u) = C 'o, para obtener la siguiente formulacién variacional
asociada a (1.2): Hallar (o, (u,7)) € H x @Q tal que

ale, ) + b(r,(u,y)) =0 VrTeH,

o) = - [y vvmeQ. (13)

donde H = H(div;Q) := {7 € [L*(Q)])*?* : div(r) € [L2(D)])*}, Q = [L*(D))?
[L2(Q))22, con [L2())Z2 = {n € [L}(Q)]**? : n +n* = 0}, y las formas bilineales

skew’ skew

a:HxH—Ryb: HXx( — R estan definidas por
aer) = [ereir = o[ et [,

b(t,(v,m)) ::/V-div (1) + /17 T, (1.5)
Q Q
para todo ¢, 7 € H y para todo (v,n) € Q. Notamos de (1.4) y (1.5) que para todo

(7,(v,m),c) € [L*(Q)]**? x Q x R tenemos

a(cl,T) = m/ﬂtr(‘r) y bcl,(v,m)) = 0. (1.6)

Por otra parte, definimos Hy := {7 € H: [,tr(T) = 0} y vemos que H = Hy & RI,
es decir, para todo 7 € H existe un tnico 79 € Hy y d := ﬁ Jotr(T) € R tal que
T = 7o + d1. Usamos esta descomposicion y las identidades dadas en (1.6) para ver que

(1.3) es equivalente a: Hallar (o, (u,7)) € Hy x @ tal que

alo, ) + b(r,(u,vy)) =0 VT eH,,

b(o,(v,m)) = — /Qf-v Vv,n)e€eqQ. (17)

Luego, en (1.7) restamos la segunda ecuacién a la primera y al resultado le sumamos los

términos de minimos cuadrados dados por

K1 /Q(e(u) —Clo):(e(v)+C ') =0,
@/ﬂdiv(a).div(ﬂ - —@/Qf-div(T),

o [ (7= 5vu= ) (w4 59v - (wv)) =0,



1.2 Resultados obtenidos y organizacién de la tesis 9

para todo (T,v,m) € Hy x [HY(Q)]? x [L*(Q)]E2, donde (K1, Ko, k3) es un vector de
parametros positivos independientes de A. De esta forma obtenemos la siguiente formu-
lacién variacional aumentada: Hallar (o, u,~v) € Hy := Hy x [HL(Q)]? x [L*(Q))22 tal

que
Al(o,u,v),(T,v,n)) = F(r,v,n) V(r,v,n) € Hy, (1.8)

donde la forma bilineal A : Hy x Hy — R y el funcional F': Hy — R estan definidos por

C_lo':‘r+/u-div(‘r)—|—/'y:‘r—/v-div(o‘)—/nza
Q Q Q Q Q

A((U’ u, '7)7 (T: \Z 77)) = /

+ m/ﬁ(e(u)—c—la):(e(v)+c—17-) 4 @/ﬂdiv(a)-div(r)

+ R /Q ('y - %(Vu _ (Vu)t)) : (n 4 %(Vv _ (vV)t)) | (1.9)

F(r,v,n) = /Q f-(v —krydiv(T)) . (1.10)

Condiciones sobre el vector (k1, ks, k3) para obtener existencia y unicidad, tanto a nivel
continuo como discreto, fueron establecidas en [36]. Vemos que este esquema permite
aproximar los desplazamientos, el tensor de esfuerzo y la rotacion con funciones de base
lineales a trozos, Raviart-Thomas de orden mas bajo y constantes a trozos, respectiva-
mente. Para esta formulacién variacional desarrollamos el andlisis de error a-posteriori,
del cual obtenemos un estimador de tipo residual que resulta ser confiable y eficiente. Los

resultados de este capitulo corresponden al articulo [11]:

e T.P. BARRIOS, G.N. GATICA, M. GONZALEZ, N. HEUER: A residual-based a
posteriori error estimate for an augmented mixed finite element method in linear
elasticity. Preprint 2005-20, Departamento de Ingenieria Matemaética, Universidad
de Concepcion, (2005).
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Chapter 2

An augmented mixed finite element
method with Lagrange multipliers: a

priori and a posteriori error analyses

In this chapter we provide a priori and a posteriori error analyses of an augmented mixed
finite element method with Lagrange multipliers applied to elliptic equations in divergence
form with mixed boundary conditions. The augmented scheme is obtained by including the
Galerkin-least squares terms arising from the constitutive and equilibrium equations. We
use the classical Babuska-Brezzi theory to show that the resulting dual-mixed variational
formulation and its Galerkin scheme defined with Raviart-Thomas spaces are well-posed,
and also to derive the corresponding a priori error estimates and rates of convergence.
Then, we develop a reliable and efficient residual based a posteriori error estimate and a
reliable and quasi-efficient Ritz projection based one, as well. Finally, several numerical

results illustrating the performance of the associated adaptive schemes are reported.

2.1 Introduction

In the recent paper [5], a modified mixed finite element method solving second order
elliptic equations in divergence form with mixed boundary conditions is introduced and
analyzed. The approach there imposes the essential (Neumann) boundary condition in
a weak sense, which yields the introduction of a further Lagrange multiplier given pre-

cisely by the trace of the solution on the Neumann boundary. Indeed, as it is well known,

11
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the possibility of introducing auxiliary unknowns of physical interest, such as traces,
fluxes, stresses, and others, constitutes one of the main advantages of applying dual-
mixed variational formulations to solve diverse problems in continuum mechanics. These
additional unknowns can then be approximated directly, thus avoiding the numerical post-
processing that is usually employed with the solutions arising from primal formulations.
Consequently, the derivation of appropriate finite element subspaces yielding well-posed
Galerkin schemes and a priori error estimates has been extensively studied and several
choices are already available for a large class of linear and even nonlinear boundary value
problems (see, e.g. [6], [17], [21], [39], [47], and the references therein). The key issue of
this analysis is certainly the verification of the discrete inf-sup conditions involved. The
corresponding a posteriori error analysis of the method from [5] was provided in [38]. The
results in [38] include a reliable and efficient estimate based on residuals, and a reliable

and quasi-efficient Bank-Weiser type estimate based on local problems.

On the other hand, an alternative approach that has also been widely investigated is
the stabilization of dual-mixed variational formulations through the application of diverse
techniques. A quite general procedure to this respect is given by the Galerkin least-
squares methods, also known as augmented variational formulations, which go back to
[32] and [33]. These methods are certainly not restricted to dual-mixed schemes, and have
already been extended in different directions. In particular, some applications to elasticity
problems can be found in [34] and [19], a non-symmetric variant was considered in [30]
for the Stokes problem, and a stabilized mixed finite element method for Darcy flow was
recently introduced in [44]. An abstract framework concerning the stabilization of general

mixed finite element methods can be seen in [18].

Consequently, the main purpose of this paper is to employ suitable Galerkin least-
squares terms to augment the mixed finite element method from [5] and then derive the
associated a priori and a posteriori error analyses of the resulting variational formula-
tion. We remark that this augmented scheme allows us to approximate simultaneously
the main unknown, the flux, and the Neumann trace, with Galerkin solutions in finite ele-
ment subspaces of H._(Q2), H(div; ), and H&f(F ~), respectively, where () is the domain
under consideration, I'y (resp I'p) is the Neumann (resp. Dirichlet) boundary, H: () :=
{veHYQ): v=0 on Tp}, and HY Ty) := {vlry : ve Hi (Q)}. In particu-
lar, the present approach works for any subspace of H %D (€2), which differs from the mixed

method in [5] and [38] where the inf-sup conditions needed for the stability of the corre-
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sponding Galerkin scheme only hold for some subspaces of L?(§2) approximating the main
unknown. The rest of our work is organized as follows. In Section 2.2 we introduce the
model boundary value problem, define the augmented variational formulation, and show
that it is well-posed. In Section 2.3 we define the augmented mixed finite element scheme,
prove its stability, and establish the corresponding a priori error estimate. In Section 2.4
we deduce a reliable and efficient residual based a posteriori error estimate. Edge and tri-
angle bubble functions are employed there to show the corresponding efficiency. Next, a
reliable and quasi-efficient Ritz projection based a posteriori error estimate is introduced
and analyzed in Section 2.5. Finally, in Section 2.6 we present several numerical exam-
ples illustrating the perfomance of the augmented scheme and the associated adaptive
algorithms.

Throughout this chapter, ¢ and C, with or without subscripts, bars, tildes or hats,
denote positive constants, independent of the parameters and functions involved, which

may take different values at different occurrences.

2.2 The augmented mixed variational formulation

Let © be a simply connected domain in R? with polygonal boundary I', and such that
all its interior angles lie in (0, 27). Further, let I'p and I'y be disjoint open subsets of T,
with |Tp|, [T'n| # 0, such that T' = I'p UTy. Then, given f € L%(Q) and g € H~'/?(T'y),
we consider the model boundary value problem: Find v € H'(€) such that

0
—Au=f in Q u=0 on I'p, a—u:g on Iy, (2.1)
v

where v is the unit outward normal vector to I'. We recall that the Sobolev space
H~Y2(I'y) is the dual of HSO/Q(F ~) (already defined above in Section 2.1). The correspond-
ing duality pairing with respect to the L?(T'y)—inner product is denoted by (-,-)r, -

Since we are interested in applying mixed finite element methods to solve (2.1), we
define the auxiliary unknowns o := Vu in 2 and £ = —u on I'y. Hence, proceeding in the
usual way (see [5] for details), we arrive to the following mixed variational formulation of
(2.1): Find ((o,u),§) € H x @ such that

a((o, ), (T,0)) + b((7,0),€) = /va Y(rv) € H,
(9, A

b((o,u),\) = I VieQ,
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where H := H(div;Q) x L*(Q), Q := HS[{Q(FN), and the bilinear forms a : H x H — R
and b: H x () — R are given by

a((C,w), (7,0)) 1= /Qc.r + /dem - /deivc,

b((T,v),A) = (T -v,\)ry,

for all (¢, w), (7,v) € H and for all A\ € Q. The well-posedness of (2.2) is established by
Theorem 2.1 in [5].

Now, it is not difficult to see that w really lives in the space H} (). Hence, we now

proceed as in [9], [36], and [44], and include the Galerkin-least squares terms given by

%/(Vu —o)-(Vo+7) =0 VY(r,v) € H(div;Q) x H._(9), (2.3)

and

/divadivr = —/fdiVT V7 e H(div; Q). (2.4)
Q Q

Thus, adding the equations (2.2), (2.3) and (2.4), we obtain the following augmented
mixed variational formulation: Find ((o,u),&) € H x @ such that

A((o,u),(T,v)) + B((m,v),§) = F(r,v) V(r,v)eH, 25)
B((o,u),\) = G(\) Vie@, |

where H := H(div; Q) x H}_(€2), and the bilinear forms A: HxH — Rand B : HxQ —
R, and the linear functionals F': H — R and G : ) — R, are given by

A((C,w), (7,0)) = /Qg-r + /deiw - /deivg

2.6
+ /Qdiv(C)div(T) + %/Q(Vw—C)'(VUJFT)a -
B((T,v),A) == (T v, Ay, (2.7)
/fv - /fleT (2.8)
and
G(A) = (g, N1y, (2.9)

for all (¢,w), (T,v) € H and for all A € Q.



2.2 The augmented mixed variational formulation 15

We remark here that the inclusion of the factor % in the definition of A will become
clear from the proof of Theorem 2.2.1. Actually, it could be taken as any number in
(0,1). In addition, we notice that the augmented formulation (2.5) is still written in a
dual-mixed structure. In fact, in order to apply below some results from [5], we need the
term dealing with the Neumman boundary condition to be kept separate (in the form of
B). This approach differs from the one in [9] where the dual-mixed setting is avoided by
introducing an additional boundary residual term expressed in the H'/2 Sobolev norm by
means of wavelet bases.

Now, since the seminorm | - |1y and the norm || - || 1 (q) of the Sobolev space H' (1)

are equivalent in Hf\ (€2), we can define
Il = ITllh@ve) + Pl Y(T0) € H.

Hence, A, B, F and G are all bounded with constants || A||, || B]|, ||F||, and |G|, respec-
tively.
The following result establishes that (2.5) is well-posed.

Theorem 2.2.1 There ezists a unique ((o,u),&) € H x Q solution of the variational

problem (2.5) and the following continuous dependence result holds

I, w). &)l < € {IFw + Gl } < C{Ifllzey + lgllveey |- (2:10)

Proof. We first recall from Theorem 2.1 in [5] that the bilinear form B satisfies the

continuous inf-sup condition. More precisely, there exists C' > 0 such that

B((T,v), A B((7,0), A T -V, A\
sup B((7,v),4) > sup B((r,0),A) _ sup (T-v, Nry > CH)\HH1/2(FN)
(Tw)eH (7, v) |l T EH(div Q) 17| z2(aiv ) T eH(div ;) 17 z2aiv ) 00
(T ,0)#£0 div T=0, T #£0 div T=0, T#0
(2.11)

for all A\ € Q. Also, we easily find from the definition of A in (2.6) that
L e 12 Lo 1 2
A((T,v), (T,v)) = §||T”[L2(Q)]Z + ||d1V7'HL2(Q) + §|U|H1(Q) > 2 (vl (2.12)

for all (7,v) € H, and hence, in particular, A is strongly coercive on the kernel of the
operator associated to B. The rest of the proof is a simple application of the classical

Babuska-Brezzi theory (see, e.g. Theorem 1.1 in Chapter II of [17]). O
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2.3 The augmented Galerkin scheme

Let {7;,} 150 be a regular family of triangulations of ) made of straight side triangles
T of diameter hr such that h := max{ hy : T € 7, }. We assume that all the points in
[pNTx become vertices of 7}, for all A > 0. Then, the finite element subspace Mj, for the

unknown o € H(div;?) is defined as the Raviart-Thomas space of order zero, that is

My :={7,€ H(div;Q): 7Tulr e RT(T) VT €7}, (2.13)

1 0
where RTy(T') := span , , o for each T' € 7;, and z := =
0 1 To T2

represents a generic vector of R2.

Next, we let {I'1, ', ..., ', } be the partition on I' y induced by the triangulation 7}, and
assume that {7}, },¢ is uniformly regular near Ty, that is there exists C' > 0, independent
of h, such that [I';| > Ch for all j € {1,...,n}, for all h > 0. In addition, we introduce
an independent partition {T'y, Ty, ..., T, } of Iy, denote b := max{|T,| : j € {1,...,m}},
and assume that this partition is also uniformly regular, which means that there exists
C > 0 such that |T;| > Ch forall j € {1,...,m}, for all A > 0. Then, we define the finite

element subspace @);, for the unknown ¢ € H(%Q(FN) as
o= {N € H) (D) Nlp, €Pi(Ty) Vje{l,...m}}. (2.14)

Hereafter, given a non-negative integer k and a subset S of R?, Py (S) stands for the space

of polynomials defined on S of degree < k.

Lemma 2.3.1 There exist Cy, 5* > 0, independent of h and h, such that forallh < C h
there holds

B((1r,0),43) (Th - v, As)

I'n *
sup ———————= = sup = > [N [| e YA €Q;.  (2.15)
e, |1TallH@v ) roem, | ThllHdivio) hllHy " (TN) h h
Tr#0 T r#0

Proof. It follows from Lemmata 3.2 and 3.3 in [5], which make use of the above assump-

tions on the partitions of I'y. O

We now let X, be any finite element subspace for the unknown u € Hf (Q). In

particular, we may consider the continuous piecewise linear functions, that is

X Z:{’UhGHIle(Q) : Uh|T€P1(T) VTG%} (216)
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Hence, denoting H;, := M, x X}, the mixed finite element scheme associated to the

augmented formulation (2.5) reads as follows: Find ((o, us),&;) € Hy, x Q;, such that

A((on,un), (Th,vn)) + B((Th,vn),&) = FTn,on)  V(7h,0n) € Hy,

(2.17)
B((on,un), A;) = G(A;) VA, €Qy-

The following theorem establishes the unique solvability, stability, and convergence of
(2.17).

Theorem 2.3.1 For each h < Cyh the mized finite element scheme (2.17) has a unique
solution ((on,un), ;) € Hy x Q. Moreover, there exist Cy, Cy > 0, independent of h and
l~1, such that

I un), &) lmxe < Co{ Iflee@) + gl |

and

1((a, ), &) = ((on,un), &) lExQ < Co ((Wh),gngemx% (e, ), &) = (T, 0n), ) [ -
Proof. The discrete inf-sup condition for B is provided by Lemma 2.3.1, independently
of the choice of X}, whereas the strong coercivity of A on the discrete kernel of B,
which is a subspace of H;, and hence of H, is trivially guaranteed by (2.12). Therefore,
a straightforward application of the abstract Theorems 1.1 and 2.1 in Chapter II of [17]
completes the proof. O

Because of the condition h < Cj h, we assume from now on, without loss of generality,
that each edge I'; is contained in an edge fj, for some j € {1,...,m}. Certainly, this
requires implicitly that the end points of r ; be vertices of 73, which is also assumed in
what follows. This section is completed with a result on the rate of convergence of the

mixed finite element scheme (2.17).

Theorem 2.3.2 Let ((o,u),&) and ((on,un), &) be the unique solutions of the continuous
and discrete mized formulations (2.5) and (2.17), respectively. Assume that f = dive €
H"(Q), w € HTYQ) for some r € (0,1]. Then, there exists C > 0, independent of h and
;L, such that

||((0’,U),€) - ((a-fwuh)?éiz)HHXQ
< Ch" { ||0’||[H7‘(Q)}2 + ||div0||HT(Q) + ||u||H’F+1(Q)} + Ch" ||€||H7"+1/2(FN)'

Proof. It follows from the Céa estimate in Theorem 2.3.1 and the approximation prop-

erties of the subspaces M},, Xj,, and Q;, respectively (see, e.g. [4], [17], [47]). O
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2.4 A residual based a posteriori error analysis

In this section we proceed as in [38] and derive a reliable and efficient residual based
a posteriori error estimate for our augmented mixed finite element method. Let us first
introduce some notations. Given T € 7j,, we denote by E(T) the set of its edges, and by
Ej, the set of all edges of the triangulation 7. Then we can write Ej, = E,(Q) U E,(T)
with Ey(I") := E(I'p) U ER(I'y), where E,(Q) :={e € E,: e C Q}, E(I'p) = {e €
En : e C I'p}, and similarly for E,(I'y). In what follows, hy and h. stand for the
diameter of triangle T' € 7, and the length of edge e € F),, respectively. Further, for each
e C Ep(T'y) we set h, := |T;|, where T; is the segment containing edge e. Also, given a
vector valued function 7 := (71, 75)* defined in 2, an edge e € E(T)N E,(€2), and the unit
tangential vector tr along e, we let J[T - t7] be the corresponding jump across e, that is
J[T-tr] .= (t0 — T1)|e - tr, where T" is the other triangle of 7, having e as edge. Here,

the tangential vector tr is given by (—wy,14)* where v := (v1,15)* is the unit outward

Omy _ 011
oxq Oxo *

Now, let I, : H'(Q) — X}, be the usual Clément interpolation operator (see [27]). The

normal to 0T. Finally, we let curl(7) be the scalar

following lemma states the local approximation properties of Ij,.

Lemma 2.4.1 There exist positive constants C7 and Csy, independent of h, such that for
all o € HY(Q) there holds

e = In(©)llor < Cihrllellam VT € Ty,

and
lo = In(@)lloe < Coh?llelhae — Ve€ B,
where A(T) == U{T" €Ty,: T'NT#0} and Ale) :=U{T"€T,: T Ne#0}.

Throughout the rest of the chapter we assume that the Neumann datum g € L*(T'y).

The main result of the present section is summarized in the following theorem.

Theorem 2.4.1 Let ((o,u),§) € H x Q and ((op,up), &) € Hy x Qj, be the unique
solutions of the continuous and discrete formulations (2.5) and (2.17), respectively. Then

there exist positive constants Cese, Cre1, tndependent of h and il, such that

CVeff 772 S ”((J_a-hau_uh)af_SB)H%IXQ S CVrel 7727 (218)
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where n* = Z n%, and for each T € Ty, we define
TeTy

2

duy, |, dg;

2 . 2 2 2
ng = Hf—i—leO'hHLg(T) + h3||Vuy, — O'hH[L2(T)]2 + Z he dty | dby

GGE(T)ﬂEh(FN)

L2(e)

+ Z hell J[(on — Vup,) 'tT]HQLZ(e) + Z hell(on — Vup,) 'tTH%Q(e)

e€E(T)NEL(Q) ecE(T)NE, (T)
+  log[l + C;(Ty)] Y hellg—on-vliag (2.19)
e€E(T)NEL(TN)
with  C;(Ty) == max{‘l?_l‘ D imjl=1,4j€ {1,...,m}} .
J

The proof of Theorem 2.4.1 is separated into the three parts given by the next sub-

sections.

2.4.1 Estimate for |[(o — o, u — up)||m

We first define the spaces Hy := {7 € H(div;Q): divr =0 in Q, 7 v =
0 on Iy} and Hy := Hyx Hp (Q). Then we have the following preliminary result.

Lemma 2.4.2 There exists C' > 0, independent of h, such that

CH(U_UhaU_uh)HH

A((o — op,u — uy), (T,v))

< sup
(T ,v)eHy ||(T,U)||H
(T v)#0

+ ||f+diV0'h||L2(Q) + ||g—0'h'1/||H_1/2(FN).

Proof. Let o* := Vz € H(div;Q), where 2 € H'(Q) is the weak solution of the

boundary value problem:

0
—Az=f+dive, in Q, z=0 on Ip, a—Z:g_o-h.V on Ty.
v
It follows that dive* = —(f +divey) in Q and 6* - v = g — o} - v on 'y, whence

(o0 — o, —0o*) belongs to Hy. In addition, the corresponding continuous dependence result

yields the existence of a constant C' > 0 such that

o | aivie) < C{ If +divenllze) + |9 — o vg-120y } (2.20)
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Now, using the strong coercivity (cf. (2.12)) and boundedness of A, we find that
1 « 2 x .
5”(0'—0'/1—0' u—up)lg <A((e—o -0 u—uyp), (6 —op, — 0", u—uy))
= A((oc —opu—up), (0 —o,—oc " u—uy)) — A((6",0), (6 — o — ", u—1uy))
< Alle—onu—up), (6 —on—0 " u—un)) + Al |07 a@ivie) (6 —on =0, u—u)|n
which, dividing by [[(e — o), — 6*,u — up,)||g, and then taking supremum on Hy, implies

A((o — op,u—uy), (T,v))

Cl(e—op—a*,u—u)[lg < sup
(T w)eHy (7, 0)|[m
(T ,v)#0

+ ||U*||H(diV;Q)- (2.21)

Finally, triangle inequality gives ||(o — op,u — up)|lu < ||[(6 — on — 0%, u — up)||lm +
|o*|| f1(aiv ;0), Which, together with the estimates (2.21) and (2.20), completes the proof.
O

The corresponding upper bound for the supremum appearing in Lemma 2.4.2 is pro-

vided next.

Lemma 2.4.3 There exists C' > 0, independent of h and h, such that

1/2
ap Al —onu—w) (ro) _ {Zﬁ%} |

(T,U)EHO ||(T7 U)HH TETh
(T ,v)#£0

where for any triangle T € T, we define

np = h2T | f+div 0'h||%2(T) + h% Hvuh_UhH%LQ(T)P + Z he | J[(on—Vup) tr] H%Q(e)

e E(T)NE ()
duy,  d; ||?
+ E : he [[(n — Vup) ‘tTH2L2(e) + E he || =2 & . (2.22)
e€ E(T)NER(T) e€ E(T)NER(T'n)

Proof. Let (7,v) € Hj such that (7,v) # 0. Since div (7) = 0 in © and 2 is connected,
there exists a stream function ¢ € H'(Q2) such that [ ¢ = 0 and 7 = curl(yp) :=

Q
_ 99
22”02 . Then, denoting by v, and ¢, the Clément interpolants of v and ¢, respectively,
dz1

and defining 7, := curl p;,, we obtain 7, € M}, divr, = 0in Q, and 7 — 7, = curl(y —

©n)-
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Next, from the first equations of (2.5) and (2.17) we find that
A((o,u), (T —Th,v—wy)) = F(Tr —7h,v—v) — B((T — Th,v — vp), §)
and

A((o —op,u—up), (Th,vn)) = — B((Th,vn), & — &),

which gives
A((o—op,u—up), (T,v)) = A((o—0on, u—up), (T—Th, v—up))+A((—0h, u—up), (Th, v4))

= F(r—1p,v—vp)—B(t—7p,v—0p),§)—A((oh, up), (T—Th, v—vs))—B((Th, vn), &) -

It follows, employing the definitions of F' and B (cf. (2.7), (2.8)), and using that

7 -v=0o0n 'y, that
A((U_Jh> U_uh)’ (7-7 U)) = /Qf(v_vh) - <(T—Th)'l/, §E>FN - A((Jha uh)> (T_Thv U_Uh)) .

Next, developing A((oh, un), (T —Th,v —vp)) (see (2.6)), integrating by parts in €2, using
that up, = 0 on I'p and that div (7 — 7,) = 0 in 2, and reordering the resulting terms,

we arrive to
A((e —on,u—up),(T,v)) = /Q(f +diven)(v — ) — (curl(p — wpn) - v,un + &)ry

1 1

~3 /(ah — Vuy,) - curl(p — ¢p) — 5 /(Vuh —op)-V(v—uy). (2.23)
Q Q

We now proceed to derive suitable bounds for each one of the terms on the right hand

side of (2.23). We first observe that curl(¢ — ¢y) - v = —d(flt;;’h), and hence

du dg;,
(curl(p — op) - v,up + &ry = <‘p ¥ho dt; + %>F

du,  d&;
— — . 2.24
=Y > (e-engmrae),. 221

TeT, GEE(T NEy (FN)

Also, using that /
Q

in each T' € 7},, we deduce that

= Z /, integrating by parts, and noting that curl(e;, — Vu,) = 0
TeT, VT

Z (Jlon = Vup] - tr, 0 — on)r2e)

TeT, eecE(T)NEL(Q)

DO | —

/(crh — Vuy) - curl(p — ¢p) =
Q
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T Z Z ((on —Vup) tr, 0 — on)r2e) - (2.25)

TET), e€ E(T)NE(T)
Then, applying Cauchy-Schwarz inequality, the estimates from Lemma 2.4.1, and the
fact that the number of triangles in A(T") and A(e) are bounded, we obtain that the terms
n (2.23), (2.24), and (2.25), respectively, are bounded as follows

/(f +diveoy,) (v —vy)
Q

1/2
< C {Z hZ ||f+divah||%2(T)} [ollgiy, — (2:26)

TeT),

/Q (Vup, — o) - V(v — )

1/2
<C { > b3V, — ah“[2L2(T)]2} [ollmey, (2:27)

TeTy,
duy, _dg |I* 2
[(curl(p—pn) v, up+&;)ry | < C{ > > he + } ol @)
dtT dtT 2
TE€T;, e€ B(T)NER(T'x) L2(e)
(2.28)
Z Z (Jlon — Vuy] - tr, 0 — on)r2(e)
Te€T, eeE(T)NEL()
1/2
<O Y helJlon— V] - trlia, el (2.29)
TET, e€E(T)NE, ()
and
Z Z ((an = Vup) - tr,© — ©n)r2(e
TeT;, eecE(T)NEL(T)
1/2
<cdY Y hlon-Vu) trlhag y e (230)

TeT;, ecE(T)NEL(T)

Since/ ¢ = 0and curl(y) = 7, we clearly have ||¢|| 1) < Clolaio) = C |72
C ||THH(diV?Q). Therefore, using this norm estimate in (2.28), (2.29), and (2.30), and re-
placing (2.26) up to (2.30) back into (2.23), we obtain the required inequality and conclude
the proof. O

We can establish now our a posteriori error estimate for ||(o0 — oy, u — up)|/;.

Theorem 2.4.2 There exists C > 0, independent of h and h, such that

1/2
(e —onu—u)la < C{Z UT} :

TETh
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where 12 is given by (2.19) for each T € T,.

Proof. We see from Lemma 2.4.2 that it just remains to estimate the residuals ||f +
divey|| 2@ and [|g — o - VH?{*UQ(FN) in terms of local quantities. For the first expression
we simply write

If +diveonltug = S If +divonla (231)
TeTy,

and for the second one we apply Theorem 2 in [23] to yield

9 = on vl ey < Clogll+ Gl SISy — on- vl (2:32)
j=1
where C;(I'y) = max{% o li—gl=1,4,5¢€ {1,...,m}}. Then, since each edge of
g -
E;,(I'y) is contained in a segment I'; for some j € {1,...,m}, we deduce that
Z |fj| lg— o VHQLz(fj) = Z He lg—on- V”%Q(e) g (2.33)
Jj=1 EEEh(FN)

which is replaced back into (2.32). The rest of the proof follows from Lemmata 2.4.2 and
2.4.3, and the estimates (2.31) and (2.32). We omit further details. O

2.4.2 Estimate for ||£ —&;]lo

The a posteriori error estimate for the Lagrange multiplier £ is provided next.

Theorem 2.4.3 There exists C' > 0, independent of h and h, such that

1/2
||§ - 5}3”]{362(1"1\[) < C {Z 77%} )

TETh

where nr is given by (2.19).

Proof. According to the inf-sup condition (2.11), we can write

TV, N AT " V,Qp/Ty
||§ - 5}}”]{362(1—\1\]) < C sup < £>F < fh)I‘ (234)

T cH(div ;Q2) |7 ”H(div Q)
div T=0, T#£0
Now, given 7 € H(div;€) with divr = 0 in 2, we observe from the first equation

of (2.5) that (7 - v,&)r, = —A((o,u),(7,0)). Also, since € is connected, there exists
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¢ € H'(Q) such that [, = 0 and 7 = curly. Next, as in the proof of Lemma 2.4.3,
we let @5 be the Clément interpolant of ¢ and define 7, := curlyy,. It is clear that
T, € My, and div 7, = 0 in €2, and hence, the first equation of (2.17) gives (7 -V, & )ry =
—A((on, un), (T, 0)).

It follows that

<T'V7€>FN - <T'V7£}~L>FN - = A((O’, u)v (7-7 O)) - <(T_Th> v, £E>FN + A<<ah7 uh)ﬂ (Th7 O))

= = A((a,u) - (ah>uh>> (T,O)) - A((afwuh)? ((T - Th)vo)) - <<T - Th) ' V7§E>FN )

which, developing A((op, un), ((T — 71),0)) (see (2.6)), integrating by parts in €2, using
that u, = 0 on I'p and that div (7 — 7,) = 0 in 2, and finally replacing (7 — 7,) by
curl(y — pp), leads to

<T ) V’€>FN - <T ) V75B>FN = _A((U>u) - (Uh’uh)’ (770))

1

— (curl(o — ¢p) - v, up +&)ry — 3 /(Uh — Vuy,) - curl(p — ¢p) . (2.35)
Q

Therefore, using the boundedness of A for the first term on the right hand side of

(2.35), proceeding as in (2.25) for the third one, and then applying the upper bounds

provided by (2.28), (2.29), and (2.30), we conclude that

1/2
(T v,Ory — (T V. §)rwl <C { H(o’—o'h,u—uh)H%{ + Z ﬁ%} ] (2.36)

|7 HH(div Q) TET,

where

it = iy = b |f + diveulfemy — b2 [IVun — onll e .

with 7% given by (2.22). In this way, (2.34), (2.36), and the a posteriori error estimate for
(o — o, u — up)||;m (cf. Theorem 2.4.2) complete the proof. O

Consequently, the reliability of the a posteriori error estimate, which is given by the

upper bound in (2.18), follows directly from Theorems 2.4.2 and 2.4.3.

2.4.3 Efficiency of the a posteriori error estimate

In this subsection we follow the approach from [35] (see also [38]) to derive the lower
bound in (2.18), which shows the efficiency of the a posteriori error estimate. We first

recall from [49] that given kK € N, T" € 7, and e € E(T), there exists an extension
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operator L : C(e) — C(T) that satisfies L(p) € Py(T) and L(p)|l. = p ¥p € Py(e).
In addition, we define w, := U{T" € 7T;, : e € E(T")} and let ¢y and 1, be te usual
triangle-bubble and edge-bubble functions, respectively (see (1.5) and (1.6) in [50]), which
satisfy supp(¢r) C T, ¢y € P3(T), vr = 0on 0T, 0 < ¢y < 1in T, supp(¢e) C we,
Ye|lr € Po(T) VT C w,, e = 0 on 9T \e, and 0 < 1), < 1 in w,. Additional properties of

Ur, Ve, and L are collected in the following lemma.

Lemma 2.4.4 There exist positive constants ci, co, c3 and ¢y, depending only on k and

the shape of the triangles, such that for all g € Pr(T) and p € Py(e), there hold

[ dllZemy < lalZzeq) < CIHw;/QqH%Q(T)? (2.37)

e L) 1720y < P72y < c2 102 plF2e (2.38)

Cy he HPH%%) < H?ﬁi/z L(P)H%?(T) < czhe HpH%Q(e) : (2.39)

Proof. See Lemma 4.1 in [49]. O
For the first term in (2.19) we use that dive = — f in Q and write

S+ vy = div (o — o) [ (2.40)

TET,

The corresponding estimate for the second term is also easily obtained. In fact, adding

and substracting o = Vu, we get
W IVun—onliacrye < CIVu—anlfaaye < C {Ju=wnling + o = onlfiaeys |
whence

Z h% ||Vuh - Uh||[2L2(T)]2 < O{ |U — uh|%{l(ﬂ) + ||0' - a'hH[QL?(Q)}? } . (241)
TETh

The third term in (2.19) is bounded next.

Lemma 2.4.5 There exists C' > 0, independent of h and h, such that

>

e€E,(I'n)

2

dtr dtr

<C{ — &2 — w2 } 2.42
o SOl Gl e} 02
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d d&;
Proof. Let us define v, := # + dt& one € E,(Cy). Then, using that u = — & on 'y,
T T

d d
we can write v. = — (up, —u) + — (& — &) on e. Hence, applying (2.38), we obtain
N dtr dtr

that

d d
he el < cl{he <weve, E(uh—u>> th, <weve, E(a;—s)k } (2.13)

We now define the function ¢ := h, v, on each e € E,(I'y), and introduce the
r - ;= r
1 on Iy and ¢ — {éh 19 on I'y

€

. Since ¢ and

0 on I'p 0 on I'p

trivial extensions zﬁ = {
(& — &) belong to HééQ(FN), it follows that ¢ and € lie in HY2(T") and that ||Q&||H1/2(F)
and ||€|| /2y are equivalent to H@Z)HHééz(rN) and ||&;, — €HH01(<2(FN)7 resyiectively.

Thus, applying the inverse inequality to the piecewise polynomial 1), using the bound-
edness of the tangential derivative, noting that 0 <, <1, h, < h, and that up =u =10

on I'p, and employing the usual trace Theorem, we deduce that

d - d : d
> (b ge-0) = (o=} < Wl |-
GGEh(FN) T € T r T Hﬁl/Q(F)
1/2
< Ch'P? HdHL?(F) ||“—Uh||H1/2(r) < Z he ||Ue||%2(e) ||U_“hHH1(Q)‘
ecEn(IN)
(2.44)

Proceeding similarly as for the above estimate (see also proof of Lemma 5.7 in [35]),
using now the extension f , we find that there exists C' > 0, independent of i and h, such
that

1/2
d 2
Z he /ewe Ve E(éﬁ _€> < C Z he HveHLQ(e) Héﬁ‘f“%f(pm : (245)
e€En(I'N) e€Ep(I'N)
Therefore, (2.42) is a consequence of (2.43), (2.44), and (2.45). O

The following technical lemma is needed to bound the fourth and fifth terms in (2.19).

Lemma 2.4.6 There exists ¢ > 0, independent of h and lNz, such that for each e € Ej,
there holds
he [ Jel(on = Vun) - tr]l720) < cllon = Vunl[Pp e » (2.46)

J[(O’h — Vuh) . tT] zfe < Eh(Q)

where J.[(o) — Vuy) - tr] = { (o, — Vuy) - t ife € Ey(T)
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Proof. We adapt the proof of Lemma 6.2 in [24]. To this end we first define the function
ve = Jo[(6h — Vuy) - tr] on each e € Ej. Then, (2.38) and the fact that L(v.) = v, on
e, yield

cr lvellZe < Nee?vellZeg) = /weL(Ue) Jel(on = Vun) - tr]. (2.47)

Now, integrating by parts on each triangle 7' C w,, noting that curl(ej, — Vuy) = 0 in ,
and employing Cauchy-Schwarz’s inequality, we find that

/ o L(v) (o — Vup) - tr] = / curl(th, L(v.)) - (o — Vun)

< || curl(we L(“e))H[L?(we)P ||0’h — vuhH[Ip(we)P . (248)

On the other hand, applying the local inverse inequality to the polynomial 1, L(v.) (see

Theorem 3.2.6 in [26]), and using the estimate (2.39), and the fact that 0 < we? <1, we

deduce that

| curl(z. L(Ufi))||[L2(we)}2 = [te L(Ue)|H1(we) < Che_l [%be L(U6)||L2(we)

< e G Loz < chi Y ol (2.9
Finally, (2.46) follows from (2.47), (2.48), and (2.49). O

As a direct consequence of Lemma 2.4.6, noting that the number of triangles of each
w, is at most 2, and adding and substracting & = Vu on the right hand side of (2.46),
we deduce now that there exists C' > 0, independent of h and i~z, such that

S helll(on — Vun) o]l < C {ua T uhr%p(m} C(250)
EEEh(Q)

and

Z he H(O’h - Vuh) ‘tTH%Q(e) < C {HO’ — Uh“[2[,2(ﬂ)]2 + |u - uhﬁp(g)} . (2.51)

eGEh (F)

In order to bound the last term in (2.19) we recall the following result from [35].

Lemma 2.4.7 There exists ¢ > 0, independent of b and h, such that

og[L4CiTw)] S e lg—onr g < c{y|a_ahy|[2L2(m]2+h2Hdw(a_ah)H;(m}.

e€Ep(I'n)
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Proof. See Lemma 5.9 and equation (5.25) in [35]. O

It follows easily from the previous lemma that

log[l + C(TN)] Y hellg —on-vliae < Cllo = onlliavae - (2.52)

CEEh (FN)

Finally, the efficiency estimate of the a posteriori error estimate is a straightforward
consequence of (2.40), (2.41), (2.42), (2.50), (2.51) and (2.52).

2.5 A Ritz projection based a posteriori error anal-
ysis

In this section we introduce and analyze a second reliable a posteriori error estimate
for our boundary value problem. To this end, we now define the Ritz projection of the

error with respect to the inner product of H, as the unique (&,u) € H such that
<(6-7 ﬂ)? (7-7 U)>H = A((J_Ufw U_uh)> (Tv U)) + B((Tv U)v g_fﬁ) v (Tv U) €H, (253)

where ((a,4),(T,v))u = (0, T)H@iv:) + (TV)u1(), and (-, ) gaiv;e) and (-, ) m1(o)
denote the usual inner products of H(div;€) and H'(f2), respectively. The existence and
uniqueness of (&,u) is guaranteed by the fact that the right hand side of (2.53) is a

linear and bounded functional on H. The following lemma provides an upper bound for

(e, @)|m.
Lemma 2.5.1 There ezists C' > 0, independent of h and h, such that
(&, a)|& < C { ||f+diV‘7h||2L2(Q) + Ho'h—VUh||[2L2(Q)}2 + Huh+§h||2%2(m)}- (2.54)
Proof. We see from the first equation in (2.5) that
A((e,u), (T,v)) + B((T,v),§) = F(7,v),
and thus (2.53) reduces to
(,a),(T,v))m = F(r,v) — A((oh,un), (1,v)) — B((T,v),&;) V(r,v) € H. (2.55)

It follows, according to the definitions of A, B, and F' (cf. (2.6), (2.7), (2.8)), that
(2.55) is equivalent to

(G, T @) = FA(T) VY7 eH(div;Q), (2.56)
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and
<ﬂ, U>H1(Q) = FQ(U) Vv e H%D (Q) , (257)

where F) and F), are the linear and bounded functionals defined by

Fi(r) = — /Q(f+divah)div7-—/

1
O'h‘T_/ up div T — _/ (Vup—op) T —(1v,&)ry
Q Q 2 Ja

(2.58)
and
1
Fy(v) = / (f+divep)v — 5 / (Vup, — o) - Vo. (2.59)
Q Q
In addition, integrating by parts / uyp, div 7, we observe that F) simplifies to
Q
1
Fi(T) = — /(f +divey)divr — 5/(011 —Vup) - —(T-v,up +&)ry - (2.60)
Q Q

Finally, it is clear from the formulations (2.56) and (2.57) that ||& || g(aiv.0) = || Fill (#(div )y
and [|a| i) = [[F2llan )y, whence (2.60) and (2.59) yield, respectively,
D

11 oy < ¢ {17 +divonliag + llow = Vunlfzape + lun+ &2

and
laley < e {If +divouliag + low— Vunlfzqye | -

This provides the required estimate and completes the proof. a

The following theorem establishes a reliable and efficient quasi-local a posteriori error
estimate 0 for our augmented mixed finite element scheme. It makes use of the continuous
dependence result given by (2.10) (cf. Theorem 2.2.1), the Ritz projection (&, @), and the
associated upper bound provided by Lemma 2.5.1. The name quasi-local refers to the fact
that one of the terms defining 6 can not be decomposed into local quantities associated
to each triangle T € 7}, (unless it is either conveniently bounded or previously modified,

as we will see below).

Theorem 2.5.1 Let ((o,u),€&) € H x Q and ((on,upn),&;) € Hy x Q; be the unique
solutions of the continuous and discrete formulations (2.5) and (2.17), respectively. Then,

there exist positive constants é’eff, é’rel, independent of h and iz, such that

~ ~2 2

C’eff 0 S ||((0' —Op, U — uh)>£ - Sﬁ)”%—le S Cerel é ) (261)
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0’ . ;2 12
where 0 = TEZT 07 + |lun +§hHH3(§2(FN)’ and for each T € T, we define
h

B o= | fdiv oo + lon—Vunlfap +loall+CRTN)] Y hella—onrvag
e€E(T)NE(Tx)

Proof. It is not difficult to see that the first inequality in the continuous dependence

result given by (2.10) constitutes a global inf-sup condition for the linear operator arising

after adding the two equations of the variational formulation (2.5). Then, applying this

estimate to the error ((o0 — o, u — up),§ — &) € H, and using the definition of the Ritz

projection (cf. (2.53)), we find that

(o = onu = un), € = &) llmxq

Ao —op,u—up), (T,0)) + B((T,v),{ =¢&;,) + B((o —op,u—up),\)

< sup

C (ToNeHxQ 1((r0), Mllrxe
((T,v),\)#£0
— C sup <(6',a),(T,U>>H + <g—0'h'l/,/\>FN
(T ) NEHXQ 1((7,2), Mlaxe ’
(T ), \)#0

which yields

(@ = nu—wm) e~ kg < C{I@ DA + lg—0on vy apy ) (262

In this way, the reliability of @, which is given by the right hand side of (2.61), follows
from the upper bound (2.54) for the Ritz projection, together with the estimates (2.32)
and (2.33) bounding the Neumann residual.

Now, for the efficiency of @ we proceed as follow. The terms defining é% are bounded
as in (2.40), (2.41), and (2.52), which gives

S8 < c{lu— g + llo - oalian |- (2.63)
TeT
whereas for the second term defining 6 we add and substract ¢ = —u|ry, and then

apply the trace theorem, to obtain:

hun + &l 0y < C{llu—wnldng + 16— Gl2uee, |- (264)

In this way, (2.63) and (2.64) imply the left hand side of (2.61) and finish the proof.
O
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At this point we remark that the eventual use of 0 in an adaptive algorithm solving
(2.17) would be discouraged by the non-local character of the expression ||uh—|—§;L||iIé )’
In order to circumvent this, as mentioned before, we now apply an interpolation argument
and replace this term by a suitable upper bound, which yields a reliable and fully local a

posteriori error estimate.

Theorem 2.5.2 There exists a positive constant é’rel, independent of h and }Nl, such that

2

(0 = ot —un) & = &)llfrxg < Cear 0, (2.65)
where 92 = Z é%, and for each T € T}, we define
TeTy,
07 = ”f—l—diVUhH%Q(T) + [lon — VUhH[QL?(T)}? + Z ||Uh+§h||§{1(e)
eEE(T)ﬂEh(FN)

+ logl+ G Y hellg—onvliag -
eEE(T)ﬁEh(FN)
Proof. Since Hy)*(T'y) is the interpolation space with index 1/2 between HY(T'y) and
L*(T'y), there holds

[[un + 5;1“2352(FN) <C {Huh + &Gillr2n) [un + & lm g }

<C ||Uh+§ﬁ||%rl(r]v) =C Z ||uh+€ﬁ||%ll(e)'
e€En(I'N)

This estimate and the upper bound in (2.61) provide (2.65) and complete the proof. O

On the other hand, we now deal differently with the original expression of the func-
tional F} in (2.58) and derive an alternative upper bound for the Ritz projection, which

can be entirely decomposed into local terms. More precisely, we have the following result.

Lemma 2.5.2 Let uy, be the unique function in a Lagrange finite element subspace Xy,
of Hy (Q) such that up(x) = un(x) for each node x € QUTp, and up(x) = —&;(x) for
each node x € I'y. Then, there exists C' > 0, independent of h and h, such that

l@lE < ¢ {If+divonlig + low— Tunlfay: 266)
+ ||Uh—V@h||[2L2(Q)]2 + ||Uh—ah||%2(m + ||@h+§ﬁ||§{éé2(m)}~
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Proof. Adding and substrating @, in the term / up, div 7 appearing in the definition of
Q

the functional F (cf. (2.58)), and then integrating by parts / ap, div T, gives
Q

Fi(T) 3:—/Q(f+divah)div7- +/

(Vﬂh—dh)"r— /(uh—ﬂh)di\/‘r
Q

Q

1
— 5/(Vuh—0'h)-7' —(T-v,up+&)ry V7 e H(div; Q).
Q

The rest of the proof proceeds as in Lemma 2.5.1 bounding now || F1||giy.qy from the

above expression. We omit further details. a

At first glance, the new upper bound (2.66) looks more complicated than (2.54) and yet

. Nevertheless, the
(T'n)

fact that the function uy 4 & now vanishes at the nodes of I'y (which was not necessarily

the case with uy) allows us to estimate its H&éQ(F ~)-norm in terms of L?-local norms on

it does not get rid, apparently, of the non-local term ||@;, + 5,;“21 /2
00

the edges of T'y. More precisely, according to Theorem 1 in [23], there holds

2

di, S

_ 112 -
I+ €illhapoeyy < Clogll+ CuTW)] 30 he ||+ oot

e€Ep(I'n)

. (2.67)

L (e)

where  Ch(I'y) := magc{l‘gj‘| o li—gl=1, 4,5 €{1, ,n}} and {I'y, 'y, ..., } is the
partition on I'y induced by 7j,.

In addition, in the particular case in which the finite element subspace X} is given
by (2.16), we easily deduce that @, + &; vanishes identically on I'y. Indeed, since each
edge T'; is contained in an edge fj and the end points of each f‘j are nodes of 7, the
above statement follows from the fact that @; (cf. (2.14)) is also piecewise linear on the
independent partition {f‘l, s f‘m} of I'y.

On the other hand, since uj, = @, on each T' € 7, not touching the Neumann boundary
Ty, we see that ||uy, —tp|| z2(r) vanishes and [|o), — V|72 1y becomes (o — Vg |21y
on these triangles. This property of the auxiliary function u; induces the definition of the

following parameter associated to each T' € 7y:

{ 1 if 9TNTy # ¢,

K(T) = (2.68)

0 otherwise .

Consequently, we are now in a position to establish a reliable and quasi-efficient fully
local a posteriori error estimate. Here, the quasi-efficiency refers to the extra term ap-

pearing below on the right hand side of (2.70).
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Theorem 2.5.3 There exist positive constants Cre1, Cess, independent of h and iz, such

that
(o —onu—un), & = &)fixg < Crar 67, (2.69)
and
Cats 0 < (0 —onu—un), & = &) heo + Y #(T) [lu— @3 (2.70)
TeT,

where  0* = Z 02, and for each T € T;, we define

TeTh

||f + div Uh“L? + ||0'h - VUhH[Lz(T)]z + li( ) ”Uh - VﬂhH[QLz(T)]z

+ &(T) un = anllegry + gL+ Co(CN)] D hellg —on-vliag

eEE(T)ﬁEh(FN)
du, — de& ||?
+ log[1 + C(I'y)] Z he # dt& .
€ E(T)NEx(Ty) T T1lL2(e)

In particular, if the finite element subspace X}, is given by (2.16), 02 simplifies to

= If +divonlliam + lon = Vunllizye + 5(T) lon = V|l

2.71
+ K(T) lun = @l fagry + logl+Co(TN)] D hellg—on-vllia - .
e€E(T)NE(Ty)
Proof. The reliability of € follows easily from (2.62), the estimate for the Neumann
residual given by (2.32) and (2.33), the upper bound for the Ritz projection provided by
Lemma 2.5.2, and the previous analysis yielding (2.67) and (2.68).
On the other hand, for the quasi-efficiency we first observe, after adding and sub-
strating & = Vu in the second and third term defining @7, and w in the fourth one,
that

I +divoulZacey + lon = FunlByarys + w(T) o = VanlBagrys + (T) i — mn2acr

< C{llo = oullianay + lu—wlln, + AT) Ju=line | (272)

Next, we know from (2.52) that

log[l + CR(Tn)] > hellg—on-vlize < Cllo = oulliiama (2.73)
e€Ep(I'N)



34

and applying the same arguments of Lemma 2.4.5 we find that

duy, dfﬁ
dty | dbr

2

log[1 + Cy(T'n)] Z he

e€Ep(I'n)

< O{l6 = &allZ ey, + lu—nlline }

(2.74)
In this way, (2.70) is a straightforward consequence of (2.72), (2.73), and (2.74). O

L2 (e)

2.6 Numerical results

In this section we present several examples illustrating the perfomance of the aug-
mented mixed finite element method (2.17) and the associated adaptive algorithms using
the a-posteriori error estimates n and 6 (cf. Theorems 2.4.1 and 2.5.3). All the numerical
results given below were obtained in a Compaq Alpha ES40 Parallel Computer using a
Fortran 90 code. The nonsymmetric scheme (2.17) is solved by using a LU factorization
method for sparse matrices. In addition, the errors on each triangle are calculated using
a 7 points quadrature rule (see p. 314 in [48]).

We begin with some further notations. In what follows, N denotes the number of
degrees of freedom defining the subspaces H;, and @);, that is N:= number of edges of
75, + number of nodes in (2 —T'p) + (m — 1). We recall here that {T'y, Ty, ..., T, } is the
independent partition of I'y, and, according to the stability condition required in Theorem
2.3.1, we now set a vertex of it every two vertices of the partition on I'y inherited from
Th.

On the other hand, the individual and total errors are defined by

e(o) == [lo —onlln@va), eo(u) = [u—unlzq), ei(u):=[u—ulmaq,

e(u) = llu— il . ) = I~ &illurgen,
and
e:={le() + ()]’ + ()"}
where ((o,u),€) € Hx Q and ((o, up), &) € Hy x Q5 are the unique solutions of (2.5)

and (2.17), respectively. In addition, we introduce the experimental rates of convergence

oy o lBel0)/0)) | oglen(u/feb(u) o log(enw)/e](u)
= e T Togamy 0 YT T gt
logle(/ew) . log(e(©)/e() _ logle/e)

= Py MO Tlegliy MO gy
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where e(-) and €/(-) (resp. e and €' or e;(u) and e(u), j € {0, 1}) denote the corresponding
errors at two consecutive triangulations with mesh sizes h and h’, respectively.

We first illustrate the performance of our augmented mixed finite element method
(2.17) when a uniform refinement is employed. To this end, we consider three examples
of boundary value problems with smooth solutions on the square  :=]0, 1[? with I'p :=
[0,1] x {0} U {0} x [0,1] and T'y := I' —T'p. We chose the data f and g so that the exact
solutions are given by
. . 9 2 s
w(x) = sin(zy) sin(xg), w(x) := xy 2o sin(z] +23), and wu(x) = P
for each x = (x1,22) € Q, in the Examples 1, 2, and 3, respectively. In Tables 6.1
throughout 6.3 we provide the individual errors, the total error, and the experimental
rates of convergence on a sequence of uniform meshes. Given a coarse uniform initial
triangulation, each subsequent mesh is obtained from the previous one by dividing each
triangle into the four ones arising when connecting the midpoints of its sides. We observe
that the rate of convergence O(h) predicted by Theorem 2.3.2 (when r = 1) is attained
in all the examples, which confirms the a priori error estimate provided by that theorem.
Moreover, we also notice a quadratic order of convergence for the error eg(u), whose

theoretical proof should follow from usual duality arguments.

We now show the performance of the associated adaptive algorithms using the a-

posteriori error estimates m and 6. In this case, the experimental rate of convergence

' o log(e/¢)
r(e) is defined by r(e) := —2 W

consecutive triangulations with N and N’ degrees of freedom, respectively. In addition,

, where e and €’ denote the total errors at two

the mesh refinement process follows a standard approach from [50], which considers a

parameter v € (0,1) and reads as follows:
1. Start with a coarse mesh 7},.
2. Solve the discrete problem (2.17) for the actual mesh 7.
3. Compute nr (0r) for each triangle T' € 7},.
4. Evaluate stopping criterion and decide to finish or go to next step.

5. Use blue-green procedure to refine each 7" € 7;, whose indicator ny (67+) is greater

than or equal to 7 times the maximum value of the indicators nr (07), T € 7y,
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6. Define resulting mesh as actual mesh 7, and go to step 2.

The examples to be considered for the adaptive algorithms are described as follows. In
Example 4 we take Q :=]0, 12, with Tp := [0,1] x {0} U {0} x [0,1] and T'y := T'—T'p,
and chose the data f and ¢ so that the exact solution is

T1X2
(.Tl — 1)2 + (1‘2 - 1)2 + 0.01

u(x) = Vx = (r1,29) € Q.

We observe that u vanishes at I'p and has a boundary layer around the point (1, 1).
Next, in Example 5 we consider the L-shaped domain Q :=] — 1,1[*—[0,1]?, with
I'p :=[0,1] x {0} U {0} x [0,1] and Ty := ' — I'p, and chose the data f and g so that

the exact solution, in polar coordinates (r,), is given by

Y (r,9) € Q.

u(r,9) == r¥? sin (219 — 7T)

3
It is easy to see that u vanishes at I'p, which holds for ¥ = 7/2 and ¥ = 2. In addition,
because of the power of r, the partial derivatives of u are singular at the origin. According
to this singularity, Theorem 2.3.2 yields a rate of convergence of O(h?/3) for the augmented
mixed finite element scheme (2.17).

In Tables 6.4 throughout 6.7 we provide the errors for each unknown, the total error,
the experimental rates of convergence, the a posteriori error estimates 1 and 6, and the
corresponding effectivity indices e/n and e/ for the uniform and adaptive refinements.
We use v = 0.5 and v = 0.3 for Examples 4 and 5, respectively. We observe here that
the indices e/n and e/6 remain always bounded above and below, which confirms the
reliability of i and 0, and the efficiency of 1. Moreover, this fact provides also numerical
evidences for the eventual efficiency of 8. Next, Figures 6.1 and 6.4 show e versus the
degrees of freedom N. As expected, the total error e of each adaptive algorithm decreases
much faster than that of the uniform one. This property is particularly notorious in
Example 5 where the experimental rates of convergence of the adaptive algorithms (see
Table 6.7) recover the quasi-optimal order h, thus improving the rate 2/3 obtained with
the uniform refinement (see Table 6.6). Finally, Figures 6.2, 6.3, 6.5, and 6.6 display some
intermediate meshes obtained with the adaptive refinements. It is important to verify that
both algorithms are able to recognize the singularities of the solution u. In particular, this
is observed in Example 4 (cf. Figures 6.2 and 6.3) where the adapted meshes are highly
refined around (1,1). Similarly, the adapted meshes obtained in Example 5 (cf. Figures
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6.5 and 6.6) concentrate the corresponding refinements around the origin. In addition, we
notice in Example 5 (see Figure 6.6) that the adaptive algorithm based on @ also tends
to slightly refine in a neighborhood of the Neumann boundary, which should be explained
by the terms £(T) |lo — Vap |2 (py2 and &(T) [|up — n|72 ) appearing in the definition
of the local indicator Oy (cf. (2.71)). However, this effect is not observed explicitly in
Example 4 (see Figure 6.3) since the point (1,1) (around which the boundary layer holds)

lies precisely on the Neumann boundary of the problem.

Table 6.1: Individual errors, total errors, and experimental rates

of convergence for a sequence of uniform refinements (Example 1).

h eo(u) ro(u) e (u) ri(u) e(u) r(u)
0.5190E+0  0.5623E-1 —  0.2081E4+0 ——  0.2155E+0 ——
0.2595E+0 0.1321E-1 2.0897 0.7601E-1 1.4530 0.7714E-1 1.4821
0.1297E+0 0.3191E-2 2.0484 0.3312E-1 1.1978 0.3327E-1 1.2125
0.6488E-1  0.7880E-3 2.0190 0.1581E-1 1.0675 0.1583E-1 1.0722
0.3244E-1  0.1961E-3 2.0066 0.7801E-2 1.0191 0.7803E-2 1.0205
0.1622E-1  0.4897E-4 2.0016 0.3885E-2 1.0057 0.3885E-2 1.0061
0.8110E-2  0.1252E-4 19676 0.1941E-2 1.0011 0.1940E-2 1.0018

h o@) o) e 16 e 1
0.5190E+0 0.2519E40 —  0.2834E+0 —— 0.4362E40 ——
0.2595E+0 0.9847E-1 1.3550 0.9987E-1 1.5047 0.1601E+0 1.4460
0.1297E+0 0.4490E-1 1.1323 0.4108E-1 1.2809 0.6936E-1 1.2061
0.6488E-1  0.2178E-1 1.0444 0.1859E-1 1.1446 0.3273E-1 1.0842
0.3244E-1  0.1079E-1 1.0133 0.8786E-2 1.0812 0.1595E-1 1.0370
0.1622E-1  0.5386E-2 1.0024 0.4234E-2 1.0531 0.7876E-2 1.0180
0.8110E-2  0.2691E-2 1.0010 0.2081E-2 1.0247 0.3916E-2 1.0080
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Table 6.2: Individual errors, total errors, and experimental rates

of convergence for a sequence of uniform refinements (Example 2).

h eo(u) ro(u) e (u) ri(u) e(u) r(u)
0.5190E+0 0.2715E4+0 —  0.6502E+0 —— 0.7946E4+0 ——
0.2595E+0 0.7662E-1 1.8251 0.3029E+0 1.1020 0.3125E+0 1.3463
0.1297E+0 0.1826E-1 2.0678 0.1109E4+0 1.4487 0.1124E+0 1.4743
0.6488E-1  0.4417E-2 2.0489 0.4202E-1 1.4365 0.4225E-1 1.4125
0.3244E-1  0.1089E-2 2.0201 0.1785E-1 1.2351 0.1789E-1 1.2398
0.1622E-1  0.2709E-3  2.0072 0.8334E-2 1.0988 0.8338E-2 1.1013
0.8110E-2  0.6876E-4 1.9781 0.4069E-2 1.0343 0.4070E-2 1.0346

h o) o) el§) () e (e
0.5190E+0 0.1520E4+1 —  0.8945E+0 —— 0.1899E+1 ——+
0.2595E+0 0.7674E40 0.9860 0.4095E+0 1.1272 0.9243E40 1.0388
0.1297E+0 0.3583E+0 1.0982 0.1504E+0 1.4442 0.4045E+0 1.1915
0.6488E-1 0.1724E+0 1.0561 0.5657E-1 1.4116 0.1863E+0 1.1193
0.3244E-1  0.8503E-1 1.0197 0.2290E-1 1.3046 0.8986E-1 1.0519
0.1622E-1  0.4232E-1 1.0066 0.1009E-1 1.1824 0.4430E-1 1.0203
0.8110E-2  0.2135E-1 0.9871 0.4811E-2 1.0685 0.2205E-1 1.0065
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Table 6.3: Individual errors, total errors, and experimental rates

of convergence for a sequence of uniform refinements (Example 3).

h eo(u) ro(u) e (u) ri(u) e(u) r(u)
0.5190E+0  0.5994E-1 —  0.1489E4+0 —— 0.1606E+0 ——
0.2595E+0 0.1244E-1 2.2685 0.4699E-1 1.6639 0.4861E-1 1.7241
0.1297E+0 0.2956E-2 2.0721 0.1579E-1 1.5724 0.1606E-1 1.5968
0.6488E-1  0.7229E-3 2.0331 0.6021E-2 1.3918 0.6064E-2 1.4060
0.3244E-1  0.1793E-3 2.0114 0.2650E-2 1.1840 0.2656E-2 1.1910
0.1622E-1  0.4472E-4 2.0033 0.1266E-2 1.0657 0.1266E-2 1.0689
0.8110E-2  0.8827E-5 2.3409 0.6237E-3 1.0213 0.6238E-3 1.0211

h o) o)  el6) () e 1)
0.5190E+0 0.1609E40 —  0.1751E+0 —— 0.2869E4+0 ——
0.2595E+0 0.5859E-1 1.4574 0.6883E-1 1.3470 0.1026E+0 1.4835
0.1297E+0 0.1881E-1 1.6382 0.2188E-1 1.6525 0.3302E-1 1.6347
0.6488E-1  0.7023E-2 1.4222 0.7924E-2 1.4662 0.1220E-1 1.4374
0.3244E-1  0.3062E-2 1.1976 0.3285E-2 1.2703 0.5218E-2 1.2253
0.1622E-1  0.1459E-2  1.0694 0.1484E-2 1.1464 0.2436E-2 1.0989
0.8110E-2  0.7186E-3 1.0217 0.7162E-3 1.0510 0.1191E-2 1.0323

Table 6.4: Individual errors, total errors, experimental rates of convergence, a posteriori

error estimates, and effectivity indices for the uniform refinement (Example 4).

N elw)  elo) el e re) n  _en 6 8

33 0.86E+2 0.14E+3 0.11E+2 0.20E+3 — 0.17E+3 1.182 0.15E+3 1.282
123 0.94E+2 0.12E+4 0.11E+3 0.12E+4 — 0.12E+4 1.007 0.12E+4 1.008
471 0.26E+2 0.11E+4 0.45E+2 0.11E+4 0.171 0.11E4+4 0.998 0.10E+4 1.000
1839 0.19E4+2 0.51E4+3 0.26E+2 0.51E+3 1.097 0.51E4+3 0.992 0.51E4+3 0.999
7263 0.93E+1 0.24E+4+3 0.14E+2 0.24E+3 1.069 0.25E+3 0.990 0.25E+3 0.999
28863 0.45E+1 0.12E+3 0.68E+1 0.12E+3 0.999 0.12E+3 0.991 0.12E+3 1.000

115071 0.22E+1 0.61E+2 0.32E+1 0.61E+2 1.001 0.62E+2 0.992 0.61E+2 1.001
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Table 6.5: Individual errors, total errors, experimental rates of convergence, a

posteriori error estimates, and effectivity indices for the corresponding adaptive

refinements (Example 4).

N ew)  elo) e e 1) n_ en
33 0.862E+2 0.139E+3 0.107E+3 0.195E+3 —— 0.165E+3 1.1824
53  0.114E+3 0.120E+4 0.127E+3 0.121E+4 —— 0.120E+4 1.0115
79  0.251E+2 0.107TE+4 0.436E+2 0.108E+4 0.5968 0.108E+4 0.9976
107 0.235E+4+2 0.512E+4+3 0.447E+2 0.514E43 4.8641 0.519E43 0.9901
133 0.221E+4+2 0.267E+43 0.390E+4+2 0.271E4+3 5.8820 0.279E+43 0.9703
297  0.133E+2 0.145E+3 0.222E+2 0.147E+3 1.5169 0.151E+3 0.9741
746 0.987E+1 0.804E+2 0.163E+2 0.826E+2 1.2576 0.873E+2 0.9461
1102 0.758E+1 0.693E+2 0.114E+2 0.707E+2 0.8003 0.734E+2 0.9623
2731  0.486E+1 0.399E+2 0.770E+1 0.409E+2 1.2016 0.431E+4+2 0.9494
4691 0.326E+1 0.335E+2 0.468E+1 0.340E+2 0.6863 0.353E+2 0.9631
10592 0.250E+1 0.203E+2 0.348E+1 0.207E+2 1.2152 0.219E+2 0.9471
19711 0.166E+1 0.162E+2 0.226E+1 0.165E+2 0.7423 0.172E+2 0.9562
42671 0.125E+1 0.101E+4+2 0.161E4+1 0.104E42 1.2029 0.110E42 0.9406
N e(u) e(o) e(§) e r(e) 0 e/0
33  0.862E+2 0.139E4+3 0.107E+2 0.195E+3 —— 0.152E+3 1.2821
53  0.114E+3 0.120E+4 0.127E+3 0.121E+4 —— 0.119E+4 1.0125
79  0.251E+2 0.107E+4 0.436E+2 0.108E+4 0.5968 0.107E+4 0.9999
107 0.235E+2 0.512E+3 0.447E+2 0.514E+3 4.8641 0.514E+3 0.9988
133 0.221E+4+2 0.267E+4+3 0.390E+2 0.271E43 5.8820 0.273E43 0.9921
297  0.133E+2 0.145E+3 0.222E+2 0.147E+3 1.5169 0.147E+3 0.9978
649  0.124E+2 0.845E+2 0.209E+2 0.879E+2 1.3217 0.895E+2 0.9812
1140 0.775E+1 0.671E4+2 0.112E4+2 0.685E+2 0.8875 0.685E+2 0.9995
2605 0.551E+1 0.403E+2 0.864E+1 0.416E+2 1.2092 0.414E+4+2 1.0016
4939 0.384E+1 0.310E+2 0.566E+1 0.317TE+2 0.8419 0.317TE+2 0.9986
10486 0.279E+1 0.201E+2 0.379E+1 0.207E+2 1.1393 0.205E+2 1.0045
19592 0.194E+1 0.156E+2 0.255E+1 0.160E+2 0.8294 0.158E+2 1.0044
40545 0.144E+4+1 0.103E+4+2 0.185E+1 0.1056E+4+2 1.1444 0.104E42 1.0066
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Figure 6.1: e vs. N for the uniform and adaptive refinements (Example 4).

Figure 6.2: Adapted intermediate meshes with 2731 and 42671 degrees

of freedom for the adaptive refinement based on n (Example 4).
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Figure 6.3: Adapted intermediate meshes with 2605 and 40545 degrees

of freedom for the adaptive refinement based on 6 (Example 4).

Table 6.6: Individual errors, total errors, experimental rates of convergence, a posteriori

error estimates, and effectivity indices for the uniform refinement (Example 5).

N ew)  el@) e e re) m  en 6 ¢
65 0.30E+0 0.28E4+0 0.36E+0 0.55E+0 — 0.94E+0 0.585 0.49E+0 1.123
227 0.18E4+0 0.18E4+0 0.21E4+0 0.34E4+0 0.767 0.66E+0 0.519 0.28E4+0 1.196
839 0.12E4+0 0.11E40 0.13E4+0 0.21E40 0.703 0.43E+0 0.498 0.17E40 1.207

3215 0.77E-1 0.76E-1 0.83E-1 0.13E+0 0.683 0.28E4+0 0.487 0.11E+0 1.205

12575  0.49E-1 0.48E-1 0.51E-1 0.86E-1 0.675 0.18E+0 0.481 0.71E-1 1.202

49727  0.31E-1 0.30E-1 0.32E-1 0.54E-1 0.671 0.11E+0 0.477 0.45E-1 1.199
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Table 6.7: Individual errors, total errors, experimental rates of convergence, a

posteriori error estimates, and effectivity indices for the corresponding adaptive

refinements (Example 5).

N ew)  elo) e e 19 m en
65  0.305E+0 0.288E+0 0.360E4+0 0.554E+0 —— 0.947E40 0.5845
196  0.194E+0 0.188E+0 0.232E4+0 0.357E+0 0.7962 0.662E40 0.5385
292 0.141E+0 0.138E+0 0.171E40 0.261E+0 1.5618 0.487E+0 0.5364
407 0.112E4+0 0.110E4+0 0.138E+0 0.209E4+0 1.3353 0.391E+0 0.5354
821 0.745E-1  0.751E-1  0.894E-1 0.138E+0 1.1795 0.275E+0 0.5038
1117 0.619E-1  0.624E-1 0.744E-1  0.115E40 1.1965 0.226E+40 0.5091
1740  0.482E-1 0.478E-1 0.558E-1 0.879E-1 1.2158 0.178E+0 0.4924
3066  0.350E-1 0.353E-1  0.408E-1  0.643E-1 1.1052 0.133E+0 0.4821
4569  0.280E-1  0.280E-1  0.317E-1  0.508E-1 1.1816 0.107E+0 0.4713
7347 0.221E-1  0.220E-1 0.250E-1 0.400E-1 1.0025 0.853E-1 0.4692
11772 0.171E-1  0.171E-1 0.193E-1 0.310E-1  1.0877 0.669E-1 0.4630
18062 0.138E-1  0.137E-1  0.152E-1  0.247E-1 1.0519 0.542E-1 0.4566
29069 0.110E-1  0.108E-1 0.121E-1 0.196E-1 0.9655 0.430E-1 0.4570
N e(u) e(o) e(§) e r(e) 0 e/0
65  0.305E+0 0.288E+0 0.3609E+0 0.554E+0 —— 0.493E4+0 1.1232
218  0.190E+0 0.186E+0 0.2222E+0 0.346E+0 0.7733 0.289E+0 1.1998
278  0.140E+0 0.138E+0 0.1635E+0 0.256E+0 2.4982 0.219E+0 1.1648
443 0.106E4+0 0.103E4+0 0.1204E4+0 0.190E4+0 1.2667 0.168E+0 1.1322
721 0.852E-1 0.834E-1 0.9541E-1 0.152E+0 0.9098 0.126E+0 1.2032
1227 0.591E-1  0.586E-1 0.6717E-1 0.107E4+0 1.3392 0.907E-1 1.1790
1512 0.521E-1  0.520E-1  0.5788E-1  0.937E-1 1.2689 0.787E-1 1.1894
2571  0.389E-1 0.391E-1 0.4266E-1 0.697E-1 1.1118 0.574E-1 1.2146
3660 0.317E-1  0.317E-1  0.3481E-1  0.568E-1 1.1607 0.468E-1 1.2129
o707  0.249E-1  0.250E-1  0.2683E-1  0.443E-1 1.1171 0.366E-1 1.2099
8721  0.201E-1 0.201E-1 0.2159E-1 0.357E-1 1.0180 0.291E-1 1.2258
13312 0.160E-1  0.162E-1  0.1722E-1  0.286E-1 1.0522 0.233E-1 1.2251
21517 0.125E-1  0.126E-1  0.1329E-1  0.222E-1 1.0527 O0.181E-1 1.2249
32613 0.101E-1  0.102E-1  0.1069E-1  0.179E-1 1.0289 0.145E-1 1.2295
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Figure 6.4: e vs. N for the uniform and adaptive refinements (Example 5).

Figure 6.5: Adapted intermediate meshes with 4569 and 29069 degrees

of freedom for the adaptive refinement based on n (Example 5).
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Figure 6.6: Adapted intermediate meshes with 3660 and 32613 degrees

of freedom for the adaptive refinement based on @ (Example 5).

Summarizing, the numerical results presented in this section constitute enough support
for the adaptive algorithms being much more efficient than a uniform discretization when

solving our augmented mixed finite element scheme.
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Chapter 3

A priori and a posteriori error
analysis of a wavelet-based
stabilization for the mixed finite

element method

We use Galerkin least-squares terms and biorthogonal wavelet bases to develop a new
stabilized dual-mixed finite element method for second order elliptic equations in diver-
gence form with Neumann boundary conditions. The approach introduces the trace of the
solution on the boundary as a new unknown that acts also as a Lagrange multiplier. We
show that the resulting stabilized dual-mixed variational formulation and the associated
discrete scheme defined with Raviart-Thomas spaces are well posed, and derive the usual
a priori error estimates and the corresponding rate of convergence. Furthermore, a reliable
and efficient residual based a-posteriori error estimator and a reliable and quasi-efficient

one are provided.

3.1 Introduction

In the recent paper [7], the a priori and a posteriori error analysis of an augmented
mixed finite element method with Lagrange multipliers, as applied to elliptic equations in
divergence form with mixed boundary conditions, is introduced and analyzed. Following

[5], the approach in [7] imposes first the essential (Neumann) boundary condition in a weak
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sense, which motivates the introduction of a further Lagrange multiplier given precisely
by the trace of the solution on the Neumann boundary. Then, the augmented scheme
is obtained by including Galerkin-least squares terms arising from the constitutive and
equilibrium equations, which, however, still yields a saddle point operator equation as the
resulting variational formulation. Hence, the classical Babuska-Brezzi theory is applied
to show that the continuous formulation and its associated Galerkin scheme defined with
Raviart-Thomas spaces are well-posed. The corresponding a priori error estimates and
rates of convergence are also derived. In addition, a reliable and efficient residual based a
posteriori error estimator and a reliable and quasi-efficient Ritz projection based one are
provided in [7]. It is important to emphasize that the application of the Babuska-Brezzi
theory to saddle point variational formulations usually restricts the possible choices of
the finite element subspaces and imposes certain assumptions on the corresponding mesh
sizes. This is particularly necessary for the verification of the discrete inf-sup conditions,

which are the main ingredients of the corresponding analysis.

The purpose of the present chapter, which is an extended and completed version of
our previous paper [9], is to modify the method from [7] so that the resulting variational
formulation becomes a bounded and elliptic operator equation. In this way, it just suf-
fices to apply the well known Lax-Milgram theorem to prove the well-posedness of the
continuous and discrete schemes, and hence no additional conditions on the subspaces
or the meshsizes are required. In order to achieve the above, we propose here to further
augment the dual-mixed formulation from [7] by incorporating the residual associated to
the boundary trace. More precisely, the new feature of our approach lies in the fact that
this boundary residual is measured in terms of the equivalent Sobolev norm of order 1/2
introduced in [12], which is computed by means of biorthogonal wavelet bases. In addi-
tion, we also develop here an a posteriori error analysis yielding a reliable and efficient
residual based estimator and a reliable and quasi-efficient one. The outline of the chapter
is as follows. In Section 3.2 we introduce the stabilized dual-mixed variational formulation
and establish its unique solvability and stability. Next, in Section 3.3 we introduce the
stabilized mixed finite element scheme and prove that it is also well-posed. We remark
here that this scheme makes use of a discrete version of the above mentioned equivalent
Sobolev norm, which arises after a suitable finite truncation of the wavelet bases. Finally,

in Section 3.4 we provide the a posteriori error analysis of our agumented scheme.

Throughout the rest of the chapter we utilize the standard terminology for Sobolev
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spaces, norms, and seminorms, and use C' and ¢, with or without subscripts, bars, tildes
or hats, to denote generic positive constants independent of the discretization parameters,

which may take different values at different places.

3.2 The stabilized dual-mixed variational formula-
tion

We first describe the model boundary value problem and introduce the corresponding
dual-mixed variational formulation. Let 2 be a simply connected and bounded domain
in R? with polygonal boundary I'. Then, given f € L%*(Q), g € H~'/%(T"), and a matrix
valued function k € C(Q), we seek u € H() such that

—div(kVu) = f in Q, kVu-v =g on T, (3.1)

where v is the unit outward normal vector to I'. We assume that x is symmetric and

uniformly positive definite, that is, there exists o > 0 such that
(k(x)z)-z>alz||* VYxeQ Vz € R?, (3.2)
which implies the following inequalities
(k' (x)z)-z>alk H(x)z]]* and [k7(x)z] < éHzH Vx e, VzeR: (3.3)
Moreover, since k € C'(Q) we deduce the existence of M > 0 such that
Ik(x) 2] < M|z]| and %qu <slx)z]| YxeQ VzeR:  (34)
which, together with the first inequality of (3.3), implies that
izl

(k™ '(x)z) 2> — 2

E Vx e, VzeR% (3.5)

In what follows, we assume that the data f and g satisfy the usual compatibility condition

f+ / g = 0. Furthermore, since the solution of (3.1) is not unique, we introduce the
Q r

additional condition / u = 0, and define the space L3(f2) := {q e L*(Q) : /q = 0}.
0 0

Next, we define the unknowns o := kVu in Qand £ := u|r on I, and proceeding in
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the usual way (see [5] for details) we arrive at the following mixed variational formulation
of (3.1): Find (o, (u,€)) € H x @ such that

alo, )+ b(T, (u,§)) = V1T eH,
3.6
e (v.) =/fv+ 0N N €Q, 20
where H := H(div;Q), Q := L(Q) x HY?(), and the bilinear forms a : H x H — R
and b: H X () — R are given by

a(,T) = /Q(rc_lQ-T and  b(T,(v,\)) = /deiv (1) — (T-v,\), (3.7)

for all ¢, 7 € H and for all (v,\) € Q. Concerning the solvability of (3.6) we have the

following result, which is a slight variation of Theorem 2.1 in [5].

Theorem 3.2.1 There exists a unique solution (o, (u,€)) € H x Q to the Problem (3.6),

and the following continuous dependence result holds

(e, (. EDllaxq < LUl z2te) + gl ey} -

Proof. It follows similarly to the proof of Theorem 2.1 in [5]. We omit further details. O

We now proceed as in [9, 12] and define an equivalent inner product in H/2(T"). To
this end, let I = U;>¢l; be the countable union of finite sets /; and consider a couple
of biorthogonal wavelet bases for L2(T), denoted by {1;}ier and {1;}ier, satisfying the

following properties:

i) Any function A € L?(T") can be expended in terms of both bases as follows:

A= Nyt = > (M) raw) i

iel iel
ii) There exist positive constants ¢; and ¢, such that for any A € H'/?(I") there holds:

e My < S22 ST I 20 < e M ey (3.8)

j>0 1€l

At this point we refer to [22, 29, 43] for the description and construction of such bases.
Then, we introduce the bilinear form (-, )15 : H/*(I') x H/*(I') — R defined by

)\ M 1/2 = ZQJ Z 1/12 L2(T <M7¢i>L2(r) VA e HI/Q(F)7 (3-9>

7>0 i€l
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which, from (3.8), constitutes an inner product in H'/?(T') with induced norm ||| - |||1/2
equivalent to the usual norm || - || /2.

In what follows we let H := H(div;Q) x M x HY*('), where M := H'(Q) N L3(Q).
Then, we consider positive parameters (d1,02,0d3), to be determined, and propose the

following augmented variational formulation: Find (o, u,£) € H such that
Al(o,u,9), (.0, 0) = F(r,0,))  ¥(r,0,)) € H, (3.10)

where the bilinear form A : H x H — R and the functional F : H — R are defined as

follows

A((C w, ), (1,0, 0)) = /

Q

(¢ 7+ [ wdiv(r) = (v
— /deiv () + (C v, A) + 61 (pp—w, A=)y (3.11)

+ 5, /Q(nvw —¢) - (Vu+K'T) + 03 /Qdiv (€)div (1),

and
F(rv,)\) = /vadx _ 63/Qfdiv (F)dz + (g, N, (3.12)

for all ({,w, pu), (7,v,\) € H. The idea is to choose (d1, d2, d3) so that (3.10) satisfies the
hypotheses of the Lax-Milgram Lemma. To this end, we now let || - ||z be the product
norm on H, denote by ¢; the norm of the usual trace operator acting from H'(§2) onto
H'Y(T'), and let ¢ > 0 such that |U|%{1(Q) > ||UH12LI1(Q) for all v € M. The following lemma
establishes the H-ellipticity of A.

Lemma 3.2.1 Let (01,02,03) € R3 such that 0 < §; < ‘?O‘E 0 <y <1and0 < ds.

2 )
1€y

Then, there exists Cy > 0, depending only on o, M, ¢, 01, 02, 03, ¢, and ¢y, such that
A((T,0,0), (1,0, 0) > Cill(T, 0, M) |5 V(r,v,\) € H. (3.13)
Proof. According to the definition of A (cf. (3.11)) and the symmetry of &, we obtain

A((r,0.0), (70, 0) = (1—6) / (&) 7+ 61 lIA— ol

Q

8y [ div (7)o + 52 /Q(WU) Vo,
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which, using (3.8), (3.5) and (3.2), yields
« :
A((m,0,A), (1,0, 0)) 2 (1= 02) 351 Tl1Z2(0) + 03 |div () 172

+ daa[vfip gy + e A - UH?{W r) -
On the other hand, using that [|A— vHHl/2 > 5 ||>‘HH1/2 ||UHH1/2 ) the trace theorem,
and the above mentioned equivalence between | [ and | - || a1 (0), we deduce that

(0% .
A0, (7,0, 0) 2 (1= 82) 11517 sy + b v (7)o

c10
+ (00— c16:6) o]l 3 +LH)‘HH1/2

Thus, defining o := (1 —d) a7z and g 1= 60— c101¢2, we complete the proof by taking
1

2 ) 63} O

Cy = min{ay, as,

Theorem 3.2.2 Assume the same hypotheses of Lemma 3.2.1. Then, the Problem (3.10)
has a unique solution (o,u,§) € H, and there exists C > 0 such that

(o, )l < C{ Nz + gl a-rage) | -

Proof. From Lemma 2.1 in [9] we know that the bilinear form A and the functional
F' are bounded. Then, the proof follows straightforwardly from Lemma 3.2.1 and the
Lax-Milgram Theorem. O

3.3 The stabilized mixed finite element scheme

Let {7, }n>0 be a regular family of triangulations of 2 made of straight side triangles
T of diameter hr such that h := max{hr: T € 7T}, }. For each T € 7;, we let RT((T) be
the local Raviart-Thomas space of lowest order (cf. Section 2.3). Then, the finite element

subspace HZ for the unknown o € H(div; ) is defined as
HP ={1,€ H(div;Q): Tulr €RT(T) VT €T,}. (3.14)

Hereafter, given a non-negative integer k and a subset S of R?, P;(.9) stands for the space
of polynomials defined on S of degree < k.

Next, we introduce the space of continuous piecewise linear functions

H;; = {’Uh € C(Q) : Uh|T S Pl(T) VT € ,]71}, (315)
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and define the finite element subspace of M as M), := H}* N L3(9).
For the unknown & € H'/?(I"), we consider the finite element subspace H,f defined by

Hy={MeCI): M, e Pi(Ty) Vje{l,...,m}}, (3.16)

where {I'1,...,T',,} is the partition on I' induced by the triangulation 7.

On the other hand, we need to approximate the bilinear form (-,-);,2 (cf. (3.9)) by a
suitable finite sum. For this purpose, we introduce the bilinear form (-, )12 5 : H/2(T) x
H'Y2(T') — R defined as follows

)\ M 1/2,N ‘= Z 27 Z @/)z 2T 1/%)1:2(1“) VA pe H1/2(F), (3-17)

i€l

and observe from (3.8) that for any A € H'/?(T) there holds

(AN = Z 23 [ ol < el i -

icl;

Hence, the following lemma completes the equivalence between (-,-)1/onx and || - || gr/2(r

in the finite element subspace Hfl.

Lemma 3.3.1 There exists N = N(h) € N and a positive constant C, independent of h,
such that

<)\h7>\h 1/2N Z 2] Z‘ )\h,wz L2 ‘2 > C ”)\hHHl/Q ) V)\h E H}E (318)

7=0 1€l
Proof. Since H,E C HY(I'), there holds the following inverse inequality
H>‘hHH1(F) < Ch'/? ||)‘h||H1/2(F) VL € H;E'

Therefore, (3.18) follows from a straightforward application of Lemma 6 in [12]. O

We now define Hy, :== HZ x M, x H,f and introduce a nonconforming Galerkin for-
mulation of (3.10): Find (o, up, &) € Hy, such that

Ap((on,un, &n), (Th,vn, An)) = F(Th, v, An) Y (Th,vn, An) € Hy, (3.19)
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where A; : H x H — R is the bilinear form resulting from A when (-, )1/, is replaced by
(*s-)1/2,n(n), that is

An((Cow, ), (7,0, ) ::/

Q

(1¢) -1+ /deiV(T) — (T v, )
— /deiV(C) + (¢, A) + 01 (—w, A —v)1/2.n) (3.20)

) —() - -1 0- div (¢) div
+ 09 /Q(an ¢)- (Vv+k—1) + 3/9 iv (¢) div (1),
for all (¢, w, u), (7,v,\)) € H.

Theorem 3.3.1 Problem (3.19) has a unique solution (o, up, &) € Hy, and there exists
C > 0, independent of h, such that

(@@l < C {1 ez + lgla-vae) (3:21)

Proof. The boundedness of A follows easily from that of A. In addition, the estimate
(3.18) (cf. Lemma 3.3.1) yields the Hp-ellipticity of Aj. Hence, the proof is also a conse-

quence of the Lax-Milgram Theorem. O

Theorem 3.3.2 Let (o,u,§) € H and (o, un, &) € Hy, be the solutions of (3.10) and
(3.19), respectively. Then there ezists a constant C' > 0, independent of h, such that

o— 0O, U—up & — < C inf o—Tpu—vp,E— A : .
I h h & — &)l T I1( h &= A)lla. (3.22)

Proof. Since the assumptions of the Second Strang Lemma are fullfilled, we have that

there exists C' > 0, independent of h, such that

Cl(oc—opu—uy&— < inf o—Tpu—vp,E— A
I( h & —&n)llu T ( h & — An)lla

(3.23)

n sup Ap((o, 1w, ), (Th,ny An)) — F(Th, v, An) _

(T hyvn,An)EH, ||<Th7vha/\h)||H
(T hyvn,AR)#0

But, inspecting the functional F' (cf. (3.12)) and making use of the properties of the exact
solution (o, u,&) € H, we easily find that

Ah(("'a%f)»@'havhﬂ\h)) = F(Thvvh>/\h)>
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which finishes the proof. O

The analysis of the Galerkin scheme is completed with the following result on the rate

of convergence.

Theorem 3.3.3 Let (o,u,&) and (o, upn, &) be the unique solutions of the continuous
and discrete stabilized formulations (3.10) and (3.19), respectively. Assume that f =
dive € H"(Q), u € H"(Q). Then there exists C > 0, independent of h, such that

[(o,u, &) — (on, un, &) llm

< Ch" { ||0’||[H’V‘(Q)}2 + ||diV O'HHT(Q) + ||U||H1+T(Q) + ||€||H1/2+7‘(1")} .

Proof. It follows from Theorem 3.3.2, the standard approximation properties of the sub-
spaces involved, and suitable interpolation theorems in the corresponding Sobolev spaces.

O

We end this section by remarking that, for implementation purposes, the vanishing
average condition required by the elements of M}, can be imposed as a Lagrange multiplier.
In other words, we consider the following modified discrete scheme: Find (o, un, &, o) €
HP x H{ x HS x R such that

Ap((oh, un, &n)s (ThyUn, An)) + (Ph/vhdx = F(Th,vn, M),
Q

(3.24)

wh/uhdx = 0,
Q

for all (71, vp, An, ¥n) € HZ x H* x Hﬁ x R. The next theorem establishes the equivalence

between the variational problems (3.19) and (3.24).
Theorem 3.3.4

i) Let (op,un, &) € Hy, be the solution of (3.19). Then (o, up, &, 0) is a solution of
(3.24).

i) Let (o, un, &y on) € HZ x H x H,f X R be a solution of (3.24). Then ¢, =0 and
(oh, un, &) is the solution of (3.19).
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Proof. We first observe, according to the definition of A, (cf. (3.20)), that for each
(T,v,\) € H(div;Q) x H'(Q) x H'/?(T) there holds

Ap((T,0,0),(0,1,1)) =0 VY(7,v,)) € H(div;Q) x H'(Q) x HV>T).  (3.25)

Now, let (o, un, &) € Hy, be the solution of (3.19), and let (71, v, \p) € HZ x H* X Hﬁ
We write v, = vop, + dn, A, = Aon + dp, With vop, € My, Ao, € H}E and dj, € R, and observe
that (74, von, Aon) € Hp, whence (3.12), (3.19) and (3.25) yield

F(7h,vn, An) = F(Th, von, Aon) = An((h, uns &n)s (Thy Vons Aon)) = An((hs un, &), (Th, Uny Ar))

This identity and the fact that u, clearly satisfies the second equation of (3.24), show
that (o, up, &r,0) is indeed a solution of (3.24).

Conversely, let (o, up, &n,on) € HP x HY X H}E x R be a solution of (3.24). Then
taking (7p,vn, An) = (0,1,1) in the first equation of (3.24) and using (3.12) and (3.25),
we find that ¢, = 0, whence (o, up, A\p,) becomes the solution of (3.24). O

3.4 The a posteriori error analysis

In this section we develop a residual based a posteriori error analysis for (3.10)-(3.19).
Let us first introduce some notations. We let E(T) be the set of edges of T' € 7}, and let
E}, be the set of all edges of the triangulation 7;,. Then we can write Ej = E,(Q)U EL(T),
where E,(Q) :={e€ E,: e CQ}, Ep(I') :={e € E,: e CTI'}. In what follows, hr and
h. stand for the diameters of triangle T' € 7, and edge e € Fj, respectively. Also, given a
vector valued function 7 := (71, 72)* defined in 2, an edge e € E(T)N E,(2), and the unit
tangential vector tr along e, we let J[T - t7] be the corresponding jump across e, that is
J[T-tr] = (r0 — T1)|e - tr, where T" is the other triangle of 7, having e as edge. Here,
the tangential vector tr is given by (—uy,11)* where v 1= (11, 15)* is the unit outward
normal to 0T'. Finally, we let curl(7) be the scalar g—fl = g%.

Now, let I, : H'(Q) — H}" be the usual Clément interpolation operator (see [27]). The
local approximation properties of I, are collected in Lemma 2.4.1.

The following theorem establishes a reliable and efficient quasi-local a posteriori error
estimator for our stabilized mixed finite element scheme. The name quasi-local refers to
the fact that one of the terms defining the estimator can not be decomposed into local

quantities associated to each triangle T" € 7,. However, it can be either conveniently

bounded, or previously modified, as we will show below.
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Theorem 3.4.1 Let (o,u,§) € H and (o, un, &) € Hy, be the unique solutions of the
continuous and discrete formulations (3.10) and (3.19). Assume that k € C'(Q) and the
Neumann data g € L*(T"). Then there exists Cots, Cre1 > 0, independent of h, such that

~9 ~2
CYeffe S H(o-_o-hau_uhvf_gh)H%—I S CYrele ) (326)

~9 ~
where @ = Z 9% +11&n — Uh”ill/?(r) and
TeT;,

dup,  déy ||

é% = ||f+diV0‘hH%2(T) + ||I€vuh — ahH%Z(T) + Z he dtT dtT

e€E(T)NE(T)

L2(e)

+ Z hel|[ J[(Vun — k™ 1on) 'tT]H%Q(e) + Z hel(Vup, — k7o) ‘tT||2LZ(e)

ecE(T)NEL(Q) e€ E(T)NE(D)
+ hi || curl(k ™ )| 72y + log[1 + Ch(T)] A Z lg — on-vliag, (3.27)
e€ E(T)NE, (D)

with Cp(T) := max{ﬁ:f‘l o li—g4l=1, 14,5 € {1, ...,m}} :

The proof of Theorem 3.4.1 is separated into the two parts given by the next subsections.

3.4.1 Reliability of the a posteriori error estimate 0
We first define the spaces
Hy ={re€ Hdiv;Q): divr=0 in Q, 7-v=0 on I},
and Hy := Hy x H'(Q) x H'/2(T'). Then we have the following technical result.

Lemma 3.4.1 There exists C > 0, independent of h, such that

Cl(o—onu—upéE—E&)|la < sup A((o —on,u—up, &= &), (T,0,1))

(T v,\)EHp ||<Tava)\>||H
(T v, \)#0

+ |f+diveullze) + lg—on-vg-12r -

Proof. Let o* := Vz € H(div; ), where 2 € H'(Q) is the unique weak solution of the

boundary value problem

0
—Az=f+dive, in €, —Z:g—ah-u on I, /z: . (3.28)
ov Q
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Note that there holds /(g —op-V) + /(f + divey) = 0, which is the compatibility

r Q
condition required for the well-posedness of (3.28). It is not difficult to see that (o0 — o), —
o*) belongs to Hy and the corresponding continuous dependence result establishes the

existence of a constant C > 0 such that

||0'*HH(div;Q) < O{Hf + diVUhHLz(Q) + |lg—on- V“H*l/?(r)}' (3.29)
Now, the strong coercivity and boundedness of A yield
Cilllo —on—0o*u—uné &)k
<A((e—op—o u—up,&— &), (0 —op — o™, u—up, & —&))
=A(lo —opu—up{ = &), (0 —on— 0", u—up{—§&))
—A((67%,0,0), (0 —op — 0" u —up,§ — &)
< Ao —onu—up,§ = &) (0 —op— o™ u—up,§ = &))
+ Al lo™ la@ivie) (6 —on — o™ u—un & = &),

which, dividing by ||(o0 — o), — o*,u — up, & — &,)||m, and then taking supremum on Hy,
implies that

Cllo—on—0"u—up§—&)ln
< sup A((a_Uhvu_uhag_gh)v(Tava)\))

 (TwNeH, (7, v, \)||;
(T 0,0) %0

+ o za@ivi) - (3.30)

Finally, noting that
(o —onu—un§—&)la < [[(0—0on—0"u—uné—&)lla + [[o7nav.a,

and applying the estimates (3.29) and (3.30), we complete the proof. O

The next lemma gives an upper bound for the supremum appearing in Lemma 3.4.1.

Lemma 3.4.2 Assume that k € C1(Q2). Then there exists C' > 0, independent of h, such

that ) \
sup (0 —on,u—up,&—E&), (T,0,X))
(Tw\)eH (7,0, ) ||e
(T ,v,\)#£0

1/2
S C { Z é% + ||g — Op - V”i]—l/Q(F) + ||€h - uh”?{l/za‘)}

TeT,
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where for any triangle T' € Ty, we define

07 = |If +divenlZop + (16 Vun — anllZa

+ 03 ewl(k o) 3oy + Y he [ J(Vun — &7 o) - b7
c€E(T)NE ()

dup,  déy ||

dtr dtr

2(e)
(3.31)

+ Y hl(Vun— k7o) bl + D> he

e€ E(T)NEx (D) e€ B(T)NEy (T)

Proof. Let (7,v,\) € Hy such that (7,v,\) # 0. Since div(7) = 0 in 2 and Q is

e
oz
Then, denoting by ¢, the Clément interpolant of ¢ and defining 7, := curlyy, Wé get

_9p
connected, there exists ¢ € H'(Q) such that [, = 0 and 7 = curl(yp) := ( Oz )

that 7, € H? , divr, =0 in Q, and 7 — 71, = curl(p — ¢p,).
Next, from the first equations of (3.10) and (3.19) we find that

A((o,u, &), (T — Th,v,N)) = F(T — Th,v,A),

and
Ao —op,u—up,§ — &), (T4,0,0)) =0,

which gives
A((U — O, U — uh7€ - gh)a (T7U7 )\)) = A<<U — Op, U — uhag - gh)a (T — Th, U, )\))

= F(T—Th,U,A)—A((G’h,uh,gh),(’r—Th,U,)\)).

Then, employing the definition of F' (cf. (3.12)), developing A((o s, un, &), (T — Th, v, A)),
integrating by parts in 2, using that div (7 —75) = 0in Q and that 7 — 7, = curl(p —¢},)

in 2, and reordering the resulting terms, we arrive at

A((a’—a’h,u—uh,f—fh),(T,v,)\)):/Q(f+divah)v + (g—on-v,A)

+ (14 09) /Q(Vuh — ko) curl(p — ¢y) — {(curl(y — ) - v, u, — &)

- (52 /VQJ (nVuh—a'h) - 51(§h—uh,)\—v)1/g. (332)
Q
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On the other hand, using that [, = > ;.7 [, integrating by parts on each triangle
T € 75, and noting that curl(Vu,) = 0 in T, we deduce that

= 3 (V=) - curllo - )

/(Vuh — ko) - curl(p — ¢p)
L TET,

N —

= Z /Tcurl(nlo'h)(go —on) + Z (J[Vup, — & 'op) - tr, 0 — ©On)L2(e)

TeTy, e€E(T)NEL(Q)

+ Z <(Vuh - Iﬁ',_IO'h) -t © — @h)LQ(e) . (333)
eeE(T)NEL(T)

Then, applying the Cauchy-Schwarz inequality, the estimates from Lemma 2.4.1, and the
fact that the number of triangles in A(T) and A(e) are bounded, we find that the terms
of (3.33) are bounded as follows

Z/curlk:, o) (¢ — ¢n)

TeTy

1/2
{Zh | curl(s™ on)I7 T)} lellmr @) (3.34)

TeT,

Z Z (J[Vu, — &op) - tr, 0 — Ph)L2(e)

T€T;, eeE(T)NEL(Q)

1/2
<C Z Z he | J[Vun — &7 on] - trl 72 el (3.35)
Te€Ty, eeE(T)NEL(Q)
and
S Y A(Vun—kTow) tr o — on) e

TeTy, ecE(T)NE,(T)

1/2

<SCI> T D hel(Vun—&7'on) - bl [l (e - (3.36)

T€T;, ecE(T)NE, (T)

On the other hand, observing that curl(y — ¢;,) - v = — 4221 we deduce that

dtp
du d
|{(curl(yp — @p) - v, up — &) = ‘<¢_¢h’ dt; df;>‘
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dup, — d&,
-IX X (e i)

T€Ty eeE(T)NER(T)

CADINEDY

TeT), eeE(T)NEL(T)

1/2

du,  d& |I?
. el - (3.37)

dtp  dtp

L3(e)

Moreover, since (-, )1 21 is a scalar product on H'/?(T'), using the Cauchy-Schwarz inequa-

lity, (3.9), and the trace theorem, we obtain

|(€n = un, A = 0)1ye| < Cll&n = unllgrey 17,0, \)lm - (3.38)

Now, since [, ¢ = 0 and curl(p) = 7, we have that
lellm@) < Clelaw = CliTlze = CliTllr@ye - (3.39)

Therefore, by replacing (3.34) up to (3.38) back into (3.33) and (3.32), using Lemma 3.4.1,
the estimate (3.39), and applying the Cauchy-Schwarz inequality to the first, second, and

fifth terms of (3.32), we conclude the proof. O
The next lemma bounds the global expression ||g — o, - V|3, )
Lemma 3.4.3 Assume that the Neumann data g € L*(T'). Then there holds

lg — on- VH?{—W(F)

C{log[l + (M)A Z lg = on-vlLew,) + 16— unllfp r)} (3.40)

7j=1

where Cp(I) —IH&X{JFZ‘ o li—jl=1,14,5¢€ {1,...,m}}.

Lyl

Proof. Let P, : L*(T) — H,f be the orthogonal projection with respect to the L*(T)-inner
product (-, -)r2ry. Then, we have

lg = on-vilg-2wy <NPug = on-V)llg-v2w) + 1L = Pu)(g = on-v)llg-12) -

Now, since (I — P;)(g — o - v) is L*(T')-orthogonal to the finite element subspace H: (cf.
(3.16)), a straightforward application of Theorem 2 in [23] yields

1= (g — o ) sy < logL 4 Cu(D] Sy [ — Py — om0,

7=1
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<log[l+ Cu(D)]h Y llg — on - vllzaq) -
j=1

On the other hand, using the properties of Py, we find that

(Po(g—0on-v), N

[ Pu(g —on - V)”H*l/Q(I“) = sup ;)
AeHY/2(T) I ”HW(F)
A#£0
- sup (Pn(g — o -v), Ph()\))L2(r) = sup (9—0op v, Ph()\)>L2(F) 3.41)
AeH/2(r) 1AL a7z AeH/2(T) ANl 172y
A£0 A0

Furthermore, taking 7, = v, =0 in (3.19), we arrive at

(g—0on v, \)rewy) = 61 (un — &, Mdiyanvey YA, € Hy,

which replaced back into (3.41), together with the fact that the norm induced by (-, -)1/2,n(n)

is equivalent to the usual norm of H/2(T'), yields

(9—0on-v, Ph(A\) 2 o1 (un — &y Pa(N))1/2,80)
sup = sup
XeHY/2(T) ||/\||H1/2(F) AEH/2(T) ||)‘||H1/2(F)
AF#O AF£0

[ Pn (M 20
S ||€h - uh||H1/2(F) sup ||/\|| o
AEHL/2(T) H1/2(D)
A0

Finally, using a suitable orthogonal projector form H'/?(T) into H,f, and employing clas-
sical duality arguments (see [40]), one can prove that || Py(A)[| 12y < C Al g2y O

Consequently, the reliability of the a posteriori error estimate, which is given by the
upper bound in (3.26), follows directly from Lemmas 3.4.1, 3.4.2 and 3.4.3.

3.4.2 Efficiency of the a posteriori error estimate 6

In this subsection we follow the approach from [35] and [38] (see also [7]) to derive the
lower bound in (3.26), which shows the efficiency of the a posteriori error estimator 0. We
first recall from [49] that given k € N, T' € 7}, and e € E(T), there exists an extension
operator L : C(e) — C(T) that satisfies L(p) € Py(T) and L(p)l. = p Vp € Pg(e).
In addition, we define w, := U{T" € T, : e € E(T")} and let ¢y and v, be te usual
triangle-bubble and edge-bubble functions, respectively (see (1.5) and (1.6) in [50]), which
satisfy supp(¥r) C T, tr € Py(T), dp = 0 on 0T, 0 < ¢ < 1in T, supp(he) C w,,
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Ye|lr € Po(T) VT C w,, e = 0 on 0T \e, and 0 < ¢, < 1 in w,. Additional properties of
Ur, Ve, and L are collected in Lemma 2.4.4.

We first use that uw = & on ' and apply the trace theorem to obtain that

1€n — UhH?{l/?(F) <C {Hu - uh”%ﬂ(r) + 11§ — §h||§{1/2(r)} . (3.42)
Also, since dive = — f in 2, we easily have
D f+divenlizgy = lldiv(e —on)liz) - (3.43)
TeT,

The corresponding estimate for the second term in (3.27) is also easily obtained. In fact,

adding and substracting ¢ = & Vu, we get
15 Vun = anllfarye < C {lu=wiling + o = ol - (344)
The third term in (3.27) is bounded next.

Lemma 3.4.4 There exists C' > 0, independent of h, such that

2

dup, — d&,
Sohe |- 22 < c{le- @l + li-wlig).  (345)
e€ By (T) T T L2(e)
Proof. See Lemma 5.7 in [35] or Lemma 4.5 in [7]. O

The following technical lemma is needed to bound the fourth and fifth terms in (3.27).

Lemma 3.4.5 There exists ¢ > 0, independent of h, such that for each e € Ej there
holds

he ||je[(vuh - K'_lo'h) : tT]H%z(e) S C ||Vuh — K_lo'hH[QLg(we)]g s (346)
j J[(Vup, — k7o) - t ife € E,(Q

where J.|(Vu, — k™ tay) - tr] = [(Vup — k7 "op) - tr] if e () ‘
(Vup —k"'on) -tr if e € Ey(T)

Proof. See Lemma 4.6 in [7] or Lemma 6.2 in [24]. O

As a direct consequence of Lemma 3.4.5, noting that the number of triangles of each
w, is at most 2, and adding and substracting K 'o = Vu on the right hand side of (3.46),
we deduce, using also (3.3), that there exists C' > 0, independent of h, such that

Z he HJ[(VU}L — K,_la'h) 'tT]H%Q(e) < C {HO’ — O'h”%Lz(Q)}z + |U — uhﬁp(g)} (347)
eEEh(Q)
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and

Z he ||<VU}L — K/_IO'}L) . tTH%Q(e) S C {“0' — ah||[2L2(Q)]2 + |U — Uh’%[1(ﬂ)} . (348)

GEEh (F)

The estimate required for the term in (3.27) involving the curl operator is provided in the

next lemma

Lemma 3.4.6 There exists ¢ > 0, independent of h , such that

Z h2. || curl(k™ a'h)||L2 < ¢ |o— a'hH[QLg(Q)P. (3.49)
TeT
Proof. See Lemma 5.3 and equation (5.12) in [35]. O

In order to bound the last term in (3.27) we recall the following result from [35].

Lemma 3.4.7 There exists ¢ > 0, independent of h , such that

lOg[1+Ch h Z ||g O V||L2(e < C{||O'—O'h||[2L2(Q)]2 +h2||d1V (O'_O'h)H%Q(Q)} .
eEEh(F)

Proof. It follows by adapting the proof of Lemma 6.5 in [25] (see also Lemma 5.9 and

equation (5.25) in [35]). O

It follows easily from the previous lemma that

log[l + Co(D]h Y llg = on-Vliae < Cllo = anlliaw o (3.50)
eEEh(F)
Finally, the lower bound in (3.26) follows from (3.42), (3.43), (3.44), (3.45), (3.47), (3.48),
(3.49) and (3.50).

3.4.3 A fully local a posteriori error estimate

The non-local character of the expression ||£;, — UhHQHl /2(r) defining 92, can be avoided
applying the arguments of Section 5 in [7], that is, introducing an auxiliary function.
To this end, we let u; be the unique function in H} such that u,(x) = up(x) for each
node x € Q, and u,(x) = &,(x) for each node x € I'. It follows that w, = &, on I'.

Furthermore, since u, = 4 on each T € 7, not touching the Neumann boundary I', we
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see that ||uj, — || g1 () vanishes on these triangles. This property of the auxiliary function

uy, induces the definition of the following parameter associated to each T € 7:

(T) = { 1 if 9TNT # ¢, -

0 otherwise .
We are now in a position to establish a reliable and quasi-efficient fully local a posteriori
error estimate. Here, the quasi-efficiency refers to the extra term appearing below on the
right hand side of (3.53).

Theorem 3.4.2 Assume that & € C1(Q). Then there exist positive constants Crer, Cess,
independent of h, such that

H(O’ —Oh, U — uhvf - Sh)”%—l S C’rel 02 ) (352)
and
Cogs 07 < (o —on,u—up,§ — fh)”%{ + Z X(T) [Ju — ﬂhH?{l(T) ) (3.53)
TeT,

where  0* := Z 02, and for each T € T;, we define
TeTy

2

dup,  d§,

07 = | f +divonllizgy + 6 Vun — onllizm + Z fre dtr  dtrp

e€E(T)NE(T)

L2(e)
+ Y R (Vun— kT on) bl + YL Rell(Vun— &7 o) - bl
€ E(T)NER(Q) € E(T)NE (T)

+hi lewrl(™ o) l[T2y + X(T) llan — unllz )

+ log[l+Cu@MIh > g = on-vlia (3.54)

e€ E(T)NE(T)

where Cy(T) = rnemx{@j_‘| o li—gl=1,14,75€ {1,...,m}} :

Proof. Using that @, = &, on I, in the term (&, — up, A — v)1/2 appearing in (3.32), and

then applying trace theorem, we arrive to

[(&n — un, A = v)1p2| < Oty — unllgr@) (7,0, ) |1 -
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Thus, proceeding as in Lemma 3.4.2, we obtain that there exists C' > 0, independent of
h, such that

1/2
sup Al —opu—up, & — &), (T,0,)) <C { Z 07 + llg— - V”?{flﬂ(r) }

(T ,v,\)€Hg H (T, v, )\) ||H ter,
(T ,v,A)#0

where for any triangle T" € 7 we define

07 = If + divonlliagy + 6 Vun = onllaq) + b7l curl(c™ )7z,

+ Y heJ[(Vun = &7 o) - trll 72 + X(T) s — w3
e€E(T)NE ()

2

dup,  d§p,

dtr dtr

12(e)
(3.55)
Thus (3.52) is consequence of Lemma 3.4.1, (3.55), and Lemma 3.4.3. For the quasi-

+ Y Rl(Vun—6T'on) bl + Y. ke

c€E(T)NEy(T) e€E(T)NEy ()

efficiency of @ (cf. (3.53)) we just observe, adding and substrating u, that
> (T i = wnlsry < € {ll— unliingay + =@l } -
TETh
The rest follows from the estimates given in Section 3.4.2. a

We end this chapter by mentioning that further developments, including computational
aspects of (3.19), adaptivity based on 6, and corresponding numerical results, will be

reported in a separate work.



Chapter 4

A residual based a posteriori error
estimator for an augmented mixed
finite element method in linear

elasticity

In this chapter we develop a residual based a posteriori error analysis for an augmented
mixed finite element method applied to the problem of linear elasticity in the plane. More
precisely, we derive a reliable and efficient a posteriori error estimator for the case of pure
Dirichlet boundary conditions. In addition, several numerical experiments confirming the
theoretical properties of the estimator, and illustrating the capability of the corresponding
adaptive algorithm to localize the singularities and the large stress regions of the solution,

are also reported.

4.1 Introduction

A new stabilized mixed finite element method for plane linear elasticity was presented
and analyzed recently in [36]. The approach there is based on the introduction of suit-
able Galerkin least-squares terms arising from the constitutive and equilibrium equations,
and from the relation defining the rotation in terms of the displacement. The resulting
augmented method, which is easily generalized to 3D, can be viewed as an extension

to the elasticity problem of the non-symmetric procedures utilized in [30] and [44]. It is

67
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shown in [36] that the continuous and discrete augmented formulations are well-posed,
and that the latter becomes locking-free and asymptotically locking-free for Dirichlet and
mixed boundary conditions, respectively. In particular, the discrete scheme allows the
utilization of Raviart-Thomas spaces of lowest order for the stress tensor, piecewise linear
elements for the displacement, and piecewise constants for the rotation. In the case of
mixed boundary conditions, the essential one (Neumann) is imposed weakly, which yields
the introduction of the trace of the displacement as a suitable Lagrange multiplier. This
trace is then approximated by piecewise linear elements on an independent partition of
the Neumann boundary whose mesh size needs to satisfy a compatibility condition with

the mesh size associated with the triangulation of the domain.

The purpose of this chapter is to develop an a posteriori error analysis for the aug-
mented scheme from [36] in the case of pure Dirichlet boundary conditions. The rest of
the chapter is organized as follows. In Section 4.2 we recall from [36] the continuous and
discrete augmented formulations of the corresponding boundary value problem, state the
well-posedness of both schemes, and provide the associated a priori error estimate. The
kernel of the present work is given by Sections 4.3 and 4.4, where we develop the residual
based a posteriori error analysis. More precisely, in Section 4.3 we employ a suitable aux-
iliary problem and apply the local approximation properties of the Clément interpolant to
derive a reliable a posteriori error estimator. Next, in Section 4.4 we make use of inverse
inequalities and the localization technique based on triangle-bubble and edge-bubble func-
tions to show the efficiency of the estimator. Finally, several numerical results confirming
these properties and also the robustness of the estimator with respect to the Poisson ra-
tio, are provided in Section 4.5. In addition, the capability of the corresponding adaptive
algorithm to localize the singularities and the large stress regions of the solution is also

illustrated here.

We end this section with some notations to be used below. Given any Hilbert space

U, U? and U?*? denote, respectively, the space of vectors and square matrices of order

2 with entries in U. In addition, I is the identity matrix of R**?, and given 7 := (7;;),
¢ = (G;) € R, we write as usual 7% = (7;), tr(T) := S0 7, 7% :=7T—
%tl‘(T)I, and T : (¢ = Z?,j:l 7,5 Gij - Also, in what follows we utilize the standard

terminology for Sobolev spaces and norms, employ 0 to denote a generic null vector, and
use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants

independent of the discretization parameters, which may take different values at different
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places.

4.2 The augmented formulations

First we let © be a simply connected domain in R? with polygonal boundary I' := ).
Our goal is to determine the displacement u and stress tensor o of a linear elastic material
occupying the region 2. In other words, given a volume force f € [L?(Q2)]?, we seek a

symmetric tensor field o and a vector field u such that
o =Ce(u), div(ec)=—-f in Q, and u=0 on I. (4.1)

Hereafter, e(u) := 5 (Vu+ (Vu)¥) is the strain tensor of small deformations and C is the

elasticity tensor determined by Hooke’s law, that is
C¢ = Ar(Q)I + 2u¢ V¢ € [LA(Q)]**2, (4.2)

where A\, 4 > 0 denote the corresponding Lamé constants. It is easy to see from (4.2)

that the inverse tensor C~! reduces to

A
A+ p)
We now define the spaces H = H(div;Q) := {7 € [L*(Q)]**?: div(7r) € [L*(Q)]*},
Hy = {r € H: [ tr(r) = 0}, and note that H = Hy, ® RI, that is for any
T € H there exist unique 79 € Hy and d := ﬁ fQ tr(7) € R such that 7 = 79 + d1L. In
addition, we define the space of skew-symmetric tensors [L2(Q))%2 = {n € [L3(Q)]>*?:
n +n° = 0} and introduce the rotation v = 1(Vu — (Vu)*)) € [L*(Q)]3% as an

skew

cl¢ = ig _ ()T V¢ € QP (4.3)

auxiliary unknown. Then, given positive parameters k1, k9, and k3, independent of A,
we consider from [36] the following augmented variational formulation for (4.1): Find
(o,u,7) € Hy := Hy x [H}(Q)]? x [L*(Q)]42 such that

A((o,u,7),(T,v,n)) = F(r,v,n) V(r,v,n) € Hy, (4.4)

where the bilinear form A : Hy x Hy — R and the functional F' : Hy — R are defined by

Al(o,u,7), (T,v,n)) ::/QC_IO':T+/Qu-div(‘r)+/g’y:T—/Qv-div(a)—/ﬂn:a

+ m/ﬂ(e(u)—c—lg):(e(v)+c—1.,-) + /4;2/Qdiv(0')-div(‘r)
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b [ (v 5Tu= @w) s (n4gov - ) | (45)
and

F(r,v,n) ::/Qf‘(v—@ div (7)) . (4.6)

The well-posedness of (4.4) was proved in [36]. More precisely, we have the following

result.

Theorem 4.2.1 Assume that (K1, ko, k3) is independent of A and such that 0 < k1 < 2 p,
0 < kg, and 0 < k3 < K1. Then, there exist positive constants M, o, independent of \,

such that
| A(o,u,5), (7, v,m) | < M |[(o,0,%)|m, (T, v, 7)1, (4.7)
and

A(r,v,m), (T, v.m) = all(m,v,n)l, (4.8)

for all (o,u,7), (T,v,n) € Hy. In particular, taking
~ 1 K1 ~
k1 = Cyp, ko=—[1——], and k3 = Csky, (4.9)
It 2p

with any C, €10,2[ and any Cs €10,1], this yields M and o depending only on pu,

—, and ). Therefore, the augmented variational formulation (4.4) has a unique solution

=

(o,u,v) € Hy, and there exists a positive constant C, independent of A, such that
(o, u, Y, < CIF| < Clfllz2qe -
Proof. See Theorems 3.1 and 3.2 in [36]. O

Now, given a finite element subspace Hy;, € Hj, the Galerkin scheme associated to
(4.4) reads: Find (o, up,7,) € Hyy, such that

A((oh,un, ), (Th, Vi) = F(Th, Vi) YV (Th, Vi, my,) € Hop, (4.10)

where k1, ko, and k3, being the same parameters employed in the formulation (4.4), satisfy
the assumptions of Theorem 4.2.1. Since A becomes bounded and strongly coercive on
the whole space Hy, we remark that the well-posedness of (4.10) is guaranteed for any

arbitrary choice of the subspace Hy ;. In fact, the following result is also established in

[36).
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Theorem 4.2.2 Assume that the parameters k1, ks, and k3 satisfy the assumptions of
Theorem 4.2.1 and let Hyp be any finite element subspace of Hy. Then, the Galerkin
scheme (4.10) has a unique solution (o, up, ;) € Hop, and there exist positive constants
C, C, independent of h and X, such that

|F<Th7Vha77h)’

l(on,un,Yp)llH, < € sup < Clitlli2@pe
C T e, [T v m)ll, e
(T}“Vh,/r’h)7éo
and
(o0, %) = (oh, wn, vy |1, < C inf (o, u, ) = (T, Vi, i) | - (4:11)
(T hyvh,M),)€Ho R
Proof. It follows from Theorem 4.2.1, Lax-Milgram’s Lemma, and Céa’s estimate. O

An immediate consequence of the definition of the continuous and discrete augmented

formulations is the Galerkin orthogonality

A((U_o-hvu_uha7_7h)a(Ththanh)) =0 v(Tf“th?'r’h) S HO,h' (412)

Next, we recall the specific space Hyy, introduced in [36], which is the simplest finite
element subspace of Hy. To this end, we first let {7, },~0 be a regular family of tri-
angulations of the polygonal region Q by triangles 7' of diameter hy with mesh size
h := max{hy : T € T}, and such that there holds Q = U{T : T € T, }. In
addition, given an integer £ > 0 and a subset S of R?, we denote by P,(S) the space of
polynomials in two variables defined in S of total degree at most ¢, and for each T' € 7T},
we introduce RTy(7) as the local Raviart-Thomas space of order zero (cf. Section 2.3,

[17], [47]). Then, defining

HY ={7, € Hiv;Q): 74| € RTo(T)*)? VT €T}, (4.13)
Xp={veC): wlreP(l) VI €T}, (4.14)
and
H]l; = Xh X Xh, (415)
we take
Hy, = HJ, x HY), x H,], (4.16)
where

HE, = {Th € HY : /tr(‘rh) = O} : (4.17)
Q
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on ={ve € Hy': v, =0 on I}, (4.18)
and
HY = {m, € [L2QZ2: mylr € [P(T)>? VT € T} . (4.19)

The following theorem provides the rate of convergence of (4.10) when the specific finite

element subspace (4.16) is utilized.

Theorem 4.2.3 Let (o,u,7) € Hy and (o4, un,v,,) € Hop == HF, x H'j, x HY be the

unique solutions of the continuous and discrete augmented mized formulations (4.4) and

(4.10), respectively. Assume that u € [H™(Q))? and £ = div (o) € [H"(Q)]?, for some
€ (0,1]. Then there exists C > 0, independent of h and \, such that

(o0, 7) = (on, wn, 7)1

< Ch" { HO-H[HT‘(Q)]QXQ + H div (O')H[HT(Q)P + HUH[Hr-;-l(Q)P + H’YH[HT(Q)]ZXQ} .
Proof. It is a consequence of Céa’s estimate, the approximation properties of the sub-

spaces defining Hy 5, and suitable interpolation theorems in the corresponding function

spaces. See Section 4.1 in [36] for more details. O

4.3 A residual based a posteriori error estimator

In this section we derive a residual based a posteriori error estimator for (4.10). First
we introduce several notations. Given T' € 7,, we let E(T') be the set of its edges, and let
E}, be the set of all edges of the triangulation 7;,. Then we write Ej, = E,(Q) U E,(T),
where E,(Q) :={e€ E,: eCQ}land E,(T') :={e€ E,: e CT}. Inwhat follows, h,
stands for the length of edge e € Ej,. Further, given 7 € [L*()]**? (such that 7|7 € C(T)
on each T' € 73,), an edge e € E(T)N E,(Q2), and the unit tangential vector t along e, we
let J[Ttr] be the corresponding jump across e, that is, J[rty| := (7|r — 7|)|ctr, where
T’ is the other triangle of 7}, having e as an edge. Abusing notation, when e € Ej(T),
we also write J[Ttr] := T|.t7. We recall here that tp := (—ve, 11)* where vy = (14, 15)*
is the unit outward normal to 0T. Analogously, we define the normal jumps J[rvr]. In
addition, given scalar, vector, and tensor valued fields v, ¢ = (1, p2), and T = (735),

respectively, we let

_ Ov 1 t Ot _ Omn1
curl(v) := ( %’:}2 > , curl(¢yp) := ( curl(¢1) , and curl(r) := [ 9= Ov )

t OT22 0721
o curl(ps)

ox1 oxo
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Then, for (o,u,v) € Hy and (o, up,7,) € Hp being the solutions of the continuous
and discrete formulations (4.4) and (4.10), respectively, we define an error indicator O as

follows:
. 1
07 = |f+div(on)lfzmye + llon — oflte @z + v, — 5 (Vs — (Vup) )72 yexe

+ 23 L llewl(C o+ ) sy + |l eurl(C (e(w) = C 1) sy

+ > he {HJ[(C_th = Vuy +v4)tr )l + V1€ (e(un) —C_ldh))tT]Hsz(e)p}
ecE(T)

1
o+ € o0 W iscny

+ b3 || div (e(uy) — 5

. 1
+ A ||div (v, — i(Vuh - (Vuh)t))”[QL?(T)]?
1
+ > he Jl(e(w) - (€ on+ (€ o) )valllfpee
e€E(T)NEL(Q)
1
+ > he (v - 5 (Vi = (Vun) ) v [z e - (4.20)
c€E(T)NE(Q)
The residual character of each term on the right hand side of (4.20) is quite clear. We omit
1/2
further comments and just mention that, as usual, the expression 8 := { Z 02 is

TeTy
employed as the global residual error estimator.

The following theorem is the main result of this chapter.

Theorem 4.3.1 Let (o,u,v) € Hy and (o, un,y,) € Hop be the unique solutions of
(4.4) and (4.10), respectively. Then there exist Cess, Crer > 0, independent of h and A,
such that

Cets 0 < ||(o0 —op,u—up,y—v,)lm, < Crer 8. (4.21)

The so-called efficiency (lower bound in (4.21)) is proved below in Section 4.4 and the
reliability estimate (upper bound in (4.21)) is derived throughout the rest of the present

section. We begin with the following preliminary estimate.

Lemma 4.3.1 There exists C > 0, independent of h and X\, such that
C (o —onu—uany —v4)ln,

< sup A((‘T —Op, 0 — uhv’y_’Yh%(T?V?n))

N 0#(T,v,71))€eH, H<T7 \L Tl) HHO
div (T)=0

+ ||f +div (o)l 22 -

(4.22)
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Proof. Let us define * = e(z), where z € [H}(Q)]? is the unique solution of the
boundary value problem: —div(e(z)) = f +div(ey) in Q, z =0 on .1t
follows that o* € Hjy, and the corresponding continuous dependence result establishes

the existence of ¢ > 0 such that
HU*HH(div Q) S C Hf + le (O'h)H[Lz(Q)]z . (423)

In addition, it is easy to see that div (o0 — o, —0*) = 0 in 2. Then, using the coercivity
of A (cf. (4.8)), we find that

all(c—on—o u—u,y—v,)lk,
< Allo—op—o'u—w,y—y,). (0 —op—o"u—w,vy—7,))
= A(lo —opu—uw,v—,),(c —op—0o",u—u,y—",))

_A<<U*7 07 0)7 (U —Oh — 0-*7 u—Uup,7 — 7}1)) )
which, employing the boundedness of A (cf. (4.7)), yields

all(c—on—0o"u—u,y—v,)lH
< sup A((O'—Uh,u_uha7_7h)7(Tvvan))

04(T v, 1])eH, (7, v, )|l m,
div (T)=0

+ M [0 a(aiv o) (4.24)

Hence, (4.22) follows straightforwardly from the triangle inequality, (4.23), and (4.24). O

It remains to bound the first term on the right hand side of (4.22). To this end, we
will make use of the well known Clément interpolation operator I, : H'(Q) — X, (cf.
[27]), with X}, given by (4.14), which satisfies the standard local approximation properties
stated in Lemma 2.4.1. It is important to remark that I, is defined in [27] so that I;,(v) €
X, NHYQ) for all v € H ().

We now let (7,v,n) € Hy, (7,v,n) # 0, such that div(7) = 0 in 2. Since Q is

connected, there exists a stream function ¢ = (p1,2) € [H*(2)]? such that /gol =
0

ws = 0 and 7 = curl(yp). Then, denoting @, = (Y14, pan), With ;s = I(p;),
Q
i € {1,2}, the Clément interpolant of ¢;, we define 7, := curl(yp;). Note that there holds

the decomposition 7, = 70 + dp I, where 75 € H& and dj, = Jo ;TS(;‘-}L) € R. From the

orthogonality relation (4.12) it follows that

A((U —Ohp, U — Uy, — ’Yh)a (7-7 v, 77))
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= A((O' — Op, U — Uy, '7 - 7h)7 (T - Th,07 V — Vp, 7’)) ) (425)

where vy, := (In(v1), In(v2)) € Hg, is the vector Clément interpolant of v := (v, v) €
[H(Q)]. Since [, tr(c—o,) = 0 and u—u;, = 0 on I, we deduce, using the orthogonality

between symmetric and skew-symmetric tensors, that
A((oc —op,u—up, v —7y),(dp1,0,0)) =0.
Hence, (4.25) and (4.4) give
Ao —op,u—uay,y =), (T,v,m))
= A((o —op,u—up,y —v,), (T = Th, v —vp, 1))
= F(r—7p,v—vnn) = A((on, un,7), (T = T, v = vi,, 1)) .

According to the definitions of the forms A and F' (cf. (4.5), (4.6)), noting that div (7 —
T) = div curl(p — ¢;,) = 0, and using again the above mentioned orthogonality, we

find, after some algebraic manipulations, that

A0 — ot — un Y — ), (3 v,m)) = / (£ + div () - (v — va)

n /Q{%(Uh —ob) — Ky <'yh— %(Vuh _ (Vuh)t))} ‘n

— /Q {(C_IO'h —Vu, +7,) + k1C ' (e(uy) — C_lo'h)} (T —Th)

- /Q{’“ <e(uh) (o (c—lah)t)> T Ky (»m S (Vun (Vuh)t))} V(v =),
(4.26)
The rest of the proof of reliability consists in deriving suitable upper bounds for each one
of the terms appearing on the right hand side of (4.26). We begin by noticing that direct

applications of the Cauchy-Schwarz inequality give

1
/Q (@ —at)in ' < flon — ohllpeees Illzzipes (4.27)

and

1 1
[ = 5% = T sn| < = 7w = (Tl [l
(4.28)
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The decomposition 0 = Upez, T and the integration by parts formula on each element
are employed next to handle the terms from the third and fourth rows of (4.26). We first
replace (T — 75,) by curl(¢ — ¢,,) and use that curl(Vuy) = 0 in each triangle 7' € 7p,,

to obtain

/(C on—Vu,+7,): (T —7) Z / (C oy — Vuy, +7,) : curl(ep — ¢),)
0

TeTy,

= Z/curlc Yon+,) - (@ — ep)

TeT,
— ) € on = Vu +,)tr], @ — @p) e - (4.29)

ecEp

and

e tetu) —c ) (r =)

- /C —C o) s curl(p — @)

TeT,
= curl(C w,) —Clon)) - (¢ — ;)
Teth / (¢ —¢
Sl ew) — ¢ o)t @ — ez (4.30)

On the other hand, using that v — v, = 0 on I'; we easily get
1
/(e(uh) (€t (€)Y V(v - )
= - ) /dw e(uy, ——(c Loy + (C7lop)Y) - (v — vi)

TeTh

+ D (Jlle(u) - Q(C’lah +(C7 o) )Tl v — Vi) 2 (4.31)

€€Eh (Q)

and
/<7 - —(Vuh - (Vuh) )1 V(v — va)
- Z /le Vuh— (Vug)®)) - (v —vy)

TeT,

+ Z <J[(’7h — §(Vuh — (Vuh)t))uT], vV — Vh>[L2(e)}2 . (432)
e€EL ()

In what follows, we apply again the Cauchy-Schwarz inequality, Lemma 2.4.1, and the
fact that the numbers of triangles in A(T") and A(e) are bounded, independently of h, to
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derive the estimates for the expression /(f +div o)) - (v —vp) in (4.26) and the right
Q
hand sides of (4.29), (4.30), (4.31), and (4.32), with constants C' independent of h and .

Indeed, we easily have

/(f+div o) (Vv—vy)
Q

1/2
S C { Z h% ||f + div Uh”[zLZ(T)]Z} ||V||[H1(Q)}2 s (433)

TeT,
In addition, for the terms containing the stream function ¢ (cf. (4.29), (4.30)), we get

Z /CUTIC fon+ ) (0 — o)

TeT,

1/2
< C{Z hy |learl(C™ an + i)l frzer) } el 2 (4.34)

TET,

> /Curl w,) —C7'on)) - (¢ — ¢p)

TeT,

1/2
< C{Z hi || cwrl(C ((uh)—C_lah))llsz(Tnz} el e, (4.35)

TeTh

D € on = Vuy +3)tr], @ — @) 2

ecEy,

1/2
< C { Z he [J[(CT o — Vg, + ’Yh)tT]||[2L2(e)]2} lellyz,  (4.36)

ecEp

and

> I elun) — Cran))tr), @ — @p) e

ecEp,

1/2
< c {Z henJ[(c—l(e(uh)—c—lah>>tT1HfLw} lelpmp . (4.37)

ecEy

We observe here, thanks to the equivalence between ||@||(z1(q)2 and || ()2, that
el e < Clelm@p = Clleurl(@)f|i2@p = Cll7la@ive (4.38)

which allows to replace ||@||(z1@)2 by || 7|l #(giv;0) in the above estimates (4.34) - (4.37).
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Similarly, for the terms on the right hand side of (4.31) and (4.32), we find that

Z/dlv e(uy ——(C Yo, +(Clan)®)) - (v —vy)

TeT,

1/2
. L, _
< C {Z h7 || div (e(uy) — 5(C o +(C 10'h)t))”[2L2(T)]2} 1Vl 2(4-39)

TeTy,

Z / div (v, — = Vuh —(Vup)®)) - (v —vp)

TET,

1/2
. 1
< C { Z h% H div (’)’h - §(Vuh - (th)t))||[2L2(T)]2} ||VH[H1(Q)]2 s (440)

TeTy

1
> Wle(w) = S(C'on+(C'on))vrl v — va) e
e€Ep ()
1/2

{ > hellJ[(e(w, ——(C oy +(C7la)" ))VT][ZLZ(e)}z} [Vl (1 e(4.41)

EeEh (Q)

and

> Wlw - %(Vuh — (Vup)*))vr], v — vi) 22

eeEh(Q)

1/2
1
{ Z he | 7](vn — §(Vuh - (Vuh)t))VT]fm(e)]?} VIl 2 - (4.42)

ecEp Q)

Therefore, placing (4.34) - (4.37) (resp. (4.39) - (4.42)) back into (4.29) and (4.30) (resp.
(4.31) and (4.32)), employing the estimates (4.27), (4.28), and (4.33), and using the iden-

Y [-:x ¥

e€EL(Q) TeT, eeE(T)NER(Q)

and

Y- x

ecEy e€Ep( TeT), eeE(T)NER(
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we conclude from (4.26) that

sup A((O'—G'h,u_uh77_7}1)7(7-7"777))

04(T v, 1)€H, (T, v, n) |,
div (T)=0

< (0.

This inequality and Lemma 4.3.1 complete the proof of reliability of 6.

We end this section by remarking that when the finite element subspace Hy , is given
by (4.16), that is when o] € [RTo(T)*]?, uplr € [P1(T)]? and ~,|r € [Po(T)]**?, then
the expression (4.20) for 2 simplifies to

. 1
07 = |f +div (O'h)H[QH(T)P + lon — C’Z“[zLQ(T)]2x2 + v — §<V‘1h - (Vuh)t)H[Qm(T)]M

+ h% {H curl(C‘la'h)H[QLz(T)]z + || curl(C‘l(C_lo'h))H[QLQ(T)P}

. he{HJ[(c-lah—Vuhw)tﬂufwe)P n ||J[<c-1<e<uh>—c-lah>>tTJ||%L2(e>P}
)

ecE(T

P _
+ W [1div (5(C w4+ (€7 o)) ey

1, _
+ > he | Jl(e(w) - 5(€ o+ (€l on))vr[fre e
e€E(T)NER(Q)
1
+ > he MI(va — 5 (Vu, — (Vun))vr) Iz - (4.43)
c€E(T)NE ()

4.4 Efficiency of the a posteriori error estimator

In this section we proceed as in [24] and [25] (see also [35]) and apply inverse in-
equalities (see [26]) and the localization technique introduced in [50], which is based on
triangle-bubble and edge-bubble functions, to prove the efficiency of our a posteriori error

estimator @ (lower bound of the estimate (4.21)).

4.4.1 Preliminaries

We begin with some notations and preliminary results. Given T" € 7}, and e € E(T),
we let ¥ and 1. be the usual triangle-bubble and edge-bubble functions, respectively
(see (1.5) and (1.6) in [50]). In particular, ¢ satisfies ¥y € P3(T), supp(¢r) C T, v =0
on 0T, and 0 < ¢ < 1 in 7. Similarly, ¥|r € Po(T), supp(¢pe) C we := U{T" € Ty, :
e € E(T)}, . = 0 on 0T \e, and 0 < 9, < 1 in w,. We also recall from [49] that,
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given k € N U {0}, there exists an extension operator L : C(e) — C(T') that satisfies
L(p) € Pi(T) and L(p)|l. = p Vp € Pi(e). Additional properties of 97, 1., and L are

collected in Lemma 2.4.4.

The following inverse estimate will also be used.

Lemma 4.4.1 Letl,m € NU{0} such that | < m. Then, for any triangle T, there exists
¢ > 0, depending only on k,l,m and the shape of T, such that

lalemery < by ™ lalmery Y € Pi(T). (4.44)

Proof.ing-mat.udec See Theorem 3.2.6 in [26]. O

Our goal is to estimate the 11 terms defining the error indicator 6% (cf. (4.20)). Using

f = — div o, the symmetry of o, and v = 3(Vu — (Vu)®), we first observe that there
hold
If + div (on)llF2rye = [1div (e —an)lizy (4.45)
lon — oflfemyexe < 4llo = onllfzizse (4.46)
and

1
lvh — E(Vuh - (V‘Jh)t)H[zm(T)]?X2 < 2 {H’Y - ’YhH[Qm(T)pw + Ju— uh|[2H1(T)}2} . (447)

The upper bounds of the remaining 8 terms, which depend on the mesh parameters hp
and h., will be derived in Section 4.4.2 below. To this end we prove four lemmata. The

result required for the terms involving the curl operator is given first.

Lemma 4.4.2 Let p, € [L*(Q)]**? be a piecewise polynomial of degree k > 0 on each
T € Ty. In addition, let p € [L*(Q)]**? such that curl(p) = 0 on each T € T;,. Then, there
exists ¢ > 0, independent of h, such that for any T € Ty,

lewrl(pp) [z < chz' lp = prllizzaye<: - (4.48)

Proof. We proceed as in the proof of Lemma 6.3 in [25]. Applying (2.37), integrating by
parts, observing that ¢y = 0 on 9T, and using the Cauchy-Schwarz inequality, we obtain

_ 1/2
el curl(p)[Barye < (104 cnrl(pp) By = / wrcwl(py) - curl(ps — p)
T

= /(P—Ph) seurl(yr curl(p,)) < [lp — ppllipacryzee [lcurl(yr curl(py)) || zzerye-e -
T
(4.49)
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Next, the inverse inequality (4.44) and the fact that 0 < ¢p < 1 give

[curl(¢r curl(py)) |2z < chy ([Ur curl(py) |2y < chg! || curl(py) || p2eryz ,

which, together with (4.49), yields (4.48). O

The tangential jumps across the edges of the triangulation will be handled by employ-

ing the following estimate.

Lemma 4.4.3 Let p, € [L*(Q)]**? be a piecewise polynomial of degree k > 0 on each
T € Ty. Then, there ezists ¢ > 0, independent of h, such that for any e € Ej,

1T lontrll 2z < cha? lpnllipeooyz=e - (4.50)

Proof. Given an edge e € Ej,, we first denote by w;, := J[p,tr| the corresponding
tangential jump of p,. Then, employing (2.38) and integrating by parts on each triangle

of w,, we obtain

& IWallfpeee < e Wallfaope = e’ L(wa)lifpaepe

= [vnom)- Tt = | curl(py) v Liw,) + [ e curlwLiw).

) (4.51)
which, using the Cauchy-Schwarz inequality, yields
& Witz e < leurl(pp) lliz2qwore 1¢e LOWa)lliz2(wor2
(4.52)
+  lonllizzcoee leurd(Ve L(wn)) || £z 2< -
Now, applying Lemma 4.4.2 with p = 0 and using that h' < hZ!, we find that
leurl(pp) 2oz < C o llpulli2qeayz< - (4.53)

On the other hand, employing (2.39) and the fact that 0 <1, < 1, we deduce that
[eLwi)liz2up < Ch/[Wal iz (4.54)
whereas the inverse estimate (4.44) and (2.39) yield
leurl(ve L(wa)) iz < Ch 2 wallizagepe (4.55)
Finally, (4.50) follows easily from (4.52)—(4.55), which completes the proof. O

The estimate required for the terms involving the div operator is provided next.
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Lemma 4.4.4 Let p, € [L*(Q)]**? be a piecewise polynomial of degree k > 0 on each
T € Ty. Then, there exists ¢ > 0, independent of h, such that for any T € T},

| div (pp)lliz2ere < chzt l|pulleeryz=e - (4.56)

Proof. Applying (2.37), integrating by parts, and then employing the Cauchy-Schwarz
inequality, we find that

e I div (p,) B2y < 07 div () |Fzgry = /TW div (p;,) - div (p;,)
(4.57)

= = [ pu o divie)) < ledlusass 190 div (o) .

Next, the inverse estimate (4.44) and the fact that 0 < ¢ <1 in T imply that

IV (¢r div () li2eryzez < chz! [[Yrdiv (py)liz2eyz < chyt || div (p,)|liz2er)z
which, together with (4.57), yields (4.56). O

Finally, the estimate required for the normal jumps across the edges of the triangula-

tion is established as follows.

Lemma 4.4.5 Let p, € [L*(Q)]**? be a piecewise polynomial of degree k > 0 on each
T € 7;,. Then, there exists ¢ > 0, independent of h, such that for any e € Ej,

1T ervr) ez < b |l pnllpeqwoyexe - (4.58)

Proof. We proceed similarly as in the proof of Lemma 4.4.3. Given an edge e¢ € Ej,, we
now denote by w;, := J[p,vr] the corresponding normal jump of p,. Then, employing

(2.38) and integrating by parts on each triangle of w., we obtain

Cz_l ||Wh||[2L2(e)]2 < ||¢;/2Wh||[2L2(e)]2 = ||¢;/2 L(Wh)||[2L2(e)]2
(4.59)
— [t Jowsl = [ divie)-vion) + [ e VL),
which, using the Cauchy-Schwarz inequality, yields
' (IWallfeee < I1div (on)lliz2qeo [1e LOwWA) |22
(4.60)

+ enllizz@or=e |1V (@ L(wn)) 1220w, )2%2 -
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Now, applying Lemma 4.4.4 and using that h}l < h!', we deduce that
Idiv (pu) 2wz < Cht llpalli2quoes: - (4.61)
On the other hand, employing (2.39) and the fact that 0 <1, < 1, we deduce that
[eeLWillzzquye < Che?l[Wallizacee (4.62)
whereas the inverse estimate (4.44) and (2.39) yield
IV@Lw gz < Ch2M2 wiliuaeye. (469

Finally, (4.58) follows easily from (4.60)—(4.63), which completes the proof. O

4.4.2 The main efficiency estimates

As already announced, we now complete the proof of efficiency of @ by conveniently

applying Lemmata 4.4.2 - 4.4.5 to the corresponding terms defining 6.

Lemma 4.4.6 There exist Cy, Cy > 0, independent of h and X, such that for any T € Ty,
W lenrl(C o+ 1)z < Cr{llo = anlfagyee + 17 = Yalfappe p (464)
and

hz || curl(C~" (e(un) — C_lah))H[QL?(T)}? < Gy {|u - uh|[2H1(T)}2 + [lo — Uh||[2L2(T)]2x2} .
(4.65)

Proof. Applying Lemma 4.4.2 with p, := C'o), + 7, and p := Vu = C'o ++, and
then using the triangle inequality and the continuity of C™', we obtain (4.64). Similarly,
(4.65) follows from Lemma 4.4.2 with p, := C'(e(u) — C 'oy) and p = C7'(e(u) —
Clo) = 0. O

Lemma 4.4.7 There exist Cs, Cy > 0, independent of h and X\, such that for any e € E},

he J(C™ o — YV, + 7, tr][[F2 o2
(4.66)
< Csllo = aull; + Ju— + Iy = ll;
= s PL2 (we))2x2 Pl w2 T 1Y Y RllL2 (we)]2x2

and

he I7[(C7 (e(un) — C o)) tr]l[Fzp < Ca {|u — Un[fpyr e + llo— UhH[QL?(we)]QXQ}’
(4.67)
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Proof. The inequality (4.66) follows from Lemma 4.4.3 with p, := C'o), — Vu, + 7,
introducing 0 = C~'o — Vu++ in the resulting estimate, and then applying the triangle
inequality and the continuity of C~'. Analogously, the estimate (4.67) is obtained from
Lemma 4.4.3 defining p, := C~'(e(u;,) — C~'o}) and then introducing 0 = C~'(e(u) —
Clo). O

Lemma 4.4.8 There exist Cs, Cg > 0, independent of h and A, such that for any T € Ty,

. L, _
h | div (e(uh)—E(C o+ (C 10’h)t))|h2L2(T)}2 < 05{’u_uh|[2H1(T)}2+”0-_0'h||[2L2(T)}2}
(4.68)

and

. 1
h7 || div (7h—§(vuh—(vuh)t))||[2L2(T)]2 < 06{||7_7h||[2L2(T)]2+|u_uh|[2H1(T)]2}' (4.69)

Proof. The upper bound given by (4.68) follows from Lemma 4.4.4 defining p;, := e(u;)—
1(Clop+(Ctop)t), introducing 0 = e(u)—1(C'o+(C~'o)*) in the resulting estimate,
and then using the triangle inequality and the continuity of the operators e and C~!.
Similarly, applying Lemma 4.4.4 with p;, := v, — 3(Vu, — (Vu,)*) and introducing
0 = v — 3(Vu— (Vu)*), we obtain (4.69). O

Lemma 4.4.9 There exist C7, Cs > 0, independent of h and X\, such that for any e € Ej,

1, _
he || T(e(un) =5 (C Lo H(Can) )vrlfa e < 07{\U—uh\le(we)}frHU—UhH[Qm(we)]M}
(4.70)
and
1
he 7107 = 5V = (Van) Dl < Cs {Ily = Ylfiaquoee + 1u = walfin e |-

(4.71)

Proof. The estimate (4.70) follows from Lemma 4.4.5 with p, = e(u;,) — 3(C 'o), +
(C7'o)¥), introducing 0 := e(u) — 1(C'o + (C'o)*), and then employing again the
triangle inequality and the continuity of the operators e and C~!. Analogously, the esti-
mate (4.71) follows from Lemma 4.4.5 defining p,, = v, — 3(Vu,, + (Vu,)¥) and then
introducing 0 = v — 1(Vu + (Vu)®). O

Finally, the efficiency of @ (lower bound of (4.21)) follows straightforwardly from the
estimates (4.45) - (4.47), (4.64), (4.65) (cf. Lemma 4.4.6), (4.66), (4.67) (cf. Lemma 4.4.7),
(4.68), (4.69) (cf. Lemma 4.4.8), and (4.70), (4.71) (cf. Lemma 4.4.9), after summing over

all T' € 75, and using that the number of triangles in each domain w, is bounded by two.
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4.5 Numerical results

In this section we present several numerical results illustrating the performance of
the augmented mixed finite element scheme (4.10) and the a posteriori error estimator 0
analyzed in this paper, using the specific finite element subspaces defined at the end of
Section 4.2 (see (4.13) - (4.19)). We recall that in this case the local indicator 6% reduces
to (4.43). Now, in order to implement the integral mean zero condition for functions of the
space HO, = {T, € HZ : [, tr(T),) = 0} we introduce, as described in [36], a Lagrange
multiplier (¢, € R below). That is, instead of (4.10), we consider the equivalent problem:
Find (on, ap, vy, on) € HZ x HY, % H,;Y x R such that

M@mm%ﬂmwmm+%/mm)=mewma
Q

(4.72)
@Dh/QtT(O'h) = 0,

for all (7, vu,my,, ¥n) € HP X Hg) X H,?I x R. In fact, we recall from [36] the following
theorem establishing the equivalence between (4.10) and (4.72).

Theorem 4.5.1

a) Let (op,un,y;,) € Hop be the solution of (4.10). Then (o, up, 7}, 0) is a solution
of (4.72).

b) Let (on, un, vy, on) € HY x Hg, X H,?I x R be a solution of (4.72). Then ¢, = 0
and (o, up,y,) is the solution of (4.10).

Proof. See Theorem 3.3.4 or Theorem 4.3 in [36]. O

In what follows, N stands for the total number of degrees of freedom (unknowns) of
(4.72), which, at least for uniform refinements, behaves asymptotically as five times the
number of elements of each triangulation (see [36]). Also, the individual and total errors

are denoted by

e(o) = [lo = onllu@ivie), e):=u—wlmop, o) :=I[v—7ulr@p,

and
e(o,u,7) == { (@) + [e()]® + [e()]2}1?,
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respectively, whereas the effectivity index with respect to @ is defined by e(o,u,~)/80.

On the other hand, we recall that given the Young modulus F and the Poisson ratio v

of a linear elastic material, the corresponding Lamé constants are defined by y := ﬁ
and \ = (1+V)E(+2v) Then, in order to emphasize the robustness of the a posteriori error

estimator @ with respect to the Poisson ratio, in the examples below we fix £ = 1 and
consider v = 0.4900, v = 0.4999, or both, which yield the following values of y and A :

v ‘ 1 ‘ A
0.4900 | 0.3356 16.4430
0.4999 | 0.3333 | 1666.4444

In addition, since the augmented method was already shown in [36] to be robust with re-
spect to the parameters k1, k2, and k3, we simply consider for all the examples (k1, ko, k3) =
<p, ﬁ, %), which corresponds to the feasible choice described in Theorem 4.2.1 with

ClzlandC’;g:%.

We now specify the data of the five examples to be presented here. We take € as either
the square |0, 1[? or the L-shaped domain | —0.5,0.5[% \ [0,0.5]?, and choose the datum f
so that v and the exact solution u(zy,zs) = (ui(x1,z2), us(x1,x2))* are given in the table
below. Actually, according to (4.1) and (4.2) we have ¢ = X div (u)I + 2pe(u), and
hence simple computations show that f := — div(e) = — (A + p) V(div u) — pAu.
We also recall that the rotation 4 is defined as 3 (Vu — (Vu)®).

EXAMPLE Q v uy (1, x2) = ug(x1,x2)
1 (1 — 1) 29 (29 — 1)
1 0,1 0.4900
10,1] (1 —1)2+ (zg — 1)2+0.01
0.4999
2 10,12 0.4900 w1 (21 — 1) 39 (19 — 1) (22 + 23)/3
0.4999
3 ] —0.5,0.52\ [0,0.5)2 | 0.4900 | 2125 (22 — 0.25) (22 — 0.25) (22 + 22)~1/3
4 10,17 0.4900 sin(m 1) sin(7w )

1000 (1 — 1/2)2 + 1000 (x5 — 1/2)% + 10

5 ] —0.5,0.5[2\ [0,0.5]2 | 0.4900 | z 2 (22 — 0.25) (% — 0.25) (22 + 0.0001)~V/3
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We observe that the solution of Example 3 is singular at the boundary point (0, 0). In
fact, the behaviour of u in a neighborhood of the origin implies that div (o) € [H/3(2)]?
only, which, according to Theorem 4.2.3, yields 1/3 as the expected rate of convergence
for the uniform refinement. On the other hand, the solutions of Examples 1, 4, and 5 show
large stress regions in a neighborhood of the boundary point (1, 1), in a neighborhood of

the interior point (1/2,1/2), and around the line z; = 0, respectively.

The numerical results given below were obtained using a Compaq Alpha ES40 Parallel
Computer and a Fortran code. The linear system arising from the augmented mixed
scheme (4.72) is implemented as explained in Section 4.3 of [36], and the individual errors

are computed on each triangle using a Gaussian quadrature rule.

We first utilize Examples 1 and 2 to illustrate the good behaviour of the a posteriori
error estimator € in a sequence of uniform meshes generated by equally spaced partitions
on the sides of the square ]0,1[%. In Tables 5.1 through 5.4 we present the individual
and total errors, the a posteriori error estimators, and the effectivity indexes for these
examples, with v = 0.4900 and v = 0.4999, for this sequence of uniform meshes. We
remark that in both cases, and independently of how large the errors could become, there
are practically no differences between the effectivity indexes obtained with the two values
of v, which numerically shows the robustness of 8 with respect to the Poisson ratio (and
hence with respect to the Lamé constant \). Moreover, this index remains always in a
neighborhood of 0.89 in Example 1 (resp. 0.46 in Example 2), which confirms the reliability
and efficiency of 6.

Next, we consider Examples 3, 4, and 5, to illustrate the performance of the adap-
tive algorithm based on @ for the computation of the solutions of (4.72). The adaptive
algorithm corresponds to one described in Section 2.6 with parameter v = %

At this point we introduce the experimental rate of convergence, which, given two
consecutive triangulations with degrees of freedom N and N’ and corresponding total
errors ¢ and €, is defined by

log(e/e’
r(e) == — %'

In Tables 5.5 through 5.10 we provide the individual and total errors, the experimental
rates of convergence, the a posteriori error estimators, and the effectivity indexes for the

uniform and adaptive refinements as applied to Examples 3, 4, and 5. In this case, uniform
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refinement means that, given a uniform initial triangulation, each subsequent mesh is
obtained from the previous one by dividing each triangle into the four ones arising when
connecting the midpoints of its sides. We observe from these tables that the errors of the
adaptive procedure decrease much faster than those obtained by the uniform one, which is
confirmed by the experimental rates of convergence provided there. This fact can also be
seen in Figures 5.1 through 5.3 where we display the total error e(o, u,7y) vs. the degrees
of freedom N for both refinements. As shown by the values of (e), particularly in Example
3 (where r(e) approaches 1/3 for the uniform refinement), the adaptive method is able to
recover, at least approximately, the quasi-optimal rate of convergence O(h) for the total
error. Furthermore, the effectivity indexes remain again bounded from above and below,
which confirms the reliability and efficiency of 8 for the adaptive algorithm. On the other
hand, some intermediate meshes obtained with the adaptive refinement are displayed in
Figures 5.4 through 5.6. Note that the method is able to recognize the singularities and
the large stress regions of the solutions. In particular, this fact is observed in Example 3
(see Figure 5.4) where the adapted meshes are highly refined around the singular point
(0,0). Similarly, the adapted meshes obtained in Examples 4 and 5 (see Figures 5.5 and
5.6) concentrate the refinements around the interior point (1/2,1/2) and the segment

x1 = 0, respectively, where the largest stresses occur.

Summarizing, the numerical results presented in this section underline the reliability
and efficiency of 8 and strongly demonstrate that the associated adaptive algorithm is
much more suitable than a uniform discretization procedure when solving problems with

non-smooth solutions.
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Table 5.1: Mesh sizes, individual and total errors, a posteriori error estimators,
and effectivity indexes for a sequence of uniform meshes (EXAMPLE 1, v = 0.4900).
N h e(o) e(u) e(y) e(o,u,7) 0 e(o,u,v)/0
163 0.25000 0.9067E+2 0.2756E+1 0.1899E+41 0.9073E+2 0.1277E+3 0.7102
363 0.16667 0.9112E+2 0.2576E+1 0.2452E+1 0.9118E+2 0.1085E+3 0.8397
643  0.12500 0.7570E+2 0.2050E+41 0.2458E+1 0.7577/E+2 0.8784E4-2 0.8625
1003  0.10000 0.6100E+42 0.1673E+1 0.2321E+1 0.6107TE42 0.7070E+2 0.8637
1443  0.08333 0.5047E+4+2 0.1422E+4+1 0.2168E+1 0.5054E42 0.5854E+2 0.8633
1963 0.07143 0.4348E+2 0.1227E+1 0.2026E+1 0.4355E42 0.5026E+2 0.8663
2563  0.06250 0.3859E+2 0.1060E+1 0.1899E+1 0.3865E+2 0.4435E-+2 0.8714
3243 0.05556 0.3483E+2 0.9191E4-0 0.1784E+1 0.3489E+2 0.3980E+-2 0.8766
4003  0.05000 0.3174E+2 0.8000E4-0 0.1681E+4+1 0.3179E+2 0.3609E4-2 0.8810
4843  0.04545 0.2911E+2 0.7009E+40 0.1587E+1 0.2916E+2 0.3297E+-2 0.8846
o763  0.04167 0.2685E+2 0.6187E+0 0.1501E4+1 0.2690E+2 0.3031E+2 0.8874
6763 0.03846 0.2489E+2 0.5503E+40 0.1423E+1 0.2494E+2 0.2803E+-2 0.8898
7843 0.03571 0.2318E+2 0.4930E+0 0.1352E+41 0.2323E+2 0.2605E+2 0.8918
9003 0.03333 0.2169E+2 0.4446E40 0.1286E+1 0.2173E+2 0.2432E4-2 0.8936
10243 0.03125 0.2037E+2 0.4034E+40 0.1226E+1 0.2041E+2 0.2280E+-2 0.8951
11563 0.02941 0.1919E+2 0.3681E40 0.1171E4+1 0.1923E+2 0.2145E4-2 0.8965
12963 0.02777 0.1815E+2 0.3375E+0 0.1120E+1 0.1818E+2 0.2025E+2 0.8978
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Table 5.2: Mesh sizes, individual and total errors, a posteriori error estimators,

and effectivity indexes for a sequence of uniform meshes (EXAMPLE 1, v = 0.4999).

N h e(o) e(u) e(y) e(o,u,7) 0 e(o,u,7v)/0
163 0.25000 0.9045E+4+4 0.2534E+3 0.1713E43 0.9050E+4 0.1257E+5 0.7198
363  0.16667 0.8986E+4 0.2439E+3 0.2248E+3 0.8992E+4 0.1065E+5 0.8446
643  0.12500 0.7447E-+4 0.1962E+43 0.2268E+3 0.7453E+4 0.8609E+-4 0.8657
1003  0.10000 0.5991E+4+4 0.1610E+3 0.2152E+3 0.5997E+4 0.6926E+4 0.8659
1443  0.08333 0.4948E+4 0.1372E+3 0.2019E+3 0.4954E+4+4 0.5729E+4 0.8647
1963 0.07143 0.4255E+44 0.1183E+3 0.1894E+3 0.4261E+4+4 0.4914E+4 0.8671
2563  0.06250 0.3771E+4 0.1022E+3 0.1781E+3 0.3777E+4 0.4332E-+4 0.8719
3243 0.05556 0.3401E+4 0.8848E+2 0.1677E+3 0.3407E+4 0.3885E+4 0.8769
4003  0.05000 0.3098E+4 0.7688E+2 0.1583E+3 0.3103E+4 0.3521E+4 0.8813
4843 0.04545 0.2841E+4+4 0.6721E+2 0.1497TE+3 0.2846E+4+4 0.3216E+4 0.8848
5763  0.04167 0.2620E+4 0.5918E+2 0.1418E+43 0.2625E+4 0.2957E+4 0.8877
6763 0.03846 0.2429E+4 0.5249E+2 0.1345E+3 0.2433E+4 0.2733E+4 0.8901
7843 0.03571 0.2262E+4 0.4688E+2 0.1279E43 0.2266E+4 0.2540E+4 0.8922
9003 0.03333 0.2116E+4+4 0.4214E+2 0.1218E+3 0.2120E+4 0.2371E+4 0.8940
10243 0.03125 0.1987E+4 0.3810E+2 0.1162E+3 0.1991E+4 0.2223E+4 0.8956
11563 0.02941 0.1873E+4 0.3462E+2 0.1110E+3 0.1876E+4+4 0.2092E+4 0.8970
12963 0.02777 0.1771E4+4 0.3161E+2 0.1062E+3 0.1774E+4+4 0.1975E+4 0.8983
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Table 5.3: Mesh sizes, individual and total errors, a posteriori error estimators,
and effectivity indexes for a sequence of uniform meshes (EXAMPLE 2, v = 0.4900).
N h e(o) e(u) e(y) e(o,u,7) 0 e(o,u,v)/0
163 0.25000 0.2730E+41 0.1483E+0 0.2631E4+0 0.2747E4+1 0.8203E+1 0.3349
363  0.16666 0.1841E+1 0.1108E+0 0.2492E+0 0.1861E+1 0.5159E+1 0.3607
643  0.12500 0.1386E+4+1 0.8231E-1 0.2236E+0 0.1406E+41 0.3696E+1 0.3804
1003  0.10000 0.1110E+1 0.6260E-1  0.1978E+0 0.1129E+1 0.2855E+1 0.3955
1443  0.08333 0.9259E4+0 0.4904E-1 0.1751E+0 0.9436E40 0.2315E+1 0.4074
1963 0.07143 0.7939E+0 0.3952E-1 0.1561E+0 0.8101E+0 0.1941E+1 0.4171
2563 0.06250 0.6947E+0 0.3264E-1 0.1403E40 0.7095E+0 0.1668E4-1 0.4252
3243  0.05556 0.6176E40 0.27563E-1 0.1271E4+0 0.6311E+0 0.1460E+1 0.4320
4003  0.05000 0.5558E+40 0.2364E-1 0.1160E4+0 0.5683E+0 0.1297E+1 0.4378
4843  0.04545 0.5053E40 0.2061E-1 0.1066E40 0.5169E+0 0.1166E+1 0.4429
5763  0.04167 0.4632E+0 0.1820E-1  0.9852E-1 0.4739E+0 0.1059E+1 0.4474
6763 0.03846 0.4276E40 0.1626E-1  0.9153E-1 0.4376E40 0.9695E+0 0.4513
7843 0.03571 0.3970E4+0 0.1466E-1  0.8543E-1 0.4064E+0 0.8935E4-0 0.4548
9003 0.03333 0.3706E+4+0 0.1333E-1  0.8006E-1 0.3794E+40 0.8284E+0 0.4579
10243 0.03125 0.3474E40 0.1221E-1  0.7532E-1 0.3557E40 0.7719E+0 0.4608
11563 0.02941 0.3270E4+0 0.1126E-1  0.7109E-1 0.3348E40 0.7226E+0 0.4633
12963 0.02777 0.3088E4+0 0.1044E-1  0.6730E-1 0.3162E4-0 0.6791E+0 0.4657
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Table 5.4: Mesh sizes, individual and total errors, a posteriori error estimators,

and effectivity indexes for a sequence of uniform meshes (EXAMPLE 2, v = 0.4999).

N h e(o) e(u) e(y) e(o,u,7) 0 e(o,u,7v)/0
163 0.25000 0.2707E+43 0.1356E+2 0.2536E42 0.2722E4+3 0.8067E+3 0.3374
363  0.16666 0.1825E+3 0.1053E+2 0.2375E+2 0.1843E+3 0.5070E+3 0.3635
643  0.12500 0.1373E+4+3 0.7847E+1 0.2126E+4+2 0.1392E43 0.3628E+3 0.3837
1003  0.10000 0.1100E+43 0.5913E+1 0.1879E+2 0.1118E43 0.2801E+43 0.3990
1443  0.08333 0.9176E+42 0.4558E+1 0.1665E-+2 0.9337E+42 0.2270E+43 0.4112
1963 0.07143 0.7867E+42 0.3599E+1 0.1484E+2 0.8014E42 0.1903E43 0.4211
2563  0.06250 0.6884E+2 0.2903E+1 0.1334E+2 0.7018E+2 0.1634E+3 0.4293
3243 0.05556 0.6119E+2 0.2386E+1 0.1209E+4+2 0.6242E+2 0.1430E4-3 0.4362
4003  0.05000 0.5507E+2 0.1993E+41 0.1104E42 0.5620E+2 0.1270E43 0.4422
4843  0.04545 0.5007E+2 0.1689E+1 0.1014E+2 0.5111E+2 0.1142E+3 0.4474
5763  0.04167 0.4589E+2 0.1449E41 0.9377E+4+1 0.4686E+2 0.1036E4-3 0.4519
6763 0.03846 0.4236E+2 0.1256E+1 0.8712E+1 0.4327E+2 0.9490E+-2 0.4559
7843  0.03571 0.3934E+2 0.1099E+1 0.8132E+4+1 0.4018E+2 0.8745E42 0.4595
9003 0.03333 0.3671E+2 0.9697E40 0.7622E4+1 0.3751E+2 0.8106E4-2 0.4627
10243 0.03125 0.3442E+2 0.8617E+40 0.7171E+1 0.3517E+2 0.7553E+2 0.4656
11563 0.02941 0.3239E+2 0.7708E4-0 0.6768E+1 0.3310E+2 0.7070E4-2 0.4682
12963 0.02777 0.3059E+2 0.6935E+40 0.6408E+1 0.3126E+2 0.6644E4-2 0.4706
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Table 5.5: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the uniform refinement (EXAMPLE 3).

N e(o) e(u) e() e(o,u,) r(e) 0 e(o,u,v)/0
123 0.2182E+4+1 0.1994E+0 0.9131E-1 0.2193E+1 — 0.2898E-+1 0.7567
483 0.1525E4+1 0.9385E-1 0.9919E-1 0.1531E+1 0.5254 0.1840E-+1 0.8323
1923 0.1122E+1 0.4040E-1 0.7723E-1 0.1125E+1 0.4455 0.1242E+1 0.9058
7683 0.8585E+0 0.2246E-1 0.4795E-1 0.8601E+0 0.3885 0.8996E+0 0.9561

Table 5.6: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the adaptive refinement (EXAMPLE 3).

N o) e(u) ev)  eloun) 1) 6 clo,u,7)/8
123 0.212E+1 0.1994E+0 0.9131E-1 0.2193E+1 —— 0.2898E-+1 0.7567
243 0.1795E+1 0.1516E4+0 0.7951E-1 0.1803E+1 0.5745 0.2340E+1 0.7707
483 0.1372E+1 0.9211E-1 0.8634E-1 0.1378E+1 0.7839 0.1702E+1 0.8094
543 0.1259E+1 0.9159E-1 0.8658E-1 0.1265E+1 1.4583 0.1609E-+1 0.7860
663 0.1137E+1 0.8250E-1 0.8357E-1 0.1143E+1 1.0150 0.1476E+1 0.7746
778 0.1045E+1 0.8113E-1 0.8228E-1 0.1051E+1 1.0454 0.1386E-+1 0.7583
1228  0.8540E+0 0.7469E-1 0.6693E-1 0.8599E+0 0.8821 0.1100E+1 0.7814
1518 0.7810E+0 0.7270E-1 0.5604E-1 0.7864E+0 0.8423 0.9562E-+0 0.8224
1783 0.7100E+0 0.7233E-1 0.6058E-1 0.7162E+0 1.1622 0.8812E-+0 0.8127
2288 0.6381E+0 0.7912E-1 0.6245E-1 0.6460E+0 0.8269 0.7869E+40 0.8209
2533  0.6040E+0 0.7605E-1 0.6008E-1 0.6117E+0 1.0727 0.7569E40 0.8082
3663 0.5089E+0 0.9206E-1 0.5993E-1 0.5206E+0 0.8745 0.6383E+0 0.8156
4703  0.4449E+0 0.7418E-1 0.5634E-1 0.4546E+0 1.0850 0.5560E+0 0.8175
5698 0.4056E+0 0.7651E-1 0.5628E-1 0.4166E+0 0.9091 0.5052E4+0 0.8246
7243 0.3654E+0 0.7278E-1 0.5394E-1 0.3764E+0 0.8448 0.4506E4-0 0.8355
8203 0.3428E+0 0.6653E-1  0.5370E-1 0.3533E+0 1.0209 0.4290E+0 0.8234
10818 0.3138E+0 0.8197E-1 0.5696E-1 0.3293E+4+0 0.5078 0.3865E-+0 0.8520
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Figure 5.1: Total errors e(o, u,~) vs. degrees of freedom N

for the uniform and adaptive refinements (EXAMPLE 3).

Table 5.7: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the uniform refinement (EXAMPLE 4).

N e(o) e(u) e(v) e(o,u,y)  r(e) 6 e(o,u,7)/8

163 0.3813E+2 0.5025E+1 0.2685E+4+1 0.3855E+2 —— 0.4070E4-2 0.9472

643  0.3593E+2 0.2015E41 0.1361E+1 0.3601E+4+2 0.0991 0.3692E4-2 0.9755
2563 0.2021E+2 0.1035E41 0.8087E+0 0.2025E+2 0.8327 0.2093E+2 0.9673
10243 0.9898E+1 0.7493E+0 0.6000E+0 0.9944E+1 1.0267 0.1027E-+2 0.9677

Table 5.8: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the adaptive refinement (EXAMPLE 4).

N e(o) e(u) e(v) e(o,u,y)  r(e) 6 e(o,u,7)/6
163  0.3813E+42 0.5025E+1 0.2685E+1 0.3855E+4+2 —— 0.4070E+2 0.9472
343 0.3594E+2 0.1913E+1 0.1156E+1 0.3601E+2 0.1827 0.3686E+2 0.9771
643 0.2042E+2 0.1255E+1 0.8721E40 0.2048E+2 1.7958 0.2122E4-2 0.9654
883 0.1174E+2 0.1232E+1 0.6751E+4+0 0.1183E+2 3.4620 0.1237E+42 0.9559
2583 0.6525E+1 0.1246E+1 0.7400E+0 0.6684E+1 1.0638 0.7092E-+1 0.9424

4988 0.4748E+1 0.1109E+1 0.6405E40 0.4918E+4+1 0.9324 0.5114E+1 0.9615
9748 0.3540E+41 0.8796E+0 0.5435E+0 0.3688E+41 0.8591 0.3785E+1 0.9743
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Figure 5.2: Total errors e(o, u, ) vs. degrees of freedom N

for the uniform and adaptive refinements (EXAMPLE 4).

Table 5.9: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the uniform refinement (EXAMPLE 5).

N e(o) e(u) e(y) e(o,u,7y) r(e) (7] e(o,u,~v)/0
123 0.1399E+2 0.4737E+0 0.1629E4+0 0.1400E+2 —— 0.1436E+2 0.9745
483  0.2522E42 0.2957TE+4+0 0.1577E+0 0.2522E+2 ——  0.2527E+2 0.9980
1923 0.2494E+2 0.1375E+0 0.1454E+0 0.2494E+2 0.0162 0.2496E+2 0.9992

7683 0.1449E+2 0.6395E-1 0.1742E+0 0.1449E42 0.7834 0.1453E+2 0.9975

Table 5.10: Individual and total errors, experimental rates of convergence, a posteriori

error estimators, and effectivity indexes for the adaptive refinement (EXAMPLE 5).

N o) e(u) ev)  elowr) 1) 6  clo.u)/0
123 0.1399E+2 0.4737E+0 0.1629E+0 0.1400E42 —— 0.1436E42 0.9745
263 0.2524E+2 0.3215E+0 0.1510E+0 0.2524E+2 ——  0.2535E+2 0.9957
513 0.2498E+2 0.2298E+0 0.1420E+0 0.2498E42 0.0309 0.2507E+42 0.9963
988 0.1507E+2 0.2026E+4+0 0.1888E+0 0.1507E+2 1.5421 0.1523E42 0.9894
2383  0.8488E+1 0.1927E+0 0.1773E+0 0.8492E+1 1.3033 0.8603E+1 0.9871
4038 0.6955E+1 0.1424E+0 0.1249E+0 0.6958E+1 0.7556 0.7042E+1 0.9881
7938 0.5361E+1 0.1458E+0 0.1082E+0 0.5364E+1 0.7696 0.5439E+1 0.9862
12743 0.4272E+1 0.1353E+0 0.1044E+0 0.4275E+1 0.9587 0.4331E+1 0.9870
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Figure 5.3: Total errors e(o, u, ) vs. degrees of freedom N

for the uniform and adaptive refinements (EXAMPLE 5).

Figure 5.4: Adapted intermediate meshes with 1783, 3663,
8203, and 10818 degrees of freedom (EXAMPLE 3).
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Figure 5.5: Adapted intermediate meshes with 883, 2583,
4988, and 9748 degrees of freedom (EXAMPLE 4).

Figure 5.6: Adapted intermediate meshes with 2383, 4038,
7938, and 12743 degrees of freedom (EXAMPLE 5).
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Chapter 5
Conclusiones y trabajo futuro

En este capitulo damos un resumen de los principales aportes de esta tesis y una

descripcion del trabajo futuro a desarrollar.

5.1 Conclusiones

Las contribuciones de esta tesis se clasifican como sigue:
Contribuciones Tedricas

e Andlisis de error a-priori y a-posteriori de una nueva formulacién mixta aumen-
tada con multiplicadores de Lagrange para un problema de valores de contorno con

condiciones mixtas.

e Andlisis de error a-priori y a-posteriori de un nuevo método mixto estabilizado,
basado en ondelettes, para un problema de valores de contorno con condiciones de

Neumann.

e Andlisis de error a-posteriori de una nueva formulacién mixta aumentada para el

problema de elasticidad lineal con condiciones de contorno de Dirichlet.
Contribuciones Numéricas

e Un cddigo en Fortran 90, con adaptacién automatica de mallas, para la resolucion
numérica de una ecuacién diferencial parcial de segundo orden con condiciones de

contorno mixtas.
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e Un codigo en Fortran 90, con adaptacién automatica de mallas, para la resolucion
numérica de un problema de elasticidad lineal con condiciones de contorno de Dirich-

let.

5.2 Trabajo futuro

Algunas de las lineas de investigacién que pueden seguirse a futuro son las siguientes:

Implementacién computacional del algoritmo desarrollado en el Capitulo 3.

Extension de los resultados tedricos y numéricos del Capitulo 4 al caso del problema

de elasticidad lineal con condiciones de contorno mixtas.

Anélisis numérico y computacional para la aplicacion de principios de minimos

cuadrados a la resolucion numérica de problemas no lineales.

Anélisis numérico y computacional de métodos mixtos estabilizados para problemas

de transmisién en elasticidad lineal y mecanica de fluidos.
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