UNIVERSIDAD DE CONCEPCION
ESCUELA DE GRADUADOS
CONCEPCION-CHILE

ANALISIS DE ERROR A-POSTERIORI PARA FORMULACIONES
MIXTAS DUALES

DE PROBLEMAS DE VALORES DE CONTORNO LINEALES Y
NO-LINEALES

Tesis para optar al grado de
Doctor en Ciencias Aplicadas con mencion en Ingenieria Matematica

Mauricio Andrés Barrientos Barria

FACULTAD DE CIENCIAS FISICAS Y MATEMATICAS
DEPARTAMENTO DE INGENIERIA MATEMATICA
2002






ANALISIS DE ERROR A-POSTERIORI PARA FORMULACIONES
MIXTAS DUALES

DE PROBLEMAS DE VALORES DE CONTORNO LINEALES Y
NO-LINEALES

Mauricio Andrés Barrientos Barria

Director de Tesis: Gabriel N. Gatica

Director de Programa: Norbert Heuer

COMISION EVALUADORA

Prof. Dr. Salim Meddahi, Universidad de Oviedo, Espana

Prof. Dr. Ernst P. Stephan, Universidad de Hannover, Alemania

COMISION EXAMINADORA

Firma:

Prof. Dr. Ricardo Duréan
Universidad de Buenos Aires, Argentina

Firma:

Prof. Dr. Gabriel N. Gatica
Universidad de Concepcién, Chile

Firma:

Prof. Dr. Norbert Heuer
Universidad de Concepcion, Chile

Fecha Examen de Grado:

Calificacion:

Concepcién—Diciembre 2002






RESUMEN

En esta Tesis se aplican formulaciones variacionales mixtas duales para resolver
problemas de valores de contorno lineales y nolineales. Mas precisamente, nos
interesan las formulaciones variacionales del tipo dual-dual, las cuales se llaman asi
por la estructura de punto de silla doble de las ecuaciones resultantes. El objetivo
principal es realizar un estudio de error a-posteriori de estas formulaciones.

En efecto, se logran deducir estimaciones de error a-posteriori confiables de tipo
explicito e implicito, para un problema de transmisién exterior lineal en teoria de
potencial. También, se muestran experimentos numéricos que ilustran la eficiencia
de estos estimadores. A continuacion, se utiliza una estructura punto de silla
doble en formulaciones variacionales de problemas de valor de frontera nolineal
en hiperelasticidad plana y logramos deducir una estimacion de error a-posteriori
confiable. Por ultimo, seguimos el andlisis descrito anteriormente y obtenemos
una estimacion de error a-posteriori confiable, para la formulacién variacional
dual-dual de un problema de transmision lineal-nolineal en hiperelasticidad.






ABSTRACT

In this thesis we apply mixed-dual variational formulations to solve linear and
nonlinear boundary value problems. More precisely, we are interested on dual-dual
variational formulations, so called by the two-fold saddle point operator equations
of the weak formulations. The main goal in this thesis is to realize an a-posteriori
error analysis of these formulations.

In fact, we develop two different a-posteriori error analyses yielding explicit
residual and implicit Bank-Weiser type reliable estimates, respectively, for a linear
exterior transmission problems in the plane. Several numerical results illustrate
the suitability of these estimators for the adaptive computation of the discrete
solutions. Next, a two-fold saddle point nonlinear operator equation is used in
a mixed variational formulation of hyperelasticity. Also, a reliable a-posteriori
error estimate, based on the solution of local Dirichlet problems, and well suited
for adaptive computations, is also given. Finally, we follow the above ideas to
solve a linear-nonlinear transmission problem in plane hyperelasticity with mixed
boundary conditions, which yields a twofold saddle point operator equation as
the corresponding variational formulation. We derive a reliable a-posteriori error
estimate.
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Capitulo 1

Introduccion

En la actualidad, la aplicacién de formulaciones variacionales mixtas ha llega-
do a ser un procedimiento estandar y necesario para la resoluciéon de problemas de
valores de frontera lineales y nolineales en la fisica y en la ingenieria. Por ejemplo,
es bien sabido que en la mecanica de estructuras el uso de métodos de elementos
finitos mixtos nos permiten calcular esfuerzos mas exactos que los desplazamientos
mismos. Ademds, para materiales casi incompresibles, la utilizacién de una aproxi-
macién sélo por elementos finitos, en los cuales los desplazamientos son las tinicas
incognitas, usualmente conduce al bloqueo de la solucién. La bibliografia que ver-
sa sobre métodos mixtos para problemas lineales es extensa (ver [16], [44] y las
propias referencias que estos dan, para méas detalles). Sin embargo, formulaciones
variacionales mixtas en problemas nolineales son poco conocidas en comparacién
con los lineales. Una de las ideas mas comunes para el tratamiento de ecuaciones
elipticas nolineales se basa en la inversion de la correspondiente ecuacion constitu-
tiva, gracias al teorema de la funcién implicita. A saber, en la conduccién del calor
el gradiente se expresa como una funcién de la temperatura y la variable de flujo.
Este procedimiento ha sido estudiado, incluyendo las versiones h y p y extensiones
a problemas pardbolicos nolineales en varios trabajos recientes (ver, por ejemplo
[48, 50, 52, 53, 58, 59]).

Ahora, cuando las ecuaciones constitutivas no son explicitamente invertibles, se
sugiere un método como en [42, 43|, en relacién con el acoplamiento de elementos
finitos mixtos y ecuaciones integrales de frontera para resolver problemas de trans-
misién. Este consiste en la introducciéon del gradiente (en teoria de potencial y con-
duccién del calor) o el tensor de deformacién (en elasticidad) como una incégnita
adicional, el cual nos conduce a obtener ecuaciones de operadores con estructura
punto de silla doble en las formulaciones débiles respectivas. Debido a su estructura,
estas ecuaciones de operadores también han sido llamadas formulaciones variacio-
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nales dual-dual (ver [29, 31, 32, 33, 34, 40] para mds detalles y aplicaciones). La
idea de introducir este tipo de incognitas también fue aplicada, independientemen-
te, en [26, 27], en donde se les llam6 método de elementos finitos mixtos extendido.
Ademads, se debe hacer notar que el uso de una formulacién mixta extendida ya habia
sido propuesta en algunos problemas de elasticidad (ver, por ejemplo, [28]). En todo
caso, estructuras de punto de silla doble s6lo han sido obtenidas y estudiadas en los
trabajos anteriormente mencionados.

Por otro lado, para problemas nolineales usualmente no es posible obtener algin
tipo de informacion a priori respecto de la solucion que nos permitiria construir una
malla conveniente para el esquema de elementos finitos. Por lo tanto, con la intencién
de obtener un buen comportamiento en la convergencia es que se requiere el aplicar
un adecuado algoritmo de refinamiento, el cual usualmente se basa en estimaciones
de error a-posteriori. La lista de referencias sobre analisis de error a-posteriori es
bastante extensa para problemas lineales y no lineales (ver, por ejemplo, [4], [62] y
las referencias que ellos contengan). Para formulaciones mixtas, nos referimos pri-
mero al trabajo de Verfiirth [61], en el cual un estimador de error a-posteriori de
tipo residual explicito se obtiene para el problema de Stokes. Entonces, Alonso en [5]
usa espacios de Raviart-Thomas y Brezzi-Douglas-Marini para asi obtener estima-
dores basados en evaluaciones residuales y en la solucién de problemas locales, para
ecuaciones diferenciales parciales elipticas de segundo orden. También, en relacién
con elementos de Raviart-Thomas, es bueno ver [15] y [20] en donde se obtienen
estimadores de error residual confiables y eficientes. Ademads, una generalizacién del
estimador de error residual jerarquico de Bank y Smith [9] para formulaciones mix-
tas se propuso en [1]. Adn més, el cldsico estimador de Bank-Weiser de [10] y los
resultados relacionados de [2] y [3], fueron recientemente ampliados en [17] para elas-
ticidad con grandes deformaciones, incluyendo el caso incompresible. Este método,
que involucra la soluciéon de problemas de Neumann locales, fue también aplicado
en [18] para obtener estimadores de error residual implicitos para el acoplamiento
de elementos finitos y elementos de frontera.

La organizacién de esta Tesis es la siguiente. En el capitulo 2 se revisan todas las
nociones basicas que son necesarias para una buena base matematica de los topicos
que se desarrollan méas adelante. En el capitulo 3, el cual corresponde a lo presentado
en [12], se combina el método de elementos finitos mixto-dual con una aplicacién
Dirichlet-to-Neumann (dada en términos de un operador integral de frontera) para
resolver un problema de transmisién en el plano. Se elige como modelo una ecua-
cion diferencial eliptica de segundo orden en forma de divergencia acoplada con la
ecuacién de Laplace en un dominio exterior. Se obtiene su formulacién variacional
mixta y su esquema de Galerkin asociado. Aqui, el objetivo principal es obtener



estimaciones de error a-posteriori de este problema. En efecto, se deducen dos, una
de tipo explicito y otra de tipo implicito, las que se basan en estimaciones confiables
de tipo Bank-Weiser. También, se presentan varias pruebas numeéricas para estas
estimaciones.

A continuacién, en el capitulo 4, el cual corresponde a lo presentado en [13], se
extiende el método de elementos finitos mixtos para problemas lineales en elasticidad
plana, tales como PEERS, a formulaciones variacionales en hiperelasticidad. Este
tipo de aproximacién se basa en la introduccion del tensor de deformacién como una
incognita adicional, lo cual produce una ecuacién de operadores de tipo punto de
silla doble para la formulacién débil respectiva. Se obtiene la existencia y unicidad
de los esquemas continuos y discretos, y se deduce la estimacién de Cea usual para
el error asociado. También, se deduce una estimacién de error a-posteriori de tipo
implicito, la cual es adecuada para implementaciones adaptivas.

Por dltimo, en el capitulo 5, el cual corresponde a lo presentado en [11], se
considera el acoplamiento de elementos finitos mixto-dual y elementos de frontera
para resolver problemas de transmisién lineal-nolineal en hiperelasticidad plana con
condiciones de frontera mixta. Aqui, usamos las ideas anteriores y nuevamente intro-
ducimos el tensor de deformacién como una incégnita adicional para obtener en la
formulacion variacional una ecuacién de operadores de tipo punto de silla doble. A
continuacion se obtiene una estimacion de error a-posteriori implicita y confiable, en
donde las soluciones de los problemas locales se obtienen en normas de Sobolev de
orden negativo. Para ciertos subespacios especificos somos capaces de proporcionar
dos estimaciones completamente locales del error a-posteriori, en donde los términos
residuales se acotaron localmente por normas L?. Ademés, una de las estimaciones
de error no requiere la solucion explicita de los problemas locales.






Capitulo 2

Algunos Conceptos Basicos

2.1 Nociones Basicas

Comencemos introduciendo la notacién necesaria para desarrollar nuestro traba-
jo. Supondremos que nuestros problemas estaran definidos en un dominio 2 de R"
(en la practica n = 2), con una frontera suficientemente suave 02 = I' (a saber, al
menos Lipschitz continua). Tambien serd necesario definir los espacios de Sobolev.
Ellos estdn basados en

L*(Q) = {U : Q = R, medible : / v de < +oo} : (2.1)
Q

Entonces, definimos en general, para un entero m > 0

H™Q) = {v: 0% € L*(Q) Vel <m}, (2.2)
donde o := (a1,...,qp) y
ol
TS G s

con las derivadas tomadas en el sentido de las distribuciones. Este espacio esta
provisto de la seminorma

(0] Fmy = > 10%072(0) (2.3)
|a|=m
y de la norma
0]/ Fmay = > EITE (2.4)
la|<m

5
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Ademids, denotaremos por C§°(2) el espacio de funciones infinitamente diferen-
ciables que tienen soporte compacto en Q y por HJ*(2) la clausura de C§°(£2) con
respecto a la norma (2.4).

Si la frontera 052 es suficientemente suave se pueden dar definiciones equivalentes
de espacios sobre la frontera, los cuales seran de mucha utilidad en nuestro trabajo.

Definicién 2.1.1 Sea 0 < s < 1. Se define H*(I") como la clausura de las funciones
infinitamente diferenciables sobre I' con respecto a la norma

1/2
lp(z) — ()
el sy == {H‘PHL?(F) "'/F n=1+3s 45z dsy g (2.5)

r |l —yll

1/2
el ey = { ¢ ds}

De acuerdo a esto, se define H *(I") como el dual de H*(I") con respecto al producto
interior en L?(T), es decir, la clausura de L?(T") con respecto a la norma

donde

y n es la dimension.

._ |<U’ (p>L2(F)‘
ollymegy = sup L0

(2.6)
0£peHs(T) o] |Hs(r)

Asi, es posible dar el siguiente resultado de trazas.

Teorema 2.1.1 Sea Q un abierto acotado de R* con frontera I' de clase C*', k €
NU{0} y % < s < k+1 € N Entonces, la aplicacion v — v se extiende de
manera tinica a un operador lineal y continuo de H*(Q) — H* /().

Demostracién: Ver Teorema 6.2.40 en [46]. [

En particular, existe un operador vy : H*(2) — L?(T") lineal y continuo, tal
que
Yv=vl YveC®Q).

En general, tenemos la siguiente relacion:
H'(T') C y(H'(Q)) € LX(T) = H(T),

donde cada inclusién es estricta.
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2.2 Método de Elementos Finitos

Muchos problemas en elasticidad se representan matemdticamente mediante un
problema de minimizaciéon. Una situacion muy comun es cuando la solucién u, que
corresponde al desplazamiento de un sistema mecanico, satisface

vweV y J(u)=inf J(v) (2.7)

vEV

donde V, el conjunto de desplazamientos admisibles, es un espacio de Hilbert.
Por medio del método de Ritz podemos aproximar la solucién de (2.7), el cual
consiste en buscar u,, € V,, tal que

J(up) = inf J(vy), (2.8)

Um €V

donde V;,, es un subespacio de dimension finita de V.
Por otro lado, el funcional J se puede representar en la forma

J(v) = %A(v,v) C L),

donde L : V — R es una forma lineal y A : V x V — R es una forma bilineal que
satisface las siguientes condiciones:
-) Continuidad: Existe una constante real M > 0, tal que

A, v)| < M|lully[lvlly, Yu,0eV.
-) Simetria:
A(u,v) = A(v,u) VYu,veV.

De este modo, el problema (2.8) tiene la representacién alternativa: Hallar u, € Vp,

tal que
AU, ) = L(vy)  Yum, € Var . (2.9)

Si se elige una base {wy,...,ws,} de V,,, uno puede escribir
m
Um = Z o Wy (2.10)
i=1

y el problema (2.9) se reduce a encontrar la solucién del sistema lineal

m

Zaijai:bj 1§]§m, (211)
=1
donde
;5 = A(wi,w]-) y bj = L(w]-) . (212)
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Esta formulacién se puede extender al caso en que la forma bilineal A no es
simétrica y el problema (2.9) ya no corresponde a un problema de minimizacién.
Este caso pasa a llamarse Método de Galerkin.

Para su resolucién, ahora necesitamos agregar la siguiente condicién sobre A.

-) Coercividad o V-elipticidad: Existe una constante real § > 0, tal que

Av,v) > Blpl[},  YweV.
Asi, tenemos el siguiente resultado de existencia y unicidad.

Teorema 2.2.1 (Laz-Milgram) Sea V' un espacio de Hilbert y A:V xV — R una
forma bilineal, continua y coerciva. Entonces, para todo funcional lineal y acotado
L:V — R, existe un unico u € V tal que

A(u,v) = L(v) YueV.
Ademds,
1
ull, < =I|L||y,
lully < 3 L]y
donde [ es la cosntante de coercividad.

Demostracién: ver Teorema 1.7 en [44]. [

Entonces, de acuerdo a lo que hemos visto, podemos decir que el método de
elementos finitos es una técnica general para construir subespacios de dimensién
finita de un espacio de Hilbert V' con la intencién de aplicar el Método de Ritz-
Galerkin a un problema variacional planteado en V.

Esta técnica se basa en conceptos muy basicos. La idea fundamental es la par-
ticion del dominio €2, de manera tal que el problema original se puede plantear en
un conjunto de subdominios llamados elementos. Estos son usualmente triangulos,
cuadrados, tetraedros, etc.

Asi, un espacio de funciones V en 2 es aproximado por funciones simples, defini-
das sobre cada subdominio con adecuadas condiciones de interface. Estas funciones
simples son por lo general polinomios o funciones que dependen de polinomios a
través de algun cambio de variables.

Entonces, dado 2 un dominio poligonal con frontera 2. Una particién (trian-
gulacién) admisible de elementos finitos {7, }r~0 de © es una coleccién de elementos
7 de didmetro h,, donde h := max,c1; h,, tal que:

1-Q=U, e, 7

2.- Cada 1 es un poligono o poliedro de interior T no vacio.

3-7 N 79]-: para todo 7;, 7; € Tp, 1 # J.
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4.- Sil:=T1;N7; # ¢, entonces £ es un lado comiin, cara comin o vértice comiin
de 7; y 7;.
Sea p, el diametro de la bola mas grande contenida en 7. Entonces, se tiene la
siguiente definicion.

Definicién 2.2.1 Sea {Ti}ns0 una familia de triangulaciones admisibles de ). se
dice que {Th}n>o €s una familia reqular si existe o > 1 tal que para todo h > 0:

E <o VreT,.
Pr
Es importante darse cuenta que los supuestos de regularidad nos permiten con-
siderar las particiones del dominio {2 como mallas que pueden contener (localmente)
elementos muy refinados y de muy disimiles tamanos. En particular, los supuestos de
regularidad no se contraponen a los tipos de mallas que surgen de los refinamientos
adaptivos, como veremos mas adelante.

2.3 Formulacion Variacional Mixta

Aqui nos dedicaremos a mostrar algunos aspectos que nos ayuden a entender me-
jor las nociones de las formulaciones mixtas y su tratamiento para obtener existencia
y unicidad de solucién. Para ello seguimos el andlisis hecho en [44].

Sean X y M dos espacios de Hilbert con normas ||-||y ¥ |||/, respectivamente.
Sean X'y M' sus respectivos espacios duales y denotemos por ||-||y v ||-||}, a sus
normas duales correspondientes. De aqui en adelante, [-,-] denotara el producto de
dualidad indicado por el subindice correspondiente.

Ahora, definamos las formas bilineales continuas

a(,-): X x X >R, b(,-): X XM —R,

de normas

alu,v bv, T
lll= sup 28Oy gy HRT
u,veX,u,v;ﬁO ||UHX ||,UHX 'UEX,TEMfU#O 7T¢0 HUHX ||THM

Entonces, se estudia el siguiente problema variacional: Dado f € X' y g € M', hallar
(u,0) € X x M tal que

a(u,v) +b(v,0) = [f, ]y x (2.13)

b(u, 7) = 19, Tl
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para todo (v,7) € X x M.
Las formas bilineales a(-,-) y b(-,-) tienen los operadores lineales asociados A :
X - X'y B: X — M, respectivamente, definidos por:

[Au,v]x x = alu,v) Vu,ve X, (2.14)
(B, T) s = 0(v,7) Voe X, VreM. (2.15)

Ademaés, el operador dual de B, B' : M — X', se define como:
[B' 7,051y x = [T, BU]pprsens = (v, 7) Voe X, VreM. (2.16)

Con estos operadores, el problema (2.13) se escribe de forma equivalente: Hallar
(u,0) € X x M tal que
A B U f
= 2.1
o)=Ll e

[Au,v] 5 x + [B'o, Vxrex = [, V]xex (2.18)
[Bu, Tlyrsnr = 19 T
para todo (v, 7) € X x M. Con la intencién de dar las condiciones necesarias para que

el problema (2.17) tenga unicidad de solucién, es que para cada g € M’ definimos
el subespacio

o bien,

V(g)={ve X :Bv=g} (2.19)

y en particular,
V=V(0)={ve X:Bv=0}

o equivalentemente, V = Ker(B). Debido a que B es continuo, se tiene que V' es un
subespacio cerrado de X. Ademés, sea IT : X' — V' la inyeccién candnica definida
por II(f) = f|y para todo f € X'. Entonces, (2.17) tiene el siguiente problema
asociado: Hallar u € V(g) tal que I1 A(u) = II(f), esto es,

[A u, U]X’xX = [.fa U]X’xX (2'20)

para todov € V.
Luego, si (u,0) € X x M es solucién del problema (2.17), entonces v € V(g) y
es solucién del problema (2.20) debido a que para todo v € V

[BI g, U]X’XX = [BvaU]M’xM =0.

Con esto, podemos dar el resultado que buscabamos.
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Teorema 2.3.1 Para cada (f,g) € X' x M' eriste una unica solucion (u,o) €
X x M del problema (2.17) si y sdlo si se cumplen las siguientes condiciones:
(i) Existe una constante 5 > 0 tal que

Bu, 1|,
inf sup M = (221)
TEM 4eXx ||U||X||T||M

(#) Para cada (f,g) € X' x M' existe una dnica solucidn u € V(g) solucidn de
(2.20).

Demostracién: ver Teorema 4.1, Capitulo I, en [44]. [ |

Ahora, pasaremos a estudiar la unicidad de solucién de formulaciones variacio-
nales de tipo dual-dual, dado que conforman una parte importante de este trabajo.

Sean X7, M; y M espacios de Hilbert y se define X = X; x M;. Consideremos el
operador nolineal A; : X; — X/ y los operadores lineales y acotados B : X — M' |
B : Xy — M] con operadores duales B’ : M — X'y B : M; — X/, respectivamente.

Utilizando los operadores A;, By y Bj se define el operador nolineal A : X — X'
€omo

!
A@@z[éi%}{i]&V:MxM{ (2.22)

o de forma equivalente,
[A(t’ G)a (S’ T)]X’XX = [Al(t)’ S]XixXl + [BQ(O'), S]XixXl + [Bl(t)a T]M{le (2'23)

para todo (¢,0), (s,7) € X. Entonces, estamos interesados en el siguiente problema
nolineal: Dado (F,G) € X' x M', hallar ((t,0),u) € X x M tal que

2 o] [ la] 620

[A(t’ U)’ (8’ T)]X’XX + [B,(U’)’ (8’ T)]X’XX = [F’ (8’ T)]X’XX (2'25)

[B(t’ G)a U]M’xM = [G’ U]M’xM

esto es,

para todo ((s,7),v) € X x M.
Procediendo de manera andloga, definimos para cada G € M’,

V(G)={(s,7) € X : B(s,7) =G}
y en el caso particular

V=V(0)={(s,7) € X : B(s,7) =0}
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o bien, V = Ker(B). Entonces, debido a que B es acotado, tenemos que V' es un
subespacio cerrado de X. Ahora, damos la inyeccién canénica IT : X’ — V' definida
por II(F) = F|y para todo F' € X'. Luego, (2.24) tiene el siguiente problema
asociado: Hallar (t,0) € V(Q) tal que I A(t,0) = II(F), esto es

[A(t7 0)’ (57 7_)]X’><X = [F7 (3’ T)]X’XX (2'26)

para todo (s,7) € V. Asi, es claro que si ((¢,0),u) € X x M es una solucién de (2.24),
entonces (t,0) € V(G) y es solucién de (2.26), debido a que para todo (s,7) € V

[B,(u)’ (SaT)]X’xX = [B(S’T)a U’]M’xM =0.
Con esto estamos en condiciones de dar el siguiente teorema.

Teorema 2.3.2 Para cada (F,G) € X' x M' existe una unica solucion ((t,0),u) €
X X M de (2.24) sty sélo si se cumplen las siguientes condiciones:
(i) Existe una constante 5 > 0 tal que
[3(57 T)7 U]M’xM

inf sup >
0£(sm)eX ozvenm  ||(8, Tl x|[v][as

(ii) Para cada (F,G) € X' x M' existe una unica solucion (t,o) € V(G) de
(2.26).

Demostracién: ver Teorema 2.1, Seccién 2 en [29]. [

También, es posible obtener resultados similares a los Teoremas 2.3.1 y 2.3.2 en
la versién discreta de los problemas (2.17) y (2.24) respectivamente. Para estudiar
esto en detalle, ver [16], [29] ¥ [35].

2.4 El Método Integral de Frontera

La idea bésica del Método Integral de Frontera (M.LF.) consiste en la repre-
sentacién de la solucién de un Problema de Valor de Contorno (P.V.C.) interior o
exterior, cuya ecuacion diferencial es lineal y homogénea, mediante potenciales de
frontera. Luego se utilizan los datos de frontera para hallar las densidades de dichos
potenciales.

Para entender mejor esto, consideremos {2 como un abierto acotado regular de
R? con frontera I' seccionalmente de clase C'. E1 M.I.F. se basa en el hecho que la
soluciéon u del problema

—Au=0 en (), (2.27)
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u=f en '

con f € C°T), puede ser representado mediante la férmula de Green por

u(z) =/ E(z, y) ds, — /—E z,y) A(y) dsy (2.28)
ovy
pata todo x € 2, donde

1
E(z,y) = 5 log ||z — y||

es la solucién fundamental del operador de Laplace en R?, v, es el vector normal
exterior a €2 para los y en ', y ademas, tenemos que

ou
A= =
U|r y 2 ay\r

De (2.28) se puede ver que la naturaleza de la solucién u puede ser determinada
a través de las integrales (sobre I') que la conforman. De hecho, haciendo tender
z a ' desde Q, usando las condiciones de salto para las integrales en (2.28) y la
condicién de Dirichlet u|r = f, se obtiene que o estd relacionada por la ecuacién
integral, llamada de primera clase,

Volz) = (%I+K) f enT, (2.29)

donde I es el operador identidad y los operadores V y K son el potencial de capa
simple y doble, respectivamente y estan definidos por:

Vo(z)= /FE(a:,y)o(y) dsy, Vzxel

/8 ) fly)ds, Vxel.

Cabe senalar que a aprtir de (2.28), también es posible obtener una segunda
ecuacién integral (llamada de segunda clase) realizando el mismo procedimiento,
pero sobre la derivada normal de (2.28), esto es,

(%I—K’)J:Wf Vz €T (2.30)

donde K’ y W son el operador adjunto al potencial de capa doble y el operador
integral de frontera hipersingular, respectivamente, y estan definidos por:

0
_/FayxE(x,y)a(y)dsy Ve el
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y
W f(z) = _[“ {aauw %E(z,y) } fly)dsy, Vzel.
Para todos estos operadores puede demostrarse que (ver [24]):
V:HV/*(T) — HY*M(T)
K : HY/>/(T) — HY2¥7(T)
K': H-Y27() —s H-Y207(D)
y

W : HY/2H(T) — H Y/277(T)

—%,%) y que V. y W son operado-

res simétricos. Aiin mds, el potencial de capa simple V es coercivo (eliptico) en
Hy'(I), vale decir, si definimos por (-, -) al producto de dualidad entre H=/2(I') y
H'?(T") definido por el producto interior en L?(T'), tenemos que existen constantes
C1,Cy > 0 tales que

son operadores continuos para todo v € (

(0, Vo) > Cullo|iospey Vo€ Hy (D),
con

Hy'2(T) := {o € HV2() : (1,0) = 0} ,

(WA X) > ColMFnpry VA€ H'P(I)/R.

También, es bueno senalar que K’ es el adjunto de K con respecto a (-, -).
Por otro lado, notemos que la ecuacién integral (2.29) es equivalente al siguiente
problema, variacional: Hallar § € H'/%(T") tal que

A(6,7) = F(1) vr e HV(T)
donde
A6, 1) == (1, V) Vo, 7 € H-Y4(I)

Fr):={r,(GI+K) ) Vre H(T).

En general, tenemos el siguiente problema variacional: Hallar o € V' tal que

Ao, 1) = F(1) VreV, (2.31)
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donde V' es un espacio de Hilbert, A : V' x V' — R es una forma bilineal continua y
F' es un funcional lineal acotado sobre V.

Ahora bien, por lo habitual, las formas bilineales que surgen de las formulaciones
variacionales de ecuaciones integrales de frontera no son fuertemente elipticas, pero
si satisfacen la desigualdad de Garding. Esto es, existe a > 0 tal que

A(r,7) 2 alirlly = B(r,7)  VreV,

donde B es una forma bilineal compacta sobre V. Por lo tanto, no es posible aplicar
el Teorema de Lax-Milgram, pero en su defecto, si podemos utilizar la alternativa de
Fredholm, lo cual significa que la existencia de solucién en (2.31) implica unicidad
y reciprocamente.

Resultados anédlogos para la versién discreta de (2.31) son también obtenibles.
En efecto, sea {V,},., una familia de subespacios de dimensién finita de V' tal que,
cuando h — 0,

inf ||[T—mll, —0 V7reV. (2.32)

ThEWR

Luego, se establece el esquema de Galerkin: Hallar o, € Vy, tal que
A(on, ) = F(13) V1, €V - (2.33)

Entonces, si se dispone de (2.32), el operador A satisface la desigualdad de Garding
y (2.31) admite una tnica solucién, se tiene que existen v, hy > 0, tal que

A
sup |A(on, )|

> vllonlly, Vo €Vi, Vh<hg, (2.34)
0£TREVR HThHV

llamada condicion de Babuska-Brezzi asintética. Ademads, existe una tinica solucién
op € Vi, de (2.33) y se tiene la siguiente estimacién de Cea,

llo —onlly, <C in
c

f |lo—mlly (2.35)
ThE€VR

para todo h < hg, donde C > 0 es una constante independiente de h y o.

2.5 Analisis A-Posteriori

Desde el comienzo de las simulaciones computacionales de los sucesos fisicos, la
presencia de errores numeéricos en los calculos han sido uno de los principales moti-
vos de estudio. El error numérico es intrinsico a tales simulaciones pues el proceso
de discretizacion que transforma un modelo continuo en uno discreto y por ende
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(en teoria), posible de representar en un computador, no es capaz de incluir to-
da la informacion expresada por las ecuaciones diferenciales o integrales. Luego, el
problema es obtener estimaciones confiables de las soluciones numeéricas calculadas.
Estimaciones de error a-priori dadas por los analisis de error estandar para métodos
de elementos finitos, frecuentemente son insuficientes debido a que sélo dan infor-
macion de acuerdo al comportamiento asintdtico del error y requieren condiciones
de regularidad de la solucién que no se satisfacen en presencia de singularidades.

En efecto, otro hecho importante es el dominio donde uno esté trabajando, por
ejemplo, una perdida frecuente de exactitud en la aproximacién numérica es causada
por singularidades que surgen, por ejemplo, por esquinas reentrantes.

Una solucién inmediata seria refinar cerca de las regiones criticas, es decir, tener
mas elementos y mas pequenos donde la solucién es menos regular. Entonces, el
problema medular es como identificar aquellas regiones y cémo obtener un buen
equilibrio entre las regiones refinadas y las mas gruesas, de modo que la precision
global de la solucién sea 6ptima.

Todas estas situaciones muestran la necesidad de un estimador del error que se
pueda obtener a-posteriori, es decir, a partir de la solucién numérica ya calculada y
del dato dado del problema en cuestion.

Para entender mejor esto, veamos el siguiente problema. Sea €2 C R? un dominio
acotado con frontera Lipschitz 9Q = T'y|JTp. Dado f € L*(Q) y g € L*(Ty),
consideremos el problema de valor de frontera: Hallar u tal que

—Au+u=f en ()

u=0 enl'p (2.36)
0
a—:j = en FN .

La formulacién variacional de este problema es: Hallar uw € V' tal que
A(u,v) = L(v) YoeV, (2.37)

donde V:={ve H}(Q):v=0 enTp},

A(u,v):/(Vu-Vv+uv)dx y L(U)z/fvda:+/ gvds .
Q Q I'n
Sea V}, un subespacio de elementos finitos de V. La aproximacién por elementos

finitos de este problema es: Hallar u, € V}, tal que

A(Uh,’l)h) = L(’Uh) \V/’Uh € Vh . (238)
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El error e = u — uy, satisface
A(e,v) = A(u,v) — A(up,v) = L(v) — A(up,v) YveV. (2.39)

Ademis, se tiene la condicion de ortogonalidad para el error en la proyeccién de
Galerkin, esto es,
Ale,vp) =0 Yo, eV . (2.40)

Una ecuacién residual equivalente a (2.38) se puede obtener integrando por partes
sobre cada elemento, asi tenemos que

/(Ve-Vv+ev) dxz/rvdx—k/ v (Vu-vr —Vou, - vp) ds (2.41)
T T aT

donde T es un elemento de la triangulacién {7, }x>0 de €, 7 es el residuo definido
por
r= f + Auh — Up,

y vr es el vector normal exterior sobre la frontera 0 7. Bajo condiciones convenientes,
se puede mostrar que la solucién de (2.41) esta acotada por

lelly < Cullrllpzry + CalIVe-vrllzar (2.42)
() (o7)

donde C y C5 dependen del tamano del elemento hr y de otros parametros de la
malla. A este tipo de estimacién se le denomina de tipo explicito.

Ahora bien, la presencia de las constantes C; y C5 en la estimacion del error
a-posteriori explicito (2.42) nos lleva a considerar el tratar de resolver un problema
de valor de frontera local aproximado para el error de la forma

/ (Vg@h,TVU'i‘QOh,T’U) dz :/
T

Tvda:—i—/ v (gr — Voup-vr) ds, (2.43)
T aT

donde gr es una aproximacién al flujo en la frontera. La solucién ¢,  se puede usar
de la siguiente manera:

lenal? = [ (9 onal + ¢i) da (2.4
y asi dar una medida del error contenida en la aproximaciéon asociada al elemento
T'. De esta aproximacién surgen las siguientes consideraciones:

-) El espacio de dimensién finita que contiene al error debe ser aproximado por
un subespacio finito dimensional apropiado.

-) El flujo en la frontera V u - vr debe ser aproximado de manera efectiva.
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A este tipo de estudio (resolucién de problemas locales sobre cada elemento) se
le denomina método residual implicito del error, y a la estimacién del error ||¢p, ||
se le denomina de tipo implicito.

Por otro lado, si 7 es un estimador local del error en el elemento 7', donde 71" es
un elemento de una triangulacién {75 }ns0, entonces la estimacién global del error
7 usualmente se considera como

1/2
n=={§:7ﬁ} , (2.45)

TeTh

al cual, usualmente se le exije, para considerarlo como un estimador del error com-
pleto, que existan constantes C7, Cy > 0 tales que

Cin <|lel]| < Can, (2.46)

donde ||e|| es la magnitud del error global. entonces, 7 tiende a cero en la misma
razén que el error verdadero. Cuando se logra obtener tanto la minoracién como la
mayoracion, uno habla de eficiencia y confiabilidad del estimador.



Capitulo 3

An Exterior Linear Problem

The main purpose of the present chapter is to derive explicit and implicit reliable
a-posteriori error estimates for linear exterior problems in the plane, whose varia-
tional formulations are obtained by the combination of dual-mixed FEM with DtN
mappings. As a model, we consider the exterior transmission problem from poten-
tial theory studied in [51] (see also [22], [42] and [39]). In addition, we use the DtN
mapping from [38] and [47], which is given in terms of the hypersingular boundary
integral operator for the Laplacian. The rest of the chapter is organized as follows. In
Section 2 we introduce the model problem, derive the associated mixed variational
formulation, and prove the corresponding solvability and continuous dependence re-
sults. Actually, this is done through an equivalent formulation arising from a direct
sum decomposition of one of the unknowns. In Section 3 we use Raviart-Thomas
spaces to define the discrete scheme, show that it is stable and uniquely solvable,
obtain the Cea error estimate, and state the associated rate of convergence. Then,
a reliable a-posteriori error estimate of explicit residual type is derived in Section 4.
Our analysis here follows very closely the techniques from [22] and [39]. In Section 5
we apply a Bank-Weiser type a-posteriori error analysis and provide a reliable esti-
mate that depends on the solution of local problems. An explicit estimate, based on
bounds of these local solutions and a suitable averaging technique, is also deduced
in this section. Finally, several numerical experiments illustrating the efficiency of
these estimators for the adaptive computation of the discrete solutions are given in
Section 6.

In what follows, the symbols C, C, and C are used to denote generic positive
constants with different values at different places.

19
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3.1 The model problem

Let € be a bounded and simply connected domain in R? with Lipschitz-continuous
boundary I'y. Also, let ; be the annular domain bounded by I'y and another
Lipschitz-continuous closed curve I'y whose interior region contains Qy. Then, given
fi € L*(), g € H'/?(Iy) and a matrix valued function &, € C(9;), we consider

the exterior transmission problem: Find u; € H*(Qy) and uy € HL (R? — Qo U Q)
such that
up=g on Iy, —div(kiVu) = fi in O,
0
up =uy and (K Vuy)-n = 2 on Iy, (3.1)
n

—Auy=0 in R*—QuUQ, wu(z)=0(1) as |lz]| = +oo,

where n := (ny,ny)T denotes the unit outward normal to T';.
We assume that x; induces a strongly elliptic differential operator, that is there
exists o > 0 such that

ar|lE] < (k18)-&  VEER. (3.2)

We now introduce a sufficiently large circle I' with center at the origin such
that its interior region contains Qg U Q;. Then we let O, be the annular region
bounded by I'y and I', put Q := ; UI'; U {2y, and define the global unknown u :=
{ v ?n " , the data f := { h .1n & , and the flux variable & := Kk Vu in

ug In 0 in €
Ky in
I in Q
Next, we apply the boundary integral equation method in the region exterior to

Q, where Kk := { , and I denotes the identity matrix.

the circle T', and obtain the following Dirichlet-to-Neumann mapping (see [38], [47])
oc-v=-2W() on T, (3.3)

where v is the unit outward normal to 092 := o UT, A := ulr is a further unknown,
and W is the hypersingular boundary integral operator.

We remark that if I' is chosen as a polygonal boundary instead of a circle, then
we would need all the boundary integral operators to express o - v in terms of .
The advantage of using a circle in this case lies in the simplicity of the resulting
Dirichlet-to-Neumann mapping (3.3).

We recall here that W is the linear operator defined by

Wu(x) := _auézx) /1“ 81/6(@/) E(z,y) uly)ds, Yz eT, Vue HYXD),
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where v(z) stands for the unit outward normal at z € I', and E(z, y) := —5- log ||z—
y|| is the fundamental solution of the two-dimensional Laplacian. It is well known
that W maps continuously H'/?*9(T") into H~/?+%(T") for all 6 € [~1/2,1/2], and
that there exists oy > 0 such that

(W (), myr > a ||pl 2oy Vi € Hy*(T), (3.4)

where
Hy* (D) == {pe H'(T): (Lur=0}.

In addition, W(1) = 0 and W is symmetric in the sense that (W(u), p)r =
(W (p), w)r for all p, p € H/*(T).

Hereafter, (-, -)p (resp. (-, -)r,) denotes the duality pairing of H~1/2(T") and H'/%(T")
(resp. H~'/2(['y) and H'/?(Ty)) with respect to the L2(T") (resp. L?(Ty)) inner pro-
duct.

In this way, the model problem (3.1) is reformulated as a boundary value problem
in  with the nonlocal boundary condition (3.3). Hence, by performing the usual
integration by parts procedure in €2, we find that the corresponding mixed variational
formulation reads: Find ((o,\),u) € H X @ such that

A((a'a /\)’ (Ta N’)) + B((T’ :u)a u) = <T v, g)To )
Bl(e ) = - [ fods, (35)
Q
for all ((7,u),v) € H x Q, where H := H(div;Q) x H/?('), Q := L?*(Q), and the
bilinear forms A: H X H - R and B : H X () — R are defined as follows:

A((o, A), (T, 1)) := /Q(n1 o) Tdr+2(WA u)yr — (T-v,\)r + (o-v,u)r, (3.6)

B((T,pn),v) ::/deivv'd:c, (3.7)

for all (o, \), (T,pu) € H, for allv € Q.
At this point we recall that H(div; Q) is the space of functions T € [L?(Q)]? such
that divr € L?(Q2), which, provided with the inner product

divedivrdr + / o-Tdr,
Q

(o, T)r@ivie) = /

Q
becomes a Hilbert space. In addition, for all = € H(div;Q), 7 - v|r € Hﬁl/Q(F)a
T v, € HY2(T,), and both ||T - V||H—1/2(r) and ||7 - uHH_l/Q(FO) are bounded
above by ||| aaiv;e)-
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On the other hand, each y € Hl/Q(F) can be uniquely decomposed as p := ji+q,
- 1/2 :
with i := (u— ﬁfruds) € HyX(I') and ¢ := |%—‘fr,udg € R, which states that
HY2(IN) = Hl/z(l“) @ R. Further, it is easy to see that ||,u||§11/2( ||“||H1/2 +
IT'| [¢|?, and hence [[1]| g1/2(ry and ||(i2, ¢)||m1/2rysm == ||/1||H1/z(r)+|q\ are equ1valent.

Then we write A = A + p, with A € Hj /2 (F) p € R, and consider the alternative
formulation: Find ((e, \), (u,p)) € H x Q such that

A((O’,j\),(‘r,ﬂ,))+B((T,ﬂ),(u,p)) = <T'V,g>r0,
A

), (0,0) = —/vadx,

(3.8)

for all (7, ), (v,q)) € H x Q, where H := H(div; Q) x Hy*(T), Q := L*(Q) x R,
and the bilinear form B : H x Q — R is defined as

B((T, ), (v,q)) == /deivrdx —q{T-v,1)r. (3.9)

Then we have the following result.

Teorema 3.1.1 Problems (3.5) and (3.8) are equivalent. More precisely:

1. If (o, \),u) € HxQ is a solution of (3.5), where X := A+p, with \ € H1/2(F)
and p € R, then (o, \), (u,p)) € H x Q is a solution of (3.8).

2. If (o, \), (u,p)) € H x Q is a solution of (3.8), then ((o,\),u) € H X Q is a
solution of (3.5) with X := X\ + p.

Proof: Let ((o,\),u) € H x Q be a solution of (3.5), where A := X 4 p, with
) e H&/Q(F) and p € R, and consider ((7, i), (v,q)) € H x Q. Since W(p) = 0, it
follows that

A(e ), (T, 1)) + B((7, 1), (u,p))

= A((O’, )‘)’ (T’ ﬁ)) + B((T’ /1)’ u) = <T "V, g>F0 : (310)

Now, taking 4 = 1 and 7 = 0 in the first equation of (3.5), and using the
symmetry of W and the fact that W(1) = 0, we find that (- v, 1)r = 0, and hence

B0, 3). (v.0) = B((@ 0,0) = Bl(@.N0) = ~ [ fodo.
This equation and (3.10) prove that (e, \), (u,p)) € H x Q is a solution of (3.8).

Conversely, let ((r, \), (u,p)) € HxQ be asolution of (3.8), and define \ := A+p.
Taking v = 0 and ¢ = 1 in the second equation of (3.8), we deduce that (o-v, 1)r = 0.
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Then we consider ((7,u),v) € H X @, such that p:= i + ¢, with i € Hg/Q(F) and
q € R, and observe that

A((o, A), (7, 1)) + B((T, 1), u)
= A((o,N), (7, 1) + B((7, i), (u,p)) = (T-v,9)r, - (3.11)
Also, according to the second equation in (3.8), we find that

B((0,)),v) = B((o,)), (1,0)) = — /fvdx,
"
which, together with (3.11), shows that ((o, A),u) € H x @ is a solution of (3.5). H

In virtue of Theorem 3.1.1, from now on we concentrate on the equivalent pro-
blem (3.8). The corresponding continuous and discrete analyses are based on the
classical Babuska-Brezzi theory.

At this point we remark, which is easy to prove, that the bilinear forms A, B,
and B are all bounded.

We end this section with the following theorem providing the unique solvability
and the continuous dependence result for the mixed variational formulation (3.8)
(and hence also for (3.5)).

Teorema 3.1.2 There exists a unique ((o,\), (u,p)) € H x Q solution of (3.8).
Moreover, there exists C' > 0, independent of the solution, such that

1, 2), ()l < C {11 flle2) + Nallmragg) } -

Proof: We first prove the continuous inf-sup condition for B. Thus, given (v, q) €

Q = L*(Q) x R, we let z € H'(Q) be the weak solution of the mixed boundary
value problem:

0z
ov
for which one can easily show that ||z||mi@) < C{[|v]|r2@) + |g|}. Then we set
To := —Vz and observe that divry =v in Q, 7o-v = —gon I', and ||7¢|| g(giv;n) <
C{||v||L2@) + |g|}. It follows that

—Az=v in Q, z=0 on Ty, =q on [,

sup B((T,ﬂ),(’l},q)) > B((TO;O);(U,C])) . HUH%Z(Q)—{_‘F‘ |Q‘2

(T.R)eH (T, /1)||i1 N ||7'0||H(div;n) B ||7'0||H(div;n)
(T.i)#0

> BlI(v, g

where 3 depends on |T'| and C.
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We now let V be the kernel of the operator induced by the bilinear form B, that
is

Vi={(r,p) e H: B((r,}i),(v,9)=0 V(v,q) € H},

which yields
V={(r,i) € Hdiv;Q) x H)”’(T): divr=0 in Q and (r-v,1)r=0}.

It follows, using (3.6), (3.2), and (3.4), that A is strongly coercive on V, that is, for
all (7, 1) € V it holds

A((r, ), (T, i) = /Q (k7' 7) - Tdo + 2(W(@), r > af|(r, ﬁ)“?{(div;ﬂ)le/?(I‘) )
where a depends on «; and as.

Finally, a straightforward application of the abstract Theorem 1.1 in chapter II
of [16] completes the proof. [

3.2 The discrete scheme

Hereafter we assume, for simplicity, that I’y and I'; are polygonal boundaries.
In order to discretize the circle ', we proceed similarly as in [40]. This means that
givenn € N, welet 0 =ty < t; < --- < t, = 27 be a uniform partition of [0, 27] with
tim—tj=h= 2t for j € {0,1,...,n — 1}. In addition, we let z : [0, 27] — I" be the
parametrization of the circle I given by z(t) := 7 (cos(t), sin(¢))" for all ¢ € [0, 27].
We denote by €2; the annular domain bounded by I'y and the polygonal line I';
whose vertices are {z(t1),z(t2), ..., z(t,) }

Then we let 7; be a regular triangulation of 2; by triangles 7" of diameter Ay
such that A := SUDpeT. hr. We assume that for each T € 7;, either T' C Q, or
T C ,. Then, we replace each triangle T € 7T, with one side along I';, by the
corresponding curved triangle with one side along I'. In this way, we obtain from 7;,
a triangulation 7, of Q made up of straight and curved triangles.

Next, we consider the canonical triangle with vertices P, = (0,0)7, P, = (1,0)7T
and Py = (0,1)T as a reference triangle T, and introduce a family of bijective
mappings {Fr}rer,, such that FT(T) = T. In particular, if T is a straight triangle
of Ty, then Fp is the affine mapping defined by Fr(z) = BrZ + by, where By, a
square matrix of order 2, and by € R? depend on the vertices of 7.

On the other hand, if 7" is a curved triangle with vertices P, P, and Ps, such
that P, = z(t;_1) € ' and Py = z(t;) € I, then Fr(%) = Br & + br + Gr(%) for all

A

i = (&1,%;) € T, where
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T

Gr(2) {2t 1+ 2a2(t; — t51)) = [2t5 1) + 3 (2(t5) — 2(t; )] | - (3.12)

T 1_4,

We now let J(Fr) and D(Fr) denote, respectively, the Jacobian and the Fréchet
differential of the mapping Fr. Then we summarize their main properties in the
following lemma.

Lema 3.2.1 There exists hg > 0 such that for all h € (0, ho) Fr is a diffeomorphism
of class C*™ that maps one-to-one T onto the curved triangle T in such a way that
Fr(P) = P, for alli € {1,2,3}. In addition, J(Fr) does not vanish in a neighborhood
of T, and there exist positive constants C;, i € {1,...,5}, independent of T and h,

such that for all T € Ty, there hold

Cihy < [I(Fr)| < Cohiy [I(Fr) 1oy < Cahi™ Yk e {-1,1},

and
((DFp)|yioe(iy < Cahgt, [(DFr) ™ yhooy < Cshyt Yk €{0,1}.
Proof: See Theorem 22.4 in [64]. [
Herafter, given s > 0, || - [lyysco(iy and | - |yyoce(zy (resp. || - [[gyoe(zypx> and

A

| [ws.co(iyj2x2) denote the norm and semi-norm of the usual Sobolev space W**(T')
(resp. [W*°°(T)]>*?). In addition, |- |z is the semi-norm of [H'(T)]?, and given
a non-negative integer k and a subset S of R or R?, P(S) denotes the space of
polynomials defined on S of degree < k.

We now introduce the lowest order Raviart-Thomas spaces. For this purpose, we

first let I , . N
e (1 ()(2)) o

and for each triangle T' € T}, we put
RTo(T) :={1: 7T=JI(Fp) Y (DFp)+oF;', #+eRT\(T)}. (3.14)

Then, we define the finite element subspaces for the unknowns o, A, and u, as
follows:
HP ={71,€ Hdiv;Q): Tplr e RT(T) YT €T}, (3.15)

Hy = {pn:T =R pp=pnoz", fun € HY(0,27)}, (3.16)
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with
H}0,27) := {,&h :10,27] = R, iy is continuous and periodic of period 2,
finlie; 1) € Pi(ti—1,t;) Vi€ {l,..,n} },
and
Qn = {vn € L*(Q) : wlr €Po(T) VT €T,}. (3.17)
Thus, we set Hy, := HZ x H} and state the Galerkin scheme associated with the
continuous problem (3.5) as: Find ((op, An), un) € Hp X Qp such that
A((O'ha Ah)’ (Tha ,u’h)) + B((Tha ,U'h)a U’h) = <Th "V, g)Fo )

B((U'h,)\h),’Uh) = _/vahd.I, (318)

for all ((Th,,u,h),?)h) S Hh X Qh-
Next, similarly as for the continuous problem, we introduce an alternative for-
mulation, which is the discrete analogue of (3.8). To this end, we define

H), == H) N HY*(D), Hy, := HZ x HYy, Qn:=QxxR, (3.19)
and consider the Galerkin scheme: Find (o, M), (un, pn)) € Hy X Qp such that

A((os, :\h)’ (Th, Bin)) + B((Th, i), (un,pn)) = (Th-v,9)r,, .
B((on M), (vn,qn)) = — /Q Fopdz, (3.20)

for all (T, fin), (vh, qn)) € Hp X Qn.
Then we have the following result.

Teorema 3.2.1 Problems (3.18) and (3.20) are equivalent. More precisely:

1. If (e, An),up) € Hp x Qp, is a solution of (3.18), where A, := n + P, with
An € H}i‘,o and p, € R, then ((op, An), (un,pr)) € Hp X Qp is a solution of
(3.20).

2. If (oh, M), (un, pp)) € Hy x Qp is a solution of (3.20), then ((oh, \p), un) €
Hy x Qy is a solution of (3.18) with Ay, := A, + pp.

Proof: It is similar to the proof of Theorem 3.1.1 since it is based on the decompo-
sition Hp := Hp , @ R. We omit further details. [

Our next goal is to show that the Galerkin scheme (3.20) is stable and uniquely
solvable. To this end, we consider first the equilibrium interpolation operator &, :
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[H'(2)]* — HZ, which, according to the Piola transformation used in (3.14), is
given by (see, e.g. [16], [60])

En(T)|lr = J(Fr) N (DFp) E(F) o Fpt YT €Ty,

where # := J(Fr) (DFy) ‘7 o Fr and & : [H(T)]> — RTo(T) is the local equili-
brium interpolation operator on the reference triangle T.

Lema 3.2.2 There exists C > 0, independent of h, such that
||‘l’ — gh(T)H[Lz(Q)]z S Ch HTH[HI(Q)P (3.21)

and
||diV(5h(T))||L2(Q) < C||diVT||L2(Q) (3.22)

for all T € [H(Q)]2.

Proof: Using the change of variable z = Fp(Z), we find that

I = En(T)Ifzoay = /T I7(2) = 3(Fr) " (DFr) E(7)(Fy H(2)) | dz

. 2
= [ B |7 o Fr)(@) ~ 3(F) ! (DFr) )@, i
7
. 2
= [ 13| |30 0F) [7(6) - E0)@)] | do
. 2
< [ BE DRI 7@ - €)@ @z, (3.23)
where || - ||2 is the usual euclidean norm for both vectors and matrices in R? and

R2*2 | respectively.
Now, since |J(Fr)~}| = O(h7?) and ||(DFr)|ls < Cy hr (see Lemma 3.2.1), and
because of the approximation property of £, we deduce from (3.23) that
I = 0Py < CI1F = EE gy
= C|J(Fr) (DFp) ' (10 Fr) |[2H1(T)]2
< C{ ‘J(FT)‘WLO"(T) ||(DFT)71)||[W0=°°(T)]2X2 |70 FT||[L2(T)]2

+ ||J(FT)||W0’°°(T) |(DFT)_1|[W1’°°(T)P><2 |70 FT||[L2(T‘)]2

2
- 1IE lyooers IDEr) luyooeqyese 70 Fr gy } L (3.29)
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with a constant C' > 0, depending only on T.

Next, applying the corresponding norm estimates for J(Fr) and (DFr)~! (see
again Lemma 3.2.1), changing back the variable # by F,.'(x), and using chain rule
in the term |7 o Fr| ;1 2, we conclude from (3.24) that

||7' - gh(T)||[2L2(T)]2 < é h2 ||T||[2H1(T)]2 VT € 771 . (325)

On ther hand, we know from the conmuting diagram property on the reference

A

triangle 7" that
|div E(T) L2y < N1div 7 1207 -

Then we use the above inequality, identity (1.49) (cf. Lemma 1.5) in chapter III
of [16], and Cauchy-Schwarz’s inequality, to find that

1div & (7] Z2(r) = / div &, (1) div &y (7) dz = / divE,(r) divE(+) di
T T

< ||diV5h(7')||L2(:ﬁ) ”diVé(%)"L?(’f‘) < ||diV5h(7')||L2(:ﬁ) ||diV’f'||L2(T)a (3.26)
where di@r) stands for div &,(7) o Fr.
Then, applying the inequalities (1.40) (cf. Lemma 1.4) and (1.54) (cf. Lemma
1.6) in chapter III of [16], and the estimate for J(Fr) given in Lemma 3.2.1, we
deduce that

[div E(T) 12y < C hz' ||div Ex(T)||z2(ry and |div || 27y < Chr|div T|[r2r),
which replaced back into (3.26) yields
||diV (gh(T))”Lz(T) < C ||diV T||L2(T) VT €7,. (3.27)

Hence, summing up over all the triangles T € 7}, in (3.25) and (3.27), we con-
clude, respectively, (3.21) and (3.22). [

We are now in a position to prove the discrete inf-sup condition for the bilinear
form B.

Lema 3.2.3 There exists B* > 0, independent of h, such that for all (v, qn) € Qn
it holds

B((Th, fin), (vh, an))
sup

Tpamerr  |(Th )1
(T p,iip)#0

> 6" [|(vn, qn)llg -



3.2 The discrete scheme 29

Proof: Given (vy, qy) € Qp, we note that

B((Th, i), (vn, B((T1,0), (v,
sup ((rn Mh)~ (vns qn)) > sup ((75,0), (Un, an))
(T p.fip)EHp, ||(Thalu'h)HH ThEH;?. ||ThHH(div;Q)
(T p iy, ) #0 T #0
Vp in Q
Th define vy, := 1 _

o, WE CCTE Uh - (/ vhdx+Qh|F\> in Qp ’

€] \Jq

put Q := QU Qy, and let z € H'(Q) be the weak solution of
0z

_A =7 i Q _— =
z Vp 11 y o

g on I /zdsz.
Q

Since €, being the interior region of the circle T', is clearly convex, the usual

regularity result (see, e.g. [45]) implies that z € H*(Q2) and

2l 2@y < C{lvnll2@) + lanl }-

Thus we define 7 := —Vz|q € [H}(Q)]?, and observe that divF = v, in Q, ¥-v =
—qp on I', and

Tl = IVellim@pe < l2llpa < C{llvnll2e) + lanl }- (3.28)
Further, it is easy to see that
7l a@iviey < C { llvnllz2@) + lanl } - (3.29)

Then, using the approximation property (3.21) and the estimate (3.22) (cf. Lem-
ma 3.2.2), we find that

() [y = 1€ [z + [1div (En(T))l L2
< C {17 = 8@y + 17y + 107220y )

< {1 Rn@p + 171w |
which, using (3.28) and (3.29), implies
1En(F)|mr@vey < C {lvnllza@ + lanl } - (3.30)

We now let P, be the orthogonal projection from L?(Q) onto the finite element
subspace @)n. Then, using the identity (1.49) (cf. Lemma 1.5) in chapter III of
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[16] and the conmuting diagram property on the reference triangle T, similarly as
we did in the proof of Lemma 3.2.2, we deduce that in this case there also holds
Pr(div E,(F)) = Pr(div F), which yields

/Uhdivé'h(i')d:r = / vhdivi'da: = ||’Uh||%2(9)
Q

Q

Next, since [ Ey(F) - veds = [ 7 - veds for all the edges e of Ty, with v,
being the unit outward normal to e, and since 7 - v = —q;, on I', we deduce that
(En(T) v, 1)r = —qu |T|.

According to the above analysis we can write

B((71,0), (vn, as)) S B((&n(7),0), (vn, a1))

sup >
T,end |7 1| 7 (aivi) ER(T)|| H(aivie)
Th#o
Moz + Tl g3
/6* H(UhJQh)H ok
||5h( )||H(div;Q) Q
where the last inequality follows from (3.30). This finishes the proof. [ |

We are now in a position to provide the stability and unique solvability of the
Galerkin scheme (3.20), and the corresponding Cea estimate.

Teorema 3.2.2 There exists a unique ((oh, M), (un, pr)) € Hy x Qn solution of
(3.20). In addition, there exists C > 0, independent of h, such that

1((ns M) (uns o))l e < C {11 F 22y + llgllmirao) }

and
||((0'7 5‘)7 (u,p)) - ((O'h, :\h)a (uh’ph))Hflxc}

<C  min_[|((e,0),4) = ((Ths 4), v8) |l 1xq -
(T hofin)vn) EHR X Qp
Proof: Let V,, be the discrete kernel of the operator induced by the bilinear form
B. Tt is easy to show, according to the definition of B (cf. (3.9)) and Lemma 5.7 in
[40], that

Vi={(rn,jn) € Hy: (rp-v,1)r=0 and divr,=0 in Q},

and hence the bilinear form A is uniformly strongly coercive on Vj,.
In this way, Lemma 3.2.3 and direct applications of the abstract Theorems 1.1
and 2.1 in chapter II of [16] complete the proof. [ |
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We end this section with a result on the rate of convergence of the Galerkin
scheme (3.20). For this purpose, we recall the following approximation properties of
the subspaces H? , H/i‘,m and @y, respectively (see, e.g. [8], [16], [49], [60]):

1. (APZ): For all 7 € [H'(Q)]? with divT € H'(Q), it holds
17 = En(M)l vy < Ch {I7llizaye + [1divrlme) } -
2. (AP} ,): For all i € H¥(I') N H*(T"), there exists fi, € H} such that
||ﬂ - ﬂh||H1/2(r) < Ch||ﬂ||H3/2(r)-
3. (APy): For all v € H'(Q) it holds
v = Pr(v)llz2y < Chlvllaye,
where P}, is the orthogonal projection from L?(Q2) onto Qp.

Then we can establish the following theorem.

Teorema 3.2.3 Let (o, \), (u,p)) and ((oh, M), (un, p)) be the unique solutions
of the continuous and discrete mized formulations (3.8) and (3.20), respectively.
Assume that o € [H*(Q)]?, dive € H*(Q), A € H*™/2(T) and u € H*(Q), for some
s € (0,1]. Then there exists C > 0, independent of h, such that

||((U’)‘)7(u’p)) - ((aha;\h)a(uhaph))HfIxQ

< e Ll + [1dive|lmoy + [ Mlaereq + ol } -

Proof: It follows from the Cea estimate in Theorem 3.2.2, the above approximation
properties, and suitable interpolation theorems in the Sobolev spaces. |

3.3 An explicit residual a-posteriori estimate

Let us first introduce some notations. We let E(T) be the set of edges of T € Tp,,
and let Ej, be the set of all edges of the triangulation 7. Then we write Ej, = E,(Q)U
En(To) U ER(T), where Ep(Q2) :={e € E,: e CQ}, Ep(I') :={e€ E,: e C T},
and similarly for Ej(T'y). In what follows, At and h, stand for the diameters of the
triangle 7' € 7, and edge e € Ej, respectively. Also, given a vector-valued function
T := (11,72)T defined in Q, an edge e € E(T) N E,(), and the unit tangential
vector ty along e, we let 71 be the restriction of 7 to T, and let J[7 - tr]| be the
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corresponding jump across e, that is J[7 - t7] :== (77 — T1)|e - t7, where T" is the
other triangle of 7, having e as edge. Here, the tangential vector ty is given by
(—vy,v1)T where vy := (v1,15)7T is the unit outward normal to OT. Finally, we let

curl (7) be the scalar 22 — 91

oz1 Oz "
Next, we define the finite element space

A

Xp = {va€C(Q): wplp=00FE", 9e€Py(T), VI €T},

and let I, : H'(Q) — X}, be the usual Clément interpolation operator (see [14],
[23]). The following lemma states the local approximation properties of Ij,.

Lema 3.3.1 There exist positive constants C; and Cs, independent of h, such that
for all ¢ € H'(Q) there holds

e — Ih(SD)Hp(T) < Cihr ||<P||H1(A(T)) VT € Th,

and
e = Tn(@)l|z2¢e) < Co hy/? lellmaey  Ve€ En,
where A(T) :=U{T" € T,: T'NT #0}, and Ale) :=U{T" € T,: T'Ne#0D}.

Proof: See Theorem 4.1 in [14]. [

The main goal of the present section is to prove the following theorem providing
a reliable a-posteriori error estimate.

Teorema 3.3.1 Let (o, \), (u,p)) € H x Q and ((oh, M), (un, pr)) € Hy x Qp be
the unique solutions of the continuous and discrete formulations (3.8) and (3.20),
respectively. Assume that the Dirichlet data g € H'(Ty) and that k, € C'(Q;). Then
there exists C > 0, independent of h, such that

where for any triangle T € T, we define

) _ 2
7’% = ||f + div 0'h||i2(T) + h% HCHI"](H 1o'h)HLZ(T)

+hi ||k ol ‘[2L2(T)]2 + Z hel| (k™ on) - tr] H;(e)
€ E(T)NER()

_ dg
+ Z he {H(K, 1a-h-tTHiz(e) + HE

e€E(T)NEx(To)

2

~ 112
+ [lg - gh||L2(e)}
L2(e)
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2

— dj\h 9 ~ ~ 2
1
D DR ‘ (7 on) -t = G| e + |3 = ]|,
EEE(T)ﬂEh(F) 2(e
(3.32)
with
=0 -v+2W(A\), (3.33)
1
Jnle == > /g ds Vee Ey(ly), (3.34)
and .
5\h|e = h_ /j\h ds Ve e Eh(F) . (335)

In order to prove Theorem 3.3.1, we need some preliminary results. We begin
with the following technical lemma.

Lema 3.3.2 Let 6 := o, + o* € H(div;Q), where 0* := Vz and z € H'(Q) is the
weak solution of: —Az = f+divey in €2, z =0 on [y, g—fj = 0 on I'. Then there
exists C > 0, independent of h, such that

~ ~ 2 ~ ~
H(o-—a-,)\—)\h)Hﬁ < CIIf +divonll g || (@ = a3 2)|

i
+[Alen M) (0 = & = 7 X =R = )|+ (mn- v pa)e [+ (0 = & = ) - v g
for all (T4, fin) € Hy, with divry, = 0.

Proof: It follows similarly as the proof of Lemma 4.2 in [39]. [ |

Now, we can give an a-posteriori error estimate for (o — o) and (A—\,) through
the following theorem.

Teorema 3.3.2 There exists C' > 0, independent of h, such that

/
H(O'—O'h,j\—:\h)HﬁSC {ZniT}IQ, (3.36)

TETh

where for any triangle T € T, we define

. - 2
niT = ||f +div °'h||iZ(T) + h2. chrl(n lo'h)Hm(T)

Y kel -t [,

e€E(T)NER(Q)
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2
; vt +
e€ E(T)NE,(To) dtr L2(e)
||
+ he (H o'h) tr — o + thHiQ(e)

dtr

e€E(T)NER(T) L2(e)

Proof: From Lemma 3.3.2 we know that o*-v = 22 = 0 on I and div(e — &) = 0.

In addition, the formulations (3.8) and (3.20) yield (o - v,1)r = (o} - v, 1)r =
Then, using Gauss’s Theorem we deduce that ((e—&)-v,1)r = ((e—6)-v,1) 0

Lo
Thus, since  is connected, there exists a stream function ¢ € H'(Q), with

T
Jo @ dz =0, such that & — & = curlp := (—g—w“; g—g‘:’l)

We now introduce the Clément interpolant ¢y, := I;(¢) € X} and take from now
on T, := curlp;, in Lemma 3.3.2. In this way, & — 6 — 7, = curl(¢ — ¢},), and for

all fi, € H}, it holds
A((on, An), (curl(p — @n), A — Xy — fin))

- / (K on) - curl(p — on) dz + (-9~ — o), Mdr + (Ens & — n — fin)r, (3.37)

dtr

where &, := o, -v+2 W)\, . Since o, - v|r € L*(T) and A € H'(T), it follows easily,
using the mapping properties of W, that &, € L?(T).
Now, applying integration by parts, we obtain

/Q(H_lﬂ'h) -curl(p — ¢p) dz

DI B RO AL D DRI (O AR R P

TeTh e€E(T)NER(Q)
+ (K™'on) - tr, 0 — n)r2e) + Z (k™'om) - tr, 0 — €0h>L2(e)} ;
€ B(T)NE(T) € B(T)NEy(To)

(3.38)
which, replaced back into (3.37), yields

Al(en i) (eurlly — ), A= 3= ) = Y- { = [ curll ) (o - ) o

TET,

‘% Z (JI(k™ o) trl, 0= on)r2(e) + Z (K™ 'on)tr, 0 —@n)r2(e)

e€ E(T)NE () e€ E(T)NEy(T)
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dX .
+ Z (<("'"_10'h) “tr— —h, ©=n)r2(e) T (€ns A= An —Mh>L2(e)> , (3.39)
dtr (e)
€ E(T)NE(T)
for all fi, € Hp,, where (-,-)12() stands for the usual L?(e)—inner product.
Next, we define py, := I (w)|pr, where w € H'(2) is the solution of the boundary
value problem: Aw = 0 in Q, w = =)\ — /\h on I, and = 0 on I'y, and set

iy = (Mh — ﬁ [N ds) € Hh,O' It is easy to see that

ol < CJ[A=Ra]] 00 (3.40)

HY/2(T)

and from Lemma 3.3.1 it follows that

Hx—ih—uhHme) = v = Ta(w)ll2) < Che 0]l sae)

Using the property (&,,1)r = 0, the above inequality, and the fact that the
number of triangles in A(e) is bounded (independently of /), we show that

Z Z (€ A — M — fin)r2(e)| = Z (€ X = An = fin)r2(e)

TeTy eeE(T)NEL(T) e€ER(T)
1/2
A=A — | <C D he l1€nl172 w|l gy - (3.41)
e€En(I) ecEL(T)

In order to bound the remaining terms in (3.39) we apply Cauchy-Schwarz’s
inequality, Lemma 3.2.3, and the fact that the number of triangles in A(T) is also
bounded. Thus, we find that

Z/ curl(k™ o) (¢ — ¢p) dx <CZhT||c

TeT TeTh

(3.42)

Z (JI(&" o) - trl, 0 = On)r2e)
)

TETh eeE(T)NEL(Q)

<0 Y R on) bl ||, lelhae (3.43)

TeTh e€E(T)NEL(Q)

Z Z (K™'on) -t 0 — On)12(e)

TeT, eeE(T)NER([To)
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<c> > P en) b el (3.44)

TeTh, eeE(T)NER(To)

and

Z Z (o) - tr— dtr O = Oh)I2(e)

TET), e€eE(T)NER(T)

oy Yo

TeTh eeE(T)NER(T)

_ dn
(K™on) -ty — dtr el m1age - (3.45)
L2(e)

Also, we observe that (7, -v,1)r = {(curl(p,)-v,1)r = (dtT ©n, L)r = 0, which
shows that the third term on the right hand side of the inequality in Lemma 3.3.2
vanishes.

For the remaining term on I'y we note that

~ dg
(o= =) waghn| = feurllp = o) v, g)ns| = | (0= o Shn,

which, applying Lemma 3.3.1, leads to

1/2

(@--m)v.gml <CJ 3 he
eth FO

Therefore, using (3.39), (3.41), (3.42), (3.43), (3.44), (3.45) and (3.46), we deduce
that

eollmry.  (3.46)

Al(on W), (0= & =70 A= X = )| + (e = & = 7) - v, )|
R 2 2 1/2
< O {llelinm + Il (3.47)

1/2
where 7y = {ZTGTh (niT —||f +div °'h||i2(T))} . Now, since [, ¢pdz =0, we
obtain from (3.47) and (3.40),

Al(on ). (0 = & =i A= 3y — )| + (@ =& —74) . )|

1/2
< ¢ il + 1 [y} =0

Hence, in virtue of Lemma 3.3.2 and the continuous dependence result given by

2

—F, A=A\
(U g, h) i

the estimate |[o™(| ;(giv.0) < C||f + div oh|12(q), e conclude that

1/2
. ) o 1/2
(@ =anx=2)|| < c{ir+avoullg +it} " =c {Z niT} ,

TET,
(3.48)
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which ends the proof. [ |

In order to complete our a-posteriori error estimate, we need to provide the
estimate for (u—wuy) and (p—py). For this purpose, the following lemma is necessary.

Lema 3.3.3 For any T € H(div, Q) there exists v+ € [H'(Q)]* such that div(rs) =
divr in Q, (rr-v,)r = (- -v,1)r, and

||rTH[H1(Q)]2 <C HTHH(div;Q) ;
with a constant C > 0, independent of T.

Proof: We proceed similarly as the proof of Lemma 4.4 in [39]. Let O be the

convex domain whose boundary is the circle T', that is O := Qg U €. Then, given
T € H(div; Q) we consider the function f € L*(O) defined by

divr in Q

1
- — {/divrdx - (T'l/,1>r} in Q.
|QO‘ Q

Since [, fdz — {7 -v,1)r =0, we deduce that the weak solution z € H'(O) of:
Az=fin O, g—f/ = |—%|(7' -v,1)ronT, and [, zdzx =0, is uniquely determined. In
addition, a classical regularity result and the trace theorem in H(div;$2) imply that

z € H*(O) and

~~

o) < € {Ifllzxo) + r-w, el } < Clirllmaie (3.49)

Thus, we put r+ := Vz|q and observe that r+ € [H'(Q)]?, div (r+) = f = divr
in Q, and (ry-v,1)r = (g—fj, 1)r = (7 - v, 1)r. Finally, (3.49) yields
el < lzllaxe) < [l2llr2e) < CliTllrave ,

which completes the proof of the lemma. |

The a-posteriori error estimate for (v — up,p — pp) € Q is established now.

Teorema 3.3.3 There exists C' > 0, independent of h, such that

1/2
[(w—un,p —pa)llg < C {Z 77%} :

TET,
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Proof: The continuous inf-sup condition for B (cf. proof of Theorem 3.1.2) yields
the inequality

~ B T,0), (u, - B 7,0), (up, p
(w—up,p—pn)lls < C  sup ((7,0), (u,p)) ((7,0), (un h))
T € H(div;Q) ||T||H(div;§2)
T #0

(3.50)

Now, given 7 € H(div; ) we consider the function r+ provided by Lemma 3.3.3
and note that

B((7,0), (u,p)) :=/Qudivv'da:—p('r-u,1)p

= /Qudiv (1‘7-) dzx —p<1'7' -V, 1>F = B((rTaO)a (u,p)) ’

which, according to the first equation of (3.8), gives

B((T, 0)7 (u,p)) = - A((Ua /\)7 (1‘7-, O)) + <I‘7- v, 9>F0 . (3'51)

Similarly, using now the properties of the operator &£,, we easily deduce that

B((7,0)(up,pn)) := /Quh divrdx —pp (T -v,1)r

= /Quh div (Ex(r7)) dz — py (En(rr) - v, 1)r = B((En(r7),0), (un, pa)) ,
which, in virtue of the first equation of (3.20), yields
B((7,0), (un, pn)) = — A((on, An), (En(rr), 0)) + (En(rr) - v, g)r, - (3.52)

Then, by replacing (3.51) and (3.52) back into (3.50), we obtain
|[(w = un,p—pn)llg <

A((op, S\h), (En(rr) —r1,0)) — A((o — o, A — :\h), (rr,0))
. ~ (Enlrr) —rr) v, 9)r,
sup

T cH(div;Q) Hikd ‘H(diV;Q)
T #0

(3.53)
We now bound the terms on the right hand side of (3.53). First, the boundedness
of A, Theorem 3.3.2, and Lemma 3.3.3 imply that

1/2
[A((g = on, A= M), (r7,0)) | < C { >, nf,T} 17|l (aivse) - (3.54)

TeT,
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Next, since &, satisfies [, Ey(rr) - vds = [ rr -vds for all e € Ej,, we deduce
that

((En(rr) —r7) v, 9)ry = ((Enl(rr) —17) v, 9 —sn)r, Vsn € Sh,

where S}, is the space of piecewise constant functions on the partition of I'y induced
by the triangulation 75, and hence

[{(En(er) —xr) v, g)re | < D llg = sullez [1Enlrr) —v7) - vllna (3.55)

e€Ep(To)

for all s, € Sy,. But, with the same interpolation results used in the proof of Theorem
4.5 in [39], we can prove that

(En(rr) —17) - v|li2e) < CRY? ez ||y (3.56)

where 7, is the triangle to which e belongs, and C, a constant independent of A,
may depend on the minimum angle of 7j,.
In this way, (3.55), (3.56), Cauchy-Schwarz’s inequality, and Lemma 3.3.3 lead

to
1/2
{(Entrr) —rr) wigin| < O b 4 D hellg=sallizo ¢ [Tl
eEEh(FO)
1/2
=0C Z he llg — gh||%2(e) 7| E(aivie) » (3.57)

e€Ep(To)

where gnle := 5 [, gds for all e € E,(To).
In order to bound the first term on the right hand side of (3.53), we recall from
(3.25) that

1ER(C) = Clliz2emy2 < Chr Kl VE€HY(Q)]?, VT €T,  (3.58)

Thus, applying Cauchy-Schwarz’s inequality, (3.58) with ¢ = r4, Lemma 3.3.3,
and following a similar analysis to the one yielding (3.57), we can show that

Al(on M), (Enlrr) = x7,0) |

< \ [0 Eer) —er) o

+ ‘ ((En(ry) —r7) v, Ap)r
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1/2

<C Z hi |"‘7710'h||[2L2(T)]2 + Z he |[An — /\h||%2(e) 7| s aivie

TeTh e€E(T)
(3.59)
where 5\h|e = h—le /. Ands for all e € E, (D).
Therefore, by inserting (3.54), (3.57), and (3.59) back into (3.53), we conclude
the required estimate. |

Finally, the proof of Theorem 3.3.1, which is the main contribution of this section,
follows straightforward from Theorems 3.3.2 and 3.3.3.

3.4 An implicit a-posteriori estimate

In this section we apply a Bank-Weiser type procedure (similarly as in [36] and
[41]) to our model problem. For the classical Bank-Weiser’s approach we refer to [10].
As a result of our analysis we obtain a second reliable a-posteriori error estimate
of implicit type, which depends on the solution of local problems. In addition, we
bound these local solutions, introduce a suitable averaging technique, and transform
the original estimate into an explicit one.

We first need a symmetric, bounded, and strongly coercive bilinear form A on
the space H := H(div; Q) x Hé/Q (T'). In particular, from now on we consider

A((¢,p), (T, 1) = (C,T)H(div;n) + (W(p),m)r V(¢ p), (T,1) € H. (3.60)

Then, given the solutions ((o,)\), (u,p)) € H x Q and ((oh, M), (un, pp)) €
Hy, x Qp of the continuous and Galerkin schemes (3.8) and (3.20), respectively, we
define the H-Ritz projection of the error with respect to A, as the unique (0, € H
such that

A((e,N), (T, ) = A(0 =, A= M), (T, 1)) + B((T, ), (u—un,p— p1)) (3.61)

for all (7, 1) € H. The existence of such a (&, \) is guaranteed by the fact that the
right hand side of (3.61) (as a mapping acting on (7, u)) constitutes a linear and
bounded functional on H.

Now, given T € T, and e € E(T'), we denote by (-, -) g(aivyr) the inner product of
H(div;T) and let {-,-)ar be the duality pairing between H~'/2(0T) and H'/?(9T)
with respect to the L2(8T)-inner product. In addition, we let Hy/%(e) be the space
of functions in H'/%(e) whose extensions by zero to the rest of 0T are in H'/?(0T),
and denote by (-, -). the duality pairing between H&)I/Q(e) and H&f(e) with respect

to the L?(e)-inner product. As before, v7 stands for the unit outward normal to 97 .
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The following theorem provides an important upper bound for the Ritz projection
(o,)) € H.

Teorema 3.4.1 Assume there exists s > 2 such that g € H'/?(Ty) N W'=1/55(Ty)
and let ¢, be a function in H'(Q) NWH¥(Q) such that ¢p(x) = g(Z) for each vertex
Z of Tp lying on Ty, and ¢p(Z) = /N\h(a_c) + pp, for each vertex T of Ty, lying on T.
Further, for each T € Ty, let 67 € H(div;T) be the unique solution of the local

problem
<6'T, T>H(div;T) = Gh,T(T) V1 e H(le, T) s (362)

where Gyr € H(div;T)' is defined by
Ghr(T) == — /(I‘.',ldh) cTdr — /uh divrdz + (7 vr, §n)or
T T

+ Z (T-vr, My +ph— Br)e + Z (T-vr,0— Pn)e- (3.63)

e€E(T)NE(T) e€E(T)NEy(To)

Then there holds

A&, 1), (@, 2) < Y lerlli@n + [WHTTZWOW + on- v [ -
TET,
(3.64)

Proof: We first observe from (3.8) that

A((a,A), (T, 1)) + B((T,1); (u,p)) = {T-v,9)1,,
and hence
A((0,N), (1,1) = (T - v, 9)r, — Al(on, M), (7, 1)) — B((7, 1), (un, pn))  (3.65)

for all (7, p) € H. Thus, since A is symmetric and strongly coercive on H, we have
that

S A@D. @) = min {LAGm (7))~ Al@ A () b, (366)
(T.w)EH

which, according to (3.65), becomes
Y A((a'a /_\), (6': /_\)) = min . \-7(7-’ /1') ’ (367)
with

\7(7-’ :u) = % A((T’ ,LL), (Ta :U/))+A((o-h’ 5‘h): (T’ M))+B((Ta N)a (Uh,ph)) - <T'Va g>F0 :
(3.68)
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On the other hand, the hypotheses on g and ¢ imply, according to the Sobolev
imbedding theorems, that (g — @p)le € H&f(e) for each e € Ey(I'y) and (A, + pp —
@n)le € HiJ? () for each e € Ej(T), whence

(T v,9—@n)r, = Z (T v,9— @n)e (3.69)
e€Ep(Io)
and
<T'Va/\h +ph_(/~3h>l‘ = Z (T-V,)\h+ph—g5h>e. (3.70)
e€ER(T)

Further, we also get — Z (T -vr,@n)or + (T -v,0n)r + (T -V,0n)1, = 0,
TETh
which is then added to the quadratic functional 7.

In this way, recalling the definitions of A, A, and B, and using (3.69) and (3.70),
we obtain

I =Y Frlrr) + B, (3.71)

TeTh

where 77 is the restriction 7|r,

1
Jr(Tr) = 5 |5y — Grr(Tr), (3.72)
and ]
Fo(p) = 5 (W(n) e + CW) + o v, pr. (3.73)
We observe here that
) 1, 9
. Jir(tr) = =5 llo7/lm@vr) » (3.74)

where 6 € H(div; T) is the unique solution of the local problem (3.62).
Hence, replacing (3.71) up to (3.73) back into (3.67), noting that H(div; () is
contained in the broken space

H(div; Q)" := {r € [L*(Q)]>: 77 € Hdiv;T) VT €T},

and using (3.74), we deduce that

—%A((&, A),(,)) = min { Z Jr(Tr } + min  J(u)

1/2
TEH(le, TeT, ﬂeHo/ (1—\)

> Z min  Jip(rr) + min o)

T reH(div;T) e 1/2(I‘)



3.4 An implicit a-posteriori estimate 43

1 . 1
=73 > el — 5 (W(p),pir, (3.75)
TET,

where p € Hé/ ?(T") is the unique solution to the equation
(W) = =(2W() + on v Vue H(I). (3.76)

It follows from (3.76) that

1 1 _ <
—5 (W) p)r > =S IIWH2W(W) + on- v »

whence (3.75) yields

1 o=, = 1 R 1 _ ~
—SA(3,0),@,0) = =5 > 6rllian =5 W HH2ZWOW) +onvl[-ue »
2 2 2 ()

TET
which completes the proof. |

It is important to remark that the above theorem does not require any furt-
her condition on ¢, and hence, in principle, this function can be chosen in many
different ways. However, we will prove below that the proposed a-posteriori error
estimate becomes efficient up to a term depending on (u — @y). This property is
called quasi-efficiency. Therefore, one should try to choose @) as close as possible,
at least empirically, to the exact solution u.

We now give the main reliable a-posteriori error estimate for the Galerkin scheme
(3.20), which makes use of the H-Ritz projection (&, ) and the associated upper
bound provided by Theorem 3.4.1.

Teorema 3.4.2 Let @y be as indicated in Theorem 3.4.1, and for each T € Ty let
o € H(div;T) be the unique solution of the local problem (3.62). Then there exists
C > 0, independent of h, such that

1/2
(e =ond=). w=up=p)|| < {Z 6% + R%} ,

07 = 160 |[Faier) + |1 f+dives |[fam

R% = || 2W(5\h) + op-V H%I—l/Z(I‘) .
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Proof: The continuous dependence result given by Theorem 3.1.2 is equivalent to
stating that the variational formulation (3.8) satisfies a global inf-sup condition,
which means that there exists C' > 0 such that

(S, ), (w, )| v

<C swp {AUCH), () + Bl (1) + BC ), (0,0) )

(T ), (v,a))EAXQ
H(T ), (w91 <1

for all ((¢, p), (w,r)) € H x Q.

In particular, taking ((¢, p), (w,7)) == (& — on, A — M), (4 — up, p — pp)) in
the above inequality, and using the definition of the Ritz projection (&, \) € H (cf.
(3.61)), and the statements of the continuous and Galerkin schemes (3.8) and (3.20),
we obtain that

[((o = on, A= An), (v —un,p — i)l %o

¢ $m~~{A«iMKﬂM)—/
(T 1), (v,0))EAXQ Q
(T 1), (v,q))|1<1

VAN

(f+divey)v d:r;} :

Hence, using the properties of A, and applying Cauchy-Schwarz’s inequality, we
deduce that there exists C' > 0 such that

||((0' —onA— )‘h)’ (u — Up,P _ph))HFIxQ

1/2
<C {A((c‘r, N, (@ 0) + ) ||f+divcrh||%zm} ,

TET;,

which, together with the upper bound (3.64), finishes the proof. [ |

The following lemma provides a-priori estimates for the solution of the local pro-
blem (3.62). They will be used to show the quasi-efficiency of the estimate provided
by Theorem 3.4.2, and also to deduce an explicit reliable a-posteriori error estimate
based on a suitable averaging technique.

Lema 3.4.1 Let ¢, be as indicated in Theorem 3.4.1, and for each T € Ty, let
6 € H(div;T) be the unique solution of the local problem (3.62). Then there exists
C > 0, independent of h and T, such that

lor||m@ivir) < C{ (™ o) = Vol + lun — @nllizm

~ 1/2
= 112 =112
+ E [[An + P — 90h||H(%2(e) + E g — QO”HH(}({Q(e)} . (3.77)

e€E(T)NE,(T) e€E(T)NEy(Ty)
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In addition, for any z € H(Q)NW15(Q), with s > 2, such that z = g on Ty, we get

&l vy < C{I (87 an) = V2| Fary

1/2
+llun = 2 Bary + [1Inr ) Bsony } - (3.78)
0 on OT NIy
where Jpp(2) :=< z— (A +pr) on OTNT .

z— @p otherwise

Proof: We first recall from (3.62) that 67 € H(div;T) and (61, T)u@ivr) =
Ghr(7) for all 7 € H(div;T), where

Ghr(T) = — /(n_la'h) -rdr — /uh divrdx + (T -vr, Pp)or
T T

=+ Z <T VT, ;\h + pn — (ﬁh)e + Z <T VT, g — @h)e : (379)

e€E(T)NEy(T) e€E(T)NEy(To)

Since @, € H'(R), we apply Gauss’s formula to obtain

(T-vr, Gror = /V(ﬁh-Tda:—I— /g?:hdiVde.
T T

Then, replacing this expression back into (3.79), applying Cauchy-Schwarz’s ine-
quality, and using the fact that ||6r||maivr) = [|Grrl|H(aivry, We arrive to (3.77).

On the other hand, given z € H*(Q2) N W1#(Q), with s > 2, such that 2 = g on
['g, we obtain

(T-ve,gnor+ Y, (Tovn,dtApn—@n)et Y, (T-vr,g— @)
e€ B(T)NE(T) e€ B(T)NE(T'o)

= (T-vp,2)or — (T -V, 2 — @n)or

+ (T v, Aw+ P — Br)e — Z (T-vr, @n—2)e
€ E(T)NE(T) e€E(T)NE}(To)

= (T v, 2)or — (T vy, Inr(2))or,

which, replaced back into (3.79), yields (3.78) and ends the proof. [
We show next that the reliable a-posteriori error estimate from Theorem 3.4.2 is

quasi-efficient, that is, it is efficient up to a term depending on the traces of (u — @y)
on the edges of 7. Indeed, we have the following lemma.
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Lema 3.4.2 Let ¢y, be as indicated in Theorem 3.4.1, and assume that u € WH3(Q),
with s > 2. Then there exists C' > 0, independent of h, such that for all T € Ty,

< 0 llo = aulfhanny + 0=l + 1o o (350

0 on 0T NT,
where Jpr(u):=< A=A, on OTNI .
u— Qn otherwise
Further, there ezists C > 0, independent of h, such that

67+ R <
TETs

é{ 1o — oA — 3, (= wp— i) g + 3 1T ) Py } (3.81)
T€7-h

Proof: From the second equation of (3.8) we get dive = —f in Q and (v, 1)r = 0.
In addition, from the first equation of (3.8) we deduce that k™' = Vu in Q,
u=A+ponT, u=gonTy and QW(;\)-FO'-V:OOII I.

Then, applying Lemma 3.4.1 (cf. (3.78)) with z = u, we obtain that

‘ |&T| |%{(diV;T) <

C{ (&7 on) = (&7 ) [z + lun — ul[Zamy + [1Tn (W) 2or) } (3.82)

Hence, (3.80) follows from (3.82) and the fact that

07 =167/ [1aivr) + I +divonlliam) = [167|h@vr + [1div (0 = o)l

On the other hand, using that (2W(A) + o -v) = 0 on I', and applying the
boundedness of W and the trace theorem in H(div;(2), we obtain that

RE = [2W(\) + on - v} 1o

< {13 = Mgy + llow = olaw | (3.83)

Finally, summing up in (3.80) over all T € 7, and adding (3.83), we conclude
(3.81) and finish the proof. [ |

The quasi-efficiency provided by Lemma 3.4.2 is in agreement with the properties
of the classical Bank-Weiser approach. In fact, it is well known that this a-posteriori
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error analysis only yields reliability, and that it is possible to obtain an explicit lower
bound of the error through the utilization of a different estimator, usually of residual
type.

Our next purpose is to bound the global quantity Rr by computable local indi-
cators on the edges e € Ej,(I'). Indeed, we have the following lemma.

Lema 3.4.3 There exists C > 0, independent of h, such that

RY < Clogll+Ch(D)] Y hel2W(A) + on-vi[ia (3.84)

e€ER(T)

where

he .
Cy(T) := max { e and e’ are neighbour edges of T’ } .

e/

Proof: We first observe from the definitions of the finite element subspaces HZ and
Hpy (cf. (3.15) and (3.19)) that (o - v)|r € L*(T') and A\, € HY(I'), and hence, a
mapping property of W implies that (2W(\,) + o -v) € L*(T).

Now, taking 7, = 0 in the first equation of (3.20), and (vp,q,) = (0,1) in
the second one, we deduce, respectively, that (2W(5\h) + o - v, fip)r = 0 for all
fin € Hfi\,O: and (o}, -v,1)r = 0.

Therefore, using the decomposition Hy = H} @ R, the symmetry of W, and
the fact that W(1) = 0, we conclude that (2W () + o, - v) is L?(T)-orthogonal
to H;. Thus, a straightforward application of Theorem 2 in [21] yields the estimate
(3.84) and ends the proof. [

As a consequence of Theorem 3.4.2 and Lemma 3.4.3, we obtain the following
result.

Teorema 3.4.3 Let @y be as indicated in Theorem 3.4.1, and for each T € Ty, let
or € H(div;T) be the unique solution of the local problem (3.62). Then there exists
C > 0, independent of h, such that

asft

1/2
< 62
xQ ~ C{Z T} ’

TeTs

where

07 =167/ [iaivry + |1 f +divon]Lr

+log[l+Ch(D)] Y. Rel2W(A) + an-vllTag -

e€E(T)NE(T)
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It is important to remark here that the local problem defining &7 lives in the
infinite dimensional space H(div;7T), and therefore, it can only be solved appro-
ximately by considering suitable finite dimensional subspaces. To this respect, as
indicated in [2], we suggest to apply the p or the h — p version.

Alternatively, we propose to utilize the upper bound (3.77) from Lemma 3.4.1 to
derive a fully explicit reliable a-posteriori error estimate that does not require neither
the exact nor any approximate solution of the local problem (3.62). More precisely,
our main explicit reliable a-posteriori error estimate for the Galerkin scheme (3.20)
is stated as follows.

Teorema 3.4.4 Let ¢y, be as indicated in Theorem 3.4.1. Then there exists C > 0,
independent of h, such that

1/2
(@ =oni=5, w-unp=-m)|,  <C {Z é%} L (38)

TETh

where

07 = [ ('on) — Vn ey + [lun = @nllizery + I f 4 diven|[Zae

+ Z [[An + pr — <Ph||Hééz(e) + Z llg — (PhHHoloﬂ(e)
e€B(T)NE(T) e€E(T)NE(To)
+ logl+Ch(D)] Y he|2W(A) + on-v[1a, - (3.86)
e€E(T)NE(T)
Proof: It follows directly from Theorem 3.4.3 and Lemma 3.4.1. |

We end this section by setting an appropriate choice for ¢,. As suggested by the
quasi-efficiency result provided by Lemma 3.4.2, this function needs to be as close as
possible to the exact solution u. Hence, we follow an averaging technique and define
@n : © — R as the unique continuous function satisfying the following conditions.

A

1. (@n|r o Fr) € P((T) for all T € Ty, where Fr is the diffeomorphism mapping
the reference triangle 7" onto T (cf. Section 3.2).

2. For each vertex z of T, lying on T'y: ¢5(z) = ¢(Z).

3. For each vertex Z of Ty, lying on I': (%) = Ap(Z) + ph.

4. For each vertex Z of T, not lying on 'y UT": @, (Z) is the weighted average of
the constant values of uy on all the triangles T' € 7}, to which Z belongs. Here,
the weighting is according to the relative area of each triangle.
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Finally, we observe that for implementation purposes, the H'/?2-norms appearing
in the definition of the local indicators #7 can be bounded using an interpolation
theorem. More precisely, given an edge e € Ej,(T')UE}(Ty), and a function p € H;(e),
we have

1ol < Nlaoge 1ol

3.5 Numerical results

We now provide several numerical results illustrating the performance of the
discrete scheme (3.18), and supporting the quality and efficiency of the a-posteriori
error estimates given by (3.31)-(3.32) and (3.85)-(3.86). We emphasize, according
to Theorem 3.2.1, that it suffices to solve (3.18) instead of the equivalent Galerkin
scheme (3.20).

For the geometry of the problem, we let I'y (0€2) and I'; be the boundaries of
the squares with center at (0,0) and side lengths given by 1 and 4, respectively.
In other words, I'y is the polygonal curve determined by the vertices (1/2,1/2),
(-1/2,1/2), (—-1/2,—1/2), and (1/2,—1/2), and Iy is the one determined by (2, 2),
(—2,2), (—2,—2), and (2,—2). In all our computations we consider k; equals the
identity matrix I, and choose the data f and g so that the exact solution of (3.1) is

u(z,y) = ( ad (\/x2 +y2) V(z,y) € R —Q,

70452+ 42 X

where x € C%([5,400)) is the cut-off function defined by

r®—3r2+3r, if%grgl
x(r) =

1 ifl1<r.

?

Hence, we take I" as the circle with center at (0,0) and radius 4, and recall that the
computational domain €2 is the annular region bounded by I’y and T'.

We observe that u has a singularity at (0.45,0), u € C*(Q), and u & C3(Q). In
fact, because of the definition of y, the third order derivatives of u are not continuous
on the unit circle.

We let N be the number of degrees of freedom defining the subspaces Hj, and @y,
that is N := number of edges of 7}, + number of nodes on I' + number of triangles
of T,. Also, we use the following notations for the individual and global errors

e(u) = |ju—unl[z2i), e(A) == [|]A= |2y, elo) = [l — onl[z@va,
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and
= {le@)]® + [eMW)]* + [e(e)]? }'?,

where ((o,A),u) € H x Q and ((oh, \n),un) € Hp X @ are the solutions of (3.5)
and (3.18), respectively. In addition, we consider the error estimates given by

1/2 1/2
:{Zn%} andé::{Zé%} ;

TETs TeTh

where 77 and 7 are defined by (3.32) and (3.86).

The adaptive algorithm used in our computations follows a standard approach
from [62] (see also [54]). More precisely, given a parameter « € (0, 1), we apply the
following scheme:

1. Start with a coarse mesh 7},.

2. Solve the discrete problem (3.18) for the actual mesh 7j.

3. Compute 7y (A7) for each triangle T € 7;.

4. Evaluate stopping criterion and decide to finish or go to next step.

5. Use blue-green procedure to refine each T whose indicator nr (éT) is among
the 100 % of the largest indicators. Define resulting mesh as actual mesh 7y,
update h and go to step 2.

In Tables 6.1 throughout 6.5 we display the errors for each unknown, the error
estimates 7 and 6, and the effectivity indices e /n and e/ 0, for uniform and adaptive
refinements. In addition, Figures 6.1 and 6.2 show the global error e versus the
degrees of freedom N. We consider here two choices of the refinement parameter
~, namely 0.1 and 0.25. We remark that the errors on each triangle 7" € 7, are
computed using a 16 points Gaussian quadrature rule.

As expected, the errors e for the adaptive refinements decrease considerably
faster than for the uniform one. Also, it is observed in all cases that e is mainly
dominated by the individual error e(e). Further, the indices e/7 and e/f are always
bounded above, which provides experimental evidences for the estimates (3.31) and
(3.85). We note, at least for this example, that the adaptive algorithm based on
§ is more efficient than the one based on 7. Nevertheless, as shown in Figures 6.1
and 6.2 the adaptive refinement using 1 converges a bit faster than the one using 0.
Now, it is also clear from Figures 6.1 and 6.2 that the adaptive meshes generated
with v = 0.1 yield a much faster decreasing of e than with v = 0.25. However,
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after about N = 15000 degrees of freedom, this process saturates and no further
significant improvement is obtained. On the other hand, the decreasing obtained
with v = 0.25 shows a closer behaviour to the expected quasi-optimal linear rate of
convergence. These facts can also be verified from Tables 6.2 up to 6.5 by computing
the experimental rates of convergence, that is the quantities — ?Oz)gs%:,l)) , where e and
e’ are the global errors associated with two consecutive adaptive meshes with N and

N' degrees of freedom, respectively.

Next, in Figures 6.3 and 6.4 we display initial and intermediate meshes obtained
with the refinement strategies. We observe that the adaptive algorithms, based on
both 7 and g, are able to recognize a neighborhood of (0.5,0), which is close to
the singular point (0.45,0). Also, they clearly identify the unit circle, on which, as
mentioned before, the exact solution u looses smoothness.

Finally, we emphasize that the numerical results presented in this section provide
enough support for the adaptive methods being much more efficient than a uniform
discretization when solving linear exterior problems.

Table 6.1: Individual errors, error estimates 7 and é,
and effectivity indices for the uniform refinement.

N | e(u)| e e(o) n e/n 6 e/b
1222 | 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375 | 29.4685 | 0.7164
4764 | 0.6674 | 0.1793 | 18.0624 | 36.2539 | 0.4986 | 25.1351 | 0.7191

18808 | 0.5291 | 0.1765 | 12.4059 | 34.1627 | 0.3635 | 17.7766 | 0.6986
74736 | 0.4847 | 0.1796 | 6.8630 | 25.9430 | 0.2653 | 10.2980 | 0.6683

Table 6.2: Individual errors, error estimate, and effectivity index
for the adaptive refinement based on 7, with v = 0.1.

N| ew]| eN)]| efo) n| e/n
1222 1 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375
1705 | 0.6835 | 0.1922 | 18.0697 | 36.2829 | 0.4984
2339 | 0.5532 | 0.1837 | 12.4267 | 34.2311 | 0.3634
3226 | 0.5135 | 0.1842 | 6.9190 | 26.0892 | 0.2660
4344 | 0.5046 | 0.1842 | 3.7602 | 17.0105 | 0.2233
5913 | 0.5027 | 0.1843 | 2.3152 | 11.3346 | 0.2097
8340 | 0.4947 | 0.1813 | 1.7358 | 8.2160 | 0.2208

12553 | 0.4907 | 0.1809 | 1.5224 | 6.3317 | 0.2542
19094 | 0.4846 | 0.1798 | 1.3737 | 4.9846 | 0.2945
28893 | 0.4826 | 0.1801 | 1.2419 | 3.9749 | 0.3382
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Table 6.3: Individual errors, error estimate, and effectivity index
for the adaptive refinement based on 6, with v = 0.1.

N | e(u)| e e(o) 6 e/0
1222 | 0.9602 | 0.3206 | 21.0856 | 29.4685 | 0.7164
1802 | 0.6806 | 0.1889 | 18.0673 | 25.1435 | 0.7191
2587 | 0.5460 | 0.1796 | 12.4188 | 17.8093 | 0.6981
3676 | 0.5054 | 0.1811 | 6.8987 | 10.3820 | 0.6665
5215 | 0.4944 | 0.1807 | 3.7113 | 6.0897 | 0.6155

11078 | 0.4885 | 0.1803 | 1.5939 | 3.2497 | 0.5160
17558 | 0.4834 | 0.1795 | 1.3610 | 2.9870 | 0.4873
27947 1 0.4819 | 0.1794 | 1.2214 | 2.8579 | 0.4637
45060 | 0.4798 | 0.1795 | 1.1351 | 2.7639 | 0.4506
73261 | 0.4777 | 0.1796 | 1.1031 | 2.6731 | 0.4547

Table 6.4: Individual errors, error estimate, and effectivity index
for the adaptive refinement based on 7, with v = 0.25.

N| ew]| eN)]| efo) n| _e/n
1222 1 0.9602 | 0.3206 | 21.0856 | 39.2721 | 0.5375
2305 | 0.6725 | 0.1823 | 18.0628 | 36.2611 | 0.4985
4654 | 0.5356 | 0.1772 | 12.4080 | 34.1781 | 0.3634
9264 | 0.4899 | 0.1786 | 6.8699 | 25.9641 | 0.2654

18693 | 0.4769 | 0.1789 | 3.6320 | 16.6864 | 0.2198
37606 | 0.4736 | 0.1795 | 2.0264 | 10.5919 | 0.1972

Table 6.5: Individual errors, error estimate, and effectivity index
for the adaptive refinement based on 6, with v = 0.25.

N | e(u)| e\ e(o) 6 e/l
1222 | 0.9602 | 0.3206 | 21.0856 | 29.4685 | 0.7164
2345 | 0.6725 | 0.1825 | 18.0628 | 25.1380 | 0.7191
4941 | 0.5355 | 0.1772 | 12.4075 | 17.7864 | 0.6983

10986 | 0.4887 | 0.1785 | 6.8666 | 10.3175 | 0.6674
24320 | 0.4758 | 0.1790 | 3.6255 | 5.9069 | 0.6198
04177 1 0.4729 | 0.1798 | 2.0168 | 3.6833 | 0.5645
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Figure 6.3: Initial and intermediate meshes with 1222, 4344, 8340, and 28893 degrees
of freedom, respectively, for the adaptive refinement based on n, with v = 0.1.
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Figure 6.4: Intermediate meshes with 2345, 4941, 10986, and 24320 degrees of
freedom, respectively, for the adaptive refinement based on 6, with v = 0.25.






Capitulo 4

A Nonlinear Problem in Elasticity

The objective of this chapter is to utilize the two-fold saddle point approach from
[29, 31, 32, 33, 34, 40] to extend the applicability of stable mixed finite elements from
linear elasticity, to a nonlinear boundary value problem in plane hyperelasticity. In
order to illustrate our results, we consider the PEERS-space introduced in [7] as a
particular example. In addition, we follow [17] and [18], together with the ideas from
[19] and [30], to derive a reliable a-posteriori error estimate for the resulting Galerkin
scheme. We remark that the extensions to our dual-dual case of the a-posteriori error
estimates of explicit residual type or of those given in terms of hierarchical bases,
have not been obtained yet. Hence, up to the authors’s knowledge, the present
chapter is the first one providing an a-posteriori error analysis for the two-fold saddle
point variational formulations. The remaining of the paper is organized as follows. In
Sect. 2 we describe the nonlinear boundary value problem from plane hyperelasticity.
The two-fold saddle point formulation is derived in Sect. 3 and the corresponding
solvability result is provided in Sect. 4. Then, the finite element solution is analyzed
in Sect. 5. Finally, Sect. 6 is devoted to the a-posteriori error estimate.

4.1 The boundary value problem

Let € be a bounded and simply connected domain in R? with Lipschitz-conti-
nuous boundary I'. Further, let I'p and ['y be two disjoint subsets of I such that
IUp|#0and I' = CpULy. Our goal is to determine the displacements u and stresses
o of a hyperelastic material occupying the region €.

In what follows, given any Hilbert space U, U? and U?*? denote, respectively,
the space of vectors and square matrices of order 2 with entries in U. In particular,
R?*2 is the space of square matrices of order 2 with real entries, I := (d;;) is the

57
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identity matrix of R?*?, and given 7 := (7;;), ¢ := (¢;;) € R?*?, we use the notations

2 2
tr (1) :=Z7'z‘i ; C3T5:Z G Tij -
=1

ij=1

As a description of the hyperelasticity we assume the validity of the Hencky-Mises
stress-strain relation as discussed in [56] (see, also, [57] and [63]). In other words, if
o(u) := (045(u)) € R**? denotes the Cauchy stress tensor and e(u) := (e;;(u)) €
R**? is the strain tensor of small deformations, with e;;(u) = 3 <ST“]", + %), then

the constitutive equation in €2 is given by

0

oij(u) = 5>~
ij

T(e(w)) Vi, je€{1,2}, (4.1.1)
where ¥ : R?*? — R is the stored energy function
1
U(r) = Lelr (1) + pB(dev(r))  VreR.  (112)

Here, k and [ are positive constants (z is called the ground state shear modulus),
® : [0,+00) — R is a function of class C? and dev : R?*? — R* is defined by
dev(r) := (7 — itr (7)) : (7 — itr (7)I). In addition, we assume ®'(0) = 1 and
that there exist constants C7, C'y and C3 such that

0<C<a®(p) <k , |p?"(p)| <Cy and
(4.1.3)
O'(p) +2pd"(p) > Cy > 0

for all p € RT := [0, +00).
In this way, by computing the right hand side of (4.1.1) according to (4.1.2), the
constitutive equation in {2 becomes

o(u) := Mdev(e(u))) tr (e(u)) I+ ji(dev(e(u))) e(u), (4.1.4)

where A, i : R" — R are the nonlinear Lamé functions defined by

ip) =2p®(p) and A(p):=r—-jlp) VpeR".

Further, by using the assumptions from (4.1.3), one can easily show that there exist
positive constants g, 41 and g such that for all p € RT

0<po<filp) <2k and 0<p <flp) +2p0 (p) < pa- (4.1.5)
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Then, given f € [L?(Q)]? and g € [HY/?(I'p)]?, our nonlinear boundary value
problem reads as follows: Find a tensor field o and a vector field u such that

= A(dev(e(u))) tr (e(u)) I+ fi(dev(e(u))) e(u) in €,
—dive =f in Q, (4.1.6)
u=g on ['p, ov=0 on Iy,

where v denotes the unit outward normal to I and for any 7 := (7;;) € R**?,

diV (Tn ’7'12) :|

divrt .= .
[ le (7'21 TQQ)

Our subsequent analysis also applies to a non-homogeneous Neumann boundary
condition. For simplicity, here we have chosen o v = 0 on I'y.

4.2 The two-fold saddle point formulation

We now derive a variational formulation for the nonlinear boundary value pro-
blem (4.1.6) and show that it can be written as a two-fold saddle point operator
equation, also called dual-dual mixed formulation.

First, we define the tensor spaces

H(div;Q) = {7 € [L*(Q)]***: divT € [L*(Q)]*},
Hy(div,Q) .= {7 € H{div;Q): 7vr=0 on Iy},
with inner product

(€, T)r(@ivie) = (T2 + (div ¢, div 1) 22

where
<C,T>[L2(Q)]2X2 ::/ C cTdx VC, T € [L2(Q)]2X2
Q
and
<Z,V>[L2(Q)}2 = / z-vdr VZ, Vv E [LQ(Q)]Q .
Q
The corresponding induced norms are || - ||g(aivio), || * [[[z2@)pex2 and || - [|jz2@)2-

Now, as in [43] and [34], we introduce the auxiliary unknown
t:=e(u) in Q, (4.2.1)
whence (4.1.4) becomes

o= At)tr(t)I + at)t in Q, (4.2.2)
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where, for any r € [L*(Q)]**? we put
A(r) := AM(dev(r)) and fi(r) := ji(dev(r)). (4.2.3)
In virtue of the definition of e(u) we can rewrite (4.2.1) as
t=Vu-—+v, (4.2.4)

where 1
v = §(Vu—(Vu)T)

represents rotations and lives in the space
R = {ne[l*(V]*?: n+nT=0}. (4.2.5)

Hereafter, the super index T stands for the transpose of any vector or matrix.
Then, we multiply (4.2.4) by a test function 7 € Hy(div;2), integrate by parts
on ) and make use of u =g on I'p, to obtain

/t:‘rd:r—i-/u-divrdx+/'y:7'dx:/ g-Tvds (4.2.6)
Q Q Q I'p

for all 7 € Hy(div; Q).
Also, the constitutive equation (4.2.2) yields

/Q [(e) tr (8) r (5) + ) 25 d:r;—/ﬂ o sdz =0 (4.2.7)
for all s € [L?(Q2)]**?, and the equilibrium equation becomes
- /Qv-divcrdx = /Qf-vdx Vv e [L*(Q)?. (4.2.8)
Finally, the symmetry of o is weakly required by
/Qa':nd:v:O VneR. (4.2.9)

In this way, collecting (4.2.6), (4.2.7), (4.2.8) and (4.2.9), we arrive at the follo-
wing variational formulation of the boundary value problem (4.1.6): Find (t, o, u, )
€ [L2()]**? x Hy(div; Q) x [L2(Q)]* X R such that

/Q[;\(t)tr(t)tr(s)—i-/l(t)t:s] dx—/ﬂa:sda: —0

—/t:‘rdac—/u-diVTdm—/’y:Tda: =—/ g -Tvds
Q Q Q I'p
—/v-diva'da:—/cr:nda: =/f~vdx
Q Q Q
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for all (s,7,v,n) € [L2(Q)]**? x Ho(div; Q) x [L*(Q)]* x R.
As in [34, 43], and in order to simplify the analysis, we now rewrite the above
formulation as an appropriate operator equation. To this purpose, we introduce the

spaces
X, = [LQ(Q)]2X2, M, := Hy(div; ),

X=X, xM, M:=[L*QPxR,
and the operators
A X, =X, B :X,— M,
A X=X, B:M — M,

as follows:

A (r),s] = /Q (A tr () tx (8) + (o) e 8 e
Bi(r), 7] == — /Q r:Tde,

[A(r,€), (s, 7)] := [Ax(r), 8] + [Ba(r), 7] + [Bu(s), <],

B, (o=~ [ v-divcdx—/nc ‘ndz,

Q
forallr, s € Xy, {, 7 € M; and (v,n) € M. Hereafter, the brackets |-, -] denote
the duality pairings induced by the corresponding operators.

We also set O as a generic null operator /functional and define F := (F;,Fy) €
X' =X x M, GeM by

Q

Fi =0, [Fy,T] :=—/ g -Tvds, [G,(v,n)] ::/f-vdx.
I'p

In terms of these operators and functionals, the variational formulation of (4.1.6)
can be equivalently stated as the following matrix operator equation:
Find (t,0o, (u,v)) € X1 x My x M such that

A1 BT O t Fl
B, O B* o = | Fy | . (4.2.10)
O B O (u,~) G

We remark that A, is a nonlinear operator and that B; and B are linear and
bounded. Here, B} : M; — X| and B* : M — M| are the adjoints of B; and B,
respectively. In addition, since

A, B
A = !
[ B, O ]
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is a saddle point operator, we observe that (4.2.10) presents a two-fold saddle point
structure, which justifies the name given to our formulation. At this point we recall
that in previous works we also used the name dual-dual mixed formulation for the
same kind of matrix operator equations (see, e.g. [40, 31, 32, 33, 34]).

In the next two sections we apply some abstract results from [29] (see also [40]) for
studying the formulation (4.2.10) and the associated Galerkin scheme with specific
finite element subspaces

4.3 Solvability of the two-fold saddle point formu-
lation

In order to conclude the unique solvability of (4.2.10), and according to Theorem
2.4 in [29] (see also Theorem 4.1 in [40]), we need to show that A; is strongly
monotone and Lipschitz-continuous, and that B and B, satisfy appropriate inf-sup
conditions.

Lema 4.3.1 The nonlinear operator Ay is strongly monotone and Lipschitz-conti-
nuous, i.e., there exist constants aq, as > 0 such that

[A1(r) — Au(s),r —s] > oy [lr =[x,

and

A1(r) = Ai(s)]|x; < ogllr—s]|x,
for allr, s € X, := [L*(Q)]**%

Proof: Let a;; : R**? — R be the nonlinear mapping defined by
ay(r) == A(x) tr (v) 6 + fi(r) 1y (4.3.1)

for all r := (ry;) € R?*2.

Because of the properties of k and i (cf. (4.1.5)) one can show (cf. [37] or Lemma-
ta 4.1 and 4.2 in [6]) that a;;(-) is continuous and has first order partial derivatives
in R?*2, and there exist Cy, Cy > 0 such that

|aij ()] < Co|[r][gx

and
2

9 2
Z aTkla,ij(I') Skl Sij 2 02 Z S?j (432)

t,5,k,0=1 3,j=1
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for all r := (1), s := (s4;) € R**2.
Now, for all r(-) := (r45(+)), s(-) == (s45(-)) € X1 we can write

[As(x),s] = ) /Q aij(r) si; dz . (4.3.3)

ij=1

In addition, we note that

 ag(r(a) — ay(s(x)
-/ {Zaiaz-xf(x,p))[m(x)—m(x)]}dp,

r
k=1 Kk

(4.3.4)

with #(z, p) := s(z) + p[r(z) —s(z)] V p € [0,1],V z € Q.
It follows, using (4.3.3), (4.3.4) and (4.3.2), that

[As(r) = As(s),r —s] = ) /Q [aij (r(2)) — aij(s(2))] [rij(x) — ()] dz

3,j=1

— [ [ % i@ lru(o) - su@)] o) ~ ()] dpdo

-
igkd=1 "kl

2
> 0, / S (@) — sij(@) P da = G [Jr — s,
Q

4,j=1

which proves the strong monotonicity of A;.
On the other hand, we recall from [37] (see also Lemma 4.3 in [6]) that the
functions %Ma,-j(-) are continuous in R**? and there exists C' > 0 such that

‘ iCbz'j(l‘)

< C VreR¥>*, 4.3.5
8Tkl - re ( )

Then, applying again the identity (4.3.4), and proceeding similarly as above, one
can prove, using (4.3.5) now, that A; is a Lipschitz-continuous operator. For further
details we refer to Theorem 5.2 in [6] or Lemma 3.2 in [30]. [
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In order to continue our analysis, we need to recall the following previous lemma
from [43].

Lema 4.3.2 Let Hy () :={ve H'(Q): v=0 on I'p} and let Hy(div; Q) be
the space

{T € Hy(div; ) : %(T + 77) = e(z) for some z € [H._(Q)]"}.

Then, for everym € R there exists a unique 7(n) € Hy(div; Q) such that div T(n) =
0in Q and 3(7(n) — 7(n)T) = n. Moreover, there ezists C > 0, independent of m,
such that

HT("’)HH(div;Q) S é H’I’[||[L2(Q)]2x2 Vn € R (436)
Proof: See Lemma 4.4 in [43]. [ |

We are ready to prove the inf-sup condition for B.

Lema 4.3.3 There exists > 0, depending only on €2, such that

B(7),(v,n
sup B S 5110 i1
Te, Tl H@Iv0)
T#0

for all (v,m) € M = [L*(Q)]* x R.

Proof: We follow the proof of Lemma 4.5 in [43]. Thus, given (v,n) € M, we let
7(n) € Hy(div; Q) C M, := Hy(div; ) be the element provided by Lemma 4.3.2.
Then, we can write

qp BOL ] [Bl=(m), (v,n)]

e, |TlEE@IV:) —  l[T()]|H@IV0)
T£0

:wmﬁmmm{LV“““m“+ATW*"“}'

Since divr(n) = 0in Q and [, 7(n) : ndz = [[N|[f,2(q)2+2, We deduce, using
(4.3.6), that

B(r), (v.m)] _ 1
sup ————"—= > — |Inlizzqyex: - (4.3.7)
T, [Tl = ¢
T#0
Now, let 7 := e(z) where z € [Hf ()] is the unique solution of the weak

formulation

/Q e(z):e(w)dr = — /Q v-wdz Vwe[H (), (4.3.8)
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which formally solves the boundary value problem
dive(z)=v in Q, e(zv=0 on 'y, z=0 on Ip.

It follows that div7F = v in 2 and 7v = 0 on 'y, whence 7 € M;. Moreover,
applying identity (4.3.8) with w = z, and using the equivalence in [H} (Q)]* of
|- [lim1 )2 and ||e(-)||jz2(n)2x2 (because of Korn’s inequality and the fact that |['p| #
0), we get the estimate

H%H%{(div;ﬂ) = H‘E(Z)H[Qm(n)]zm + HVH[QLz(Q)]z (4.3.9)
< C|v[fye -

In this way, since fQ T :mdx = 0, due to the symmetry of 7, we find that
[B(T)a (Va 77)] > [B(_ :7:): (V, "7)]

sup > ~
Teu, ||T|H@ivie) 17| (aivie
T#0
||V||[2L2(Q)]2 1
= = Z — HVH L2(0)]2 5 (4310)
[Flluwey = v
where the last inequality follows from (4.3.9).
Finally, (4.3.7) and (4.3.10) complete the proof of the lemma. [

The inf-sup condition for By, on the kernel of B, is proved next.

Lema 4.3.4 Let M, := {r € M, : [B(1),(v,n)] =0V (v,n) € M}. Then, there
exists B1 > 0 such that for all T € M,
Bi(s), T
sup [Bils), 7] > BTl aaivi) -

ex,|Isllx
s#£0

Proof: We first observe, according to the definition of B, that

My :={reM,: divr=0 and 7=77 in Q}. (4.3.11)
Then, given 7 € M, we have
B — :Td

oy BSLT] _ —fysirde

cex, sl eexy lslliza@pe

s#£0 s#£0

= ||Tll2@px = ||T]|a@ive)

since Ml C X;. [ |

We are now in position to provide our main result concerning the solvability of
the continuous problem (4.2.10).
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Teorema 4.3.1 There ezists a unique (t, 0, (u,7)) € X1 x My x M solution of the
two-fold saddle point operator equation (4.2.10).

Proof: In virtue of Lemmata 4.3.1, 4.3.3 and 4.3.4, the proof follows from a straig-
htforward application of the abstract Theorem 2.4 in [29] (see also Theorem 4.1 in
[40]). [ |

4.4 The finite element solution

We now introduce specific finite element subspaces, define the associated Galer-
kin scheme for (4.2.10) and show the solvability and quasi-optimal convergence of it.
More precisely, we extend the PEERS-finite element space for linear plane elasticity
given in [7] to the present nonlinear boundary value problem in hyperelasticity.

In order to define this extended space, we first let 7, be a regular triangulation
of Q by triangles T of diameter hr with mesh size h := sup{hr : T € T,}. For
simplicity, in what follows we assume that the boundary I' of €2 is a polygonal curve
sothat Q=U{T: T € Tp}.

Next, we set the canonical triangle with vertices P, = (0,0), P, = (1,0)T and
Py = (0,1)T as a reference triangle T, and introduce the family of bijective affine
mappings { Fr }rer, such that Fp(T) = T for all T € Tj. It is well known that
Fr(2) = Bri +dp V¥ & == (&1,%,)T € T, where By € R2*2 and dr € R? depend on
the vertices of T'. Also, given an integer [ > 0 and a subset S of R?, we denote by
P,(S) the space of polynomials in two variables defined in S of total degree at most
l.

We now consider the lowest order Raviart-Thomas elements. To this end, we let

RTy(T) = span {( 3)(2)( )}gm(ﬂ]%

and for each triangle T' € 75, we put
RTy(T) = {r € P(T)}: 7=|Br| ' BrioFy', + € RT(T)}

with which we define

RT() [771] =

{‘r € [L*(Q)]**?: (rame)¥|r € RTH(T), i =1,2,VT € ‘n} (4.4.1)

On the other hand, for each triangle T' € 7, we take the unique polynomial
br € Py(T) that vanishes on 07 and is normalized by [,.br(z)dz = 1. This cubic
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bubble function is extended by 0 onto the region ) — T and therefore it becomes an
element of H; (). Hence, we define

B[Th] =
{ . : (4.4.2)
T € H(div; Q) : (1;1 72) € span{rotby, T € Tp}, i = 1,2},
where rot by := (‘3”772", —%Tl).

Then, we introduce the following ansatz spaces for the unknowns t and o:
Xip 1= RT[Ti] + BITi) (44.3)

and

In addition, for the unknowns (u,~) € [L*(Q)]? x R we define

Mh = Vh X Rh, (445)
where
Viwi={ve [LQ(Q)]2 : o vlr € [IF’O(T)]2 VT € Ty} (4.4.6)
and
Ry = {n = [ _2 g ] € [HI(Q)]2><2 . neE Pl[ﬁ]} , (4.4.7)
with

P(Th] = {ne€ H'(Q): nlreP(T) YT €Tp}.

At this point we recall that M , x M), corresponds to the PEERS-space given by
Arnold, Brezzi and Douglas in [7] for the approximation of the unknowns (o, (u,+)).

Therefore, the Galerkin scheme for approximately solving our problem (4.2.10)
is: Find (tp, op, (up,yy)) € X1p X My X My, such that

[A1(ts),sn] + [Bi(sn), ol = [F1, 8],
Bi(tr),ma]l  +  [B(7Ta), (un,vn)] = [Fa, T4, (4.4.8)
[B(ah)’ (Vha nh)] = [Gﬂ (Vh: nh)]a

for all (Sh,‘Th, (Vh,’f]h)) € Xl,h X Ml,h X Mh.
The unique solvability of (4.4.8) and the corresponding quasi optimal error esti-
mate are provided next.
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Teorema 4.4.1 There exists a unique (tp, op, (Up,7v,)) € X1 pX My p XMy, solution
of the discrete scheme (4.4.8). Moreover, there exists C > 0, independent of the
subspaces involved, such that the following Cea estimate holds

(¢, 0, (0,7)) = (tn, on, (Wh, ¥a)lIx s

<C inf H(t7 g, (ll, 7)) - (Sh7 Th; (Vh7 nh))HXXM :
hT h(Va-M3))
ElehXMlyhXMh
Proof: According to Theorem 3.2 in [29] (see also Theorem 4.2 in [40]), we first
need to prove that B and B; satisfy the corresponding discrete inf-sup conditions.
Indeed, from Lemma 4.4 in [7] we have that, given (v4,m,) € M}, there exists

Tn € RTo[Tn) N H(div; Q) + B[Ts], T # 0, such that

B(T1), Vi, M) = B |I7allm@ivi) (Ve 1) |

where £* > 0 is independent of h. Moreover, from the proof of that lemma in [7],
we find that 7, can be chosen so that 7, = 0 on I'y, whence 7, € M, ;. This
proves the discrete inf-sup condition for B (analogue of the continuous one given in
Lemma 4.3.3).

Now, let Ml,h be the discrete kernel of B, that is

Ml,h = {Th € Ml,h : [B(Th), (Vh, nh)] =0V (Vh,’f]h) € Mh} (449)
It follows that

Ml,h:Z{ThEMLhI /Vh'diVThd.??:O Vv, eV,
Q

and /Th:nhdxzo VnhE’Rh}.
Q

Since divT = 01in Q V 7 € B[7;], we deduce that (div 7,)|r is a constant, vector
V1, € My, and VT € Ty. Therefore, since v, |7 is also a constant vector V v, € Vj,
and V T € Ty, we conclude that divr, =0in Q V 7, € M; . Hence, we can write

Ml,h = {Th €Myp: divry=0 in Q

(4.4.10)
and /Th:nhdxzo VnhERh}.
Q
Note that the second condition in the above definition does not guarantee the
symmetry of the tensors of M1,h, as it was the case for the continuous kernel of B
(cf. (4.3.11)).
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Then, for any 7 € J\;[l,h C X, we obtain

B — |8y T dT
sup [B1(8h), 7] — sup Josn:Th
SREX1 p HShHXI SREX1h ||Sh||X1
sp 70 sp 70

= H7'h||[L2(Q)}2><2 = H7'h||H(div;Q);

which proves the discrete inf-sup condition for B;.

Thus, straightforward applications of the abstract Theorems 3.2 and 4.1 in [29]
provide the unique solvability of the Galerkin scheme (4.4.8) and the following
Strang-type error estimate

(¢, 0, (0,7)) = (tn, on, (Wh, Ya)l I

sc{ it [1(6 o (0,7)) = (8 7 (Vs 1)) L
T h R M)
EXl,hXMl,hXMh

b osup F2=Bilt), 7l } (4.4.11)

T el ||Th||H(div;Q)
T r#0

where C' > 0 is independent of the subspaces involved.

It remains to estimate the consistency term in (4.4.11). For this purpose, we first
observe from the second equation in (4.2.10) that Fy — B;(t) = B*(u,<). Then,
given 75, € M p, we have

[Fy = By(t), 74] = [B*(w, ), 7] = [B(72), (u,7)],

which, using from (4.4.9) that [B(7), (Vh,m,)] =0V (Vh, M) € My, yields

[F2 = Bi(t), 7] = [B(7n), (0,7) = (Va, 7)) (4.4.12)
for all (vp,m,) € M. Therefore, applying (4.4.12) and the boundedness of B, we
obtain

sup [F2 - Bl(t)7 Th] = sup [B(Th)a (u7 FY) - (vha nh)]
T hedy HThHH(diV;Q) Theity HThHH(div;n)
Tr#0 Tr#0
< B[ [(a,7) = Vh, np)llae - ¥ (Va,mn) € My,
whence P _ Bt
p 2= Bithr)
Y T iv;
Tackis  [TAIAEND) (4.4.13)

< ||B inf u,y) — (vp, .
<IIBI nt 87) = ()
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Finally, (4.4.11) and (4.4.13) provide the Cea estimate and complete the proof
of the theorem. [ |

We observe that the approximation properties of the subspaces X j,, M; 5 and M),
together with the Cea estimate provided above, imply the quasi-optimal convergence
of the finite element solutions. Furthermore, appropriate regularity assumptions on
the continuous solution guarantee the corresponding rates of convergence.

On the other hand, it is worth remarking that the results provided by Theorem
4.4.1 and the a-posteriori error analysis developed below in Section 6, are valid
not only for the extended PEERS-space, but they also hold for any other stable
finite element subspace. Here, stability means that the discrete inf-sup conditions
indicated in the proof of Theorem 4.4.1 are satisfied with constants independent of
the subspaces involved. In particular, if M;; x M), is another stable mixed finite
element subspace for linear elasticity, and if the elements in the discrete kernel Ml,h
are divergence free, then for any X ; containing Ml,h; the triple X, x M, x M)
becomes stable.

4.5 The a-posteriori error estimate

In this section we derive the a-posteriori error estimate for our Galerkin scheme
(4.4.8). To this end, we follow the method proposed in [17] (which extends previous
results given in [10], [2] and [3]) and combine it with the ideas from [19] and [30]
(for dealing with nonlinear operators).

4.5.1 Preliminaries

In what follows, we let {7}, }res be a regular family of triangulations of 2, where J
is a at most numerable set of indexes, say J := {h;};jen, with h; > h;1 Vj € N. Here,
reqular means that the interior angles of all the triangles of all the triangulations 7y,
are uniformly bounded from below.

Now, we let A: X = X' be any linear and bounded operator such that the
corresponding induced bilinear form A: X x X > R, defined by

A((r,€), (s,7) = [A(x,€), (s, 7)]
for all (r,¢), (s,7) € X, is symmetric and X-elliptic. In particular, we may consider
A so that A becomes the usual inner product in X, that is

A~

[A(I‘, C), (S, T)] = <I', S)[Lz(Q)]ZXZ + <C, T>H(div;Q) . (451)
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Also, let A be the linear and bounded operator obtained by restricting A to
the finite element 7" € 7. In other words, denoting

XT = XI,T X Ml,T (452)
with
XI,T = [LQ(T)]QXQ and (4 5 3)
M,y = Hy(div;T) := {7 € H(div;T) : Tv|orary =0}, o
and using (4.5.1), Az : Xp — X/, is defined by
[AT(I‘, C)a (Sa T)] = <I', S>[L2(T)}2X2 + <C> T)H(div;T)
for all (r,¢), (s,7) € Xr.
Similarly, let
My = [L*(T)]? x Rr , with (4.5.4)

Ry = {n € L2 n+n® =0},
Then, we denote by A7 and By the corresponding restrictions to T' € T, of the

nonlinear operator A and linear operator B, respectively. This means that Ap :
Xt — X7 and By : My — M}, are defined as follows:

(Ar(r,¢), (s, 7)] = /T A(r) tr (1) tr (s) + ju(x) T : ] da

—/r:de—/s:Cdx,
T T

Br(r). (v == [ v-divrdo— [ rinds,

T

for all (r,¢), (s, 7) € Xr and for all (v,n) € Mr.

4.5.2 Main estimates
Our main goal in this section is to prove the following theorem.

Teorema 4.5.1 Let (t,0,(u,v)) € X; x My x M and (ty, on, (Un,vy,)) € Xip X
My x My, be the unique solutions of the continuous and discrete formulations
(4.2.10) and (4.4.8), respectively. In addition, let ¢, € [HY*(Urer, OT)] be an
approzimation to the displacement u on element boundaries with ¢, = g on ['p,
and for each T € Ty, let (f:T, or) € X7 be the unique solution of the local problem

[Ar(tr,67), (s,7)] = — [Ar(tnr, onr), (S, 7))

— [Br(7), (un7, ’Yh,T)] - faT pp TV dS (4.5:5)
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for all (s, 7) € Xr, where (th1, onr, (Wn1,Ys7)) denotes the restriction of
(th, on, (Up, 7)) to T. Then, there exist C, hg > 0, such that for all h < hy

1/2
1(t, 05 (0, 7)) = (tn, oh, (Wn; Vi) [ x50 < C {Z 9%} :

TET;,

where for each triangle T we define
0’% = [AT(ET7 &T)v (£T7 a-T)]
+ ||f+ div U'hH[2L2(T)]2 + ||0'h - O'EH[QLz(T)]zm .

We remark that the unique solvability of the local problem (4.5.5) follows from
the well known Lax-Milgram Theorem and the fact that the bilinear form induced
by Ar is bounded and Xp-elliptic (when using (4.5.1)), and that the right hand side
of (4.5.5) constitutes a linear and bounded functional on Xy .

In order to prove Theorem 4.5.1 we need some preliminary results. First, we
show the following theorem concerning the Ritz projection of the Galerkin error
with respect to the operator A.

Teorema 4.5.2 Let (t,5) be the unique element in X such that

+B(r), (1,7) — (wn, 7s) (45.6)

for all (s, ) € X. Then there holds

[A(E’ &)a (E’ &)] < Z [AT(ETa &T): (ETa &T)] :

TETh

In particular, if A is given by (4.5.1), then we have

1@ )% < > (e, 60)[[%, -

TeT

Proof: We first note from (4.2.10) that
At o), (5,7)] + (B(r), (w,7)] = - [ g-rwds
'p
for all (s,7) € X, and hence

AGo)em) == [ grvis-[Ano) 6l

—[B(7), (up,v,)] V(s, 7)€ X.
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Then, since the bilinear form induced by A is symmetric and X-elliptic, we have
that

Ao, @)= i {[[AG ), (7] - [AR o), (57}

2 (s, 'T)EX

which, using (4.5.7), yields
A(,5), ()] = inf_ x(s,7) (45.8)

with
x(s, 1) := % [A(s, ), (s, T)] +/F g -Tvds
+[A(th’ O'h)a (Sa T)] + [B(T)a (uh, ’Yh)] v (S’ T) €X.

Now, let ¢, € [HY?(Ure7,0T))? be as indicated in Theorem 4.5.1. Then, since
Tv=0o0nI'y V7 € Hy(div;2), we obtain

Z/ <ph-7'uds:/ g-Tvds. (4.5.10)
oT I'p

TET;,

(4.5.9)

It follows from (4.5.9) and (4.5.10) that

) =Y Xxr(sr,Tr) V(s,7)€X, (4.5.11)

TET;,
where (sr, 77) € X7 is the restriction of (s, 7) to 7', and
1~

Xr(s7,TT) = E[AT(STa T7), (87, T7)] + [Ar(tnr, onr), (ST, T7)]

+[BT(TT),(Uh,T,’7h,T)] +/ @, TV ds. (4.5.12)
T

Let us define the broken space
X = {(s,7) € [L*())**% x [L*(Q)]**?: (sp,T7) € Xp VT € T}

Then, since X C X, we can write from (4.5.8) and (4.5.11)

1 .~ _ _
——[A(t,F),(t,0 f
2[ (70')7( 70- - s‘l}nEXb’ ZXT STaTT

= inf ST, TT), 4.5.13
e Xr (ST, TT) ( )
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and, according to (4.5.12),

. 1o o
inf XT(ST,TT) = [AT(tT,O'T),(tT,O'T)] (4514)

(s7,Tr)EXT _5

where (tr, 1) € Xr is the unique solution of the local problem (4.5.5).
Therefore, (4.5.13) and (4.5.14) complete the proof of the theorem. [ |

Next, we need some properties of a functional depending on the stored energy
function U (cf. (4.1.2)). Indeed, let ¥ : [L2(2)]?*2 — R be defined by

B(s) = /Q U(s)ds Vs e [LE(Q))P2.

For the rest of this section we follow very closely the analysis from Section 5 in
(30].

Lema 4.5.1 The functional ¥ has continuous second order Gateaux derivatives and
there exist C1, Cy > 0 such that

Cr sl fqmes < (DPB)E)(5,9) < Collslfqps (4515
for all x, s € [L*(2)]**2.

Proof: The first order Gateaux derivative DW¥ applies [L?(Q2)]?*? into its dual.
Hence, given r, s € [L?*(2)]**2, we have

D¥(x)(s) := lim {‘Wr +es) - @(r)}

€

 lim Q{\If(r—i—es)—\lf(r)} i

e—0 €

which gives
2
DE(r)(s) = 3 / ass () s5; de (4.5.16)
ij=1 Y%
where a;; : [L*(©2)]**? — R are the nonlinear mappings defined in (4.3.1).

Then, the second order derivative D*®¥ applies [L?(€2)]**? into the dual of
[L2(Q)]**? x [L*(Q)]**?, and it is defined by

D*¥(r)(8,s) := lim {

e—0

D¥(r+€8)(s) — D¥(r)(s) }

€
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for all r, §, s € [L?(Q)]**?, which, after some computations, yields

D2\I’(I') (g, S) = / i aij(r) §kl Sij dzx . (4517)

i Giki=1
Therefore, the inequalities (4.3.2) and (4.3.5) satisfied by a;;, imply (4.5.15).

Finally, the continuity of D?W¥ follows from the fact that the stored energy function
¥ is of class C2. [

We are ready to prove our main theorem.

4.5.3 Proof of Theorem 4.5.1
For given r € [L?(Q2)]**?, we note from (4.5.15) and (4.5.17) that

D*®(r)(-,-) « [LX(Q) x [LX(QP* = R

is a bounded and [L?(92)]**%-elliptic bilinear form, with constants independent of r.

Then, since the linear operators B and B; satisfy the continuous inf-sup condi-
tions (cf. Lemmata 4.3.3 and 4.3.4), the linear version of the abstract Theorem 2.4
in [29] implies that the whole linear operator, obtained after replacing [A4(-),-] by
D*¥(r)(-, ), satisfies a global inf-sup condition. In other words, there exists Cy > 0,
independent of r, such that

15,7 (v, )l[xxm < Co sup {DQ‘I’(T)(é, s) + [B1(8), 7]
(s,T,(v,'r’))EXxM
(s, T, (v, 1)l <1

+[Bi(s), 7] + [B(7), (v, m)] + [B(7), (v, 7)] }

for all (8,7, (v,n)) € X x M.
In particular, for r =t and

(§, 7-7 (‘N"a ﬁ)) = (t: o, (11, 7)) - (tfn Oh; (uh7 ’Yh)) ’

we obtain )

Cy 1(t, 0, (W, 7)) = (bns on, (Wh, Vi)l xxcmr <
o {D "W (t)(6 — tn,s) + [Bi(t — t4), 7] + [Bi(s), 0 — o]

(s,T,(v,'rl))EXXM
(s, T, (v, 1) <1
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+[B(o —0o4), (v,n)] + [B(7), (u,7) = (u,7,)] } : (4.5.18)

But, in virtue of the properties of the Gateaux derivatives of ¥, and since
limy, o ||t — t4||x, = 0 (cf. Theorem 4.4.1), we know that

{DZ\I;(t)(t —th,s) — D¥(t)(s) + D¥(t,)(s) } —0
It — tnllx,

lim

h—0
uniformly for all s € X satisfying ||s||x, < 1. Consequently, there exists ho > 0
such that

[D*® (t)(t — th,s) — DE(t)(s) + DE(tn)(s)| < 2%]0 It —thllx,  (4.5.19)

for all h < hgy and for all s € X; with ||s||x, < 1.
Then, adding and substracting D®¥(t)(s) — D¥(t,)(s) in (4.5.18), and using
(4.5.19) and the fact that

[Ai(t),s] = D®(t)(s) and [Ai(tn),s] = D¥(ts)(s)

(cf. (4.3.3), (4.5.16)), we deduce that

1
Y2 H(t7 g, (u> ’Y)) - (tha Oh, (uha 7}1,))”X><M
2C)

_ { A(t, o), (5,7)] — [Altn, o), (5, 7)]

(s,T,(v,T)eX xM

[[(s,T5(v,1)II<T

+[B(7), (u,7) = (un, 74)] + [Blo = ), (v, n)] } :

which, in terms of the Ritz projection (t,) € X defined by (4.5.6), can be rewritten

as 1

YR H(ta g, (11, 'Y)) - (tha O, (uha 7}1,))”X><M
2C)

< swp {[A(f,&),(s,rn
(s,T,(v,'r’))GXXM
[I(s,T,(v,M))]|<1

_ /QV . div(o — o) dz — /Q(a' o) ndx} . (4.5.20)

Now, the boundedness and ellipticity of A together with the estimate from Theorem
4.5.2, give
[[A(t, ), (s, 7)]| < [|A[[][(t; @)]]x [I(s, 7)]x
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1/2
<C { > [Ar(tr, 67), (b, aT)]} : (4.5.21)

TeT,
Next, using that dive = —f in Q, that [, 0 : ndz =0 and that [, o4 :ndz =
5 Jolon—of) :ndz for all n € R, we get

‘/v-div(a’—ah)dm-i-/(a'—ah):nda:
Q Q

S ||f + div o'hH[LQ(Q)]Z + Hcrh - G'EH[LZ(Q)PXZ . (4.5.22)

Finally, replacing (4.5.21) and (4.5.22) back into (4.5.20), and applying Cauchy-
Schwarz’s inequality, we obtain our a-posteriori error estimate and conclude the
proof of Theorem 4.5.1.

4.5.4 Further remarks

We now take a closer look to the local problem (4.5.5). According to the defini-
tions of A7 and Br, we have that

~

[AT(ETa a-T)a (S’ T)] =

/T {O'h,T - [;\(th,T) tr (tp,r) I+ f(thr) th’T]} - sdr

+ / (trr +Ypr) : TdT + / up7 - divrde — / P, Tvds  (4.5.23)
T T

oT
for all (s,7) € Xr.

We show next that the computation of (t;, &) is simplified by the fact that
(4.5.23) splits into two independent problems, one of them explicitly solved. Indeed,
taking separately 7 = 0 and s = 0 in (4.5.23), and assuming, without loss of
generality, that A is given by (4.5.1), we obtain

/ ET :sdx =
T
/ {a'h,T — [i(th,T) tr (th,T) I + /jb(th,T) th,T]} .S dac (4524)
T
for all s € [L*(T)]**2, and
(6, T>H(div;T) = /(th,T + ’Yh,T) cTdx
T

+/uh,T-diV7'da: — / @, - TV ds (4.5.25)
T ar
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for all 7 € Hy(div;T).
Then, since o, 7 and tj, r belong to [L?(T)]**?, we deduce from (4.5.24) that tr
is given by
tr = onr — [Mtar) tr (bar) T+ f(thr) thr] (4.5.26)

for all T" € Ty, which corresponds to the explicit residual of the nonlinear constitutive
equation.

Now, if ¢, was equal to the exact trace of u on Urcy; 0T, then integrating by
parts on T, the relation (4.5.25) would become

<6'T, T)H(div;T) = [Eh,Ta T] VT e H()(div, T) y (4527)

where E, 7 € Hy(div;T)' is defined by
[Enr, 7] = /(uh,T —u)-divrdz
T
+ /(thyT +Apr—Vu) : Tdr V1€ Hy(div;T). (4.5.28)
T

It follows from (4.5.27) that &7 € Hy(div;T) would be the representant, given
by Riesz’s representation theorem, of the linear and bounded functional Ej 7, which
depends directly on the actual error (unr — w,thr + v,r — Vu) € [L*(T)]* x
[L*(T)]**2. In fact, it is easily seen from (4.5.28) that

1/2
Enrll < {llwnr =l oy + bnr + Yoz = Vol Farypee }

The above analysis shows that for the performance of the estimator, it is impor-
tant that ¢, be an as good as possible approximation of u.

In order to set an appropriate choice of ¢,, we first define ¢, €
[L?(UreT;, 0T)]? as follows. For each interior edge e of T, we put

B 1
Prle = 5 [up|r + upl ;]

where T, T € Ty, are such that e = TN T; for each e C Ty we take @nle = uplr
where T € 7T}, is such that e C T'; and for each e C I'p, we set Prle=8

Then, for each vertex Z of 7, we define ¢, (%) as the average of the values
(@4le)(z) through the edges e to which z belongs (if z ¢ I'p), and ¢, (7) = g(2)
(if # € T'p). For the remaining vectors in Uper, 0T we choose ¢, as the corres-
ponding linear interpolant on the edges e of 7, whence ¢, € [C(Urer,0T)]> C
[HY2(Urer OT)]2

On the other hand, we remark that in practice the infinite dimensional local
problem (4.5.25) (or more generally (4.5.23)) is solved approximately by replacing
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Hy(div;T) (resp. Xr) by a finite element subspace. Since the local problems are
linear, independently of the fact that we are dealing with a nonlinear boundary
value problem, we propose to use the p or the A — p version for solving them.

Finally, for mesh refinement strategies based on the a-posteriori error estimator,
we refer to [62] where suitable algorithms are described.






Capitulo 5

A Nonlinear Transmission
Problem in Elasticity

The purpose of this chapter is to follow the done analysis in the fourth chapter
and extend the results from [36] to provide a reliable a-posteriori error estimate for
the dual-dual variational formulation of the linear-nonlinear transmission problem
studied in [34]. The rest of the paper is organized as follows. In Section 2 we recall
the transmission problem from [34], provide the corresponding variational formula-
tion in the form of a two-fold saddle point operator equation, and state the unique
solvability of it. Then, Section 3 deals with the a-posteriori error analysis. First,
Section 3.1 gives some preliminaries results, including an upper bound for the Ga-
lerkin projection of the error. The main a-posteriori error estimate, which depends
on the solution of a local Dirichlet problem and boundary residual terms in negative
order Sobolev norms, is derived in Section 3.2. Finally, in Section 3.3 we consider the
extended PEERS subspace from [34] and provide two fully local a-posteriori error
estimates, in which the boundary residual terms are bounded by weighted local L2-
norms. Moreover, one of the error estimates does not require the explicit solution of
the local problems.

Throughout the paper C' denotes a generic positive constant.

5.1 The transmission problem

Before stating the transmission problem from [34], we need to provide some nota-
tions. In what follows, given any Hilbert space U, U? and U?*? denote, respectively,
the space of vectors and square matrices of order 2 with entries in U. In particular,
R**? is the space of square matrices of order 2 with real entries, I := (;;) is the

81
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Mo

Figura 5.1: Geometry of the problem.

identity matrix of R?*?, and given 7 := (7;;), ¢ := (¢;;) € R?*?, we use the notations

2 2
tr (’T) ::ZTii y c:‘l’:: Z CijTij y ‘TT = (Tji); and
=1

i,j=1

dev T := (T ~ S (7)12) : (T ~ i (7)12) |

Now, let €y C R? be a bounded and simply connected domain with Lipschitz
continuous boundary I'. Also, let €2 be the annular region bounded by I' and another
closed, Lipschitz continuous curve I'y C R? \QO. Further, let I'p and I'y be two
disjoint subsets of I'; such that I'y = 'p Uy and I'p # @ (see Figure 5.1 below).

We are interested in determining the displacements and stresses of a material
occupying the region )y U Q which is linear elastic in €y and hyperelastic in the
surrounding annular domain €). As usual, the linear elasticity is defined in terms of
the well known Hooke law. In addition, for the description of the hyperelasticity we
assume the validity of the Hencky-von Mises stress-strain relation as discussed in
[56] (see, also, [57] and [63]). Therefore, given displacement fields uy and u in €
and €, respectively, strain fields e(ug), e(u), and stress fields &g, o, there hold the
following constitutive equations:

oo = Ao tre(ug)Is + 2p e(up) in O, (5.1.1)
o = [k — p(deve(u))|tre(u) I + 2u(deve(u)) e(u) in Q, o
where Ay and po are the Lamé coefficients for the elastic material, which satisfy
o > 0 and Ay + o > 0, K is a positive constant, called the bulk modulus, and
p: RY — R is a nonlinear Lamé function. We assume that y € C'(R") and that

there exist constants pi, o such that

0<m <p(t) <k and

5.1.2
0 < < pult) + 28 1(t) < i (5.1.2)
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for all t € RY.
Then, given a body load f € [L?(Q)]? and a traction g € [H~'/?(T'y)]?, our
linear-nonlinear transmission problem reads: Find uy € [H*(£2)]? and u € [H*(2)]?

such that
diveyg=0 in €,

uyw—u=0 and ew—-—ov=0 on I,
dive=—-f in Q,

u=0 on I'p, ov=g on Iy,

(5.1.3)

where v is the unit outward normal to 02 := I" U Ty, and div denotes the usual
divergence operator acting along each row of the corresponding tensor.

Problem (5.1.3) was solved in [34] by using the boundary integral equation met-
hod in {2y and a dual-mixed finite element approach in 2. In order to set the corres-
ponding variational formulation (see eqs. (4.2) and (4.3) in [34]) we first let N (e)
be the restriction to I' of A (e), the null space of the strain tensor e, also known
as the space of rigid body displacements, and let (-,-)r stand for the duality bet-
ween [H~'/2(I')]? and [H'/?(I')]?> with respect to the [L?(I')]*-inner product. Then
we define the spaces

H(div;Q) == {7 € [L*(Q)*: div T € [L*(Q)*},
Ho(div;Q) := {r e H@iv:Q): (rr,w)r=0 VYweN:(e)},
R:={6€[L*(Q))>?: 6+8T=0},

(A2 = {zlry : ze€[H'(Q)]? and 2=0 on Ip},

and
[Hy* (D) = [HY2(D)]/No(e) .

Next, we introduce the auxiliary unknowns
t = e(u) € [L*(Q)]*,

1
V=g (Vu— (Vu)©) eRr,
¢ :=ulp € [H(D)]?*, and n:=—-ulr, € [H*Ty)?,
the nonlinear functions ), i : R2*2 — R, with
fi(s) == p(devs) and A(s):=k—j(s) VseR>?,

and the boundary integral operators V, K, K’ and W denoting, respectively, the
single, double, adjoint of the double, and hypersingular layer potentials of the Lamé
system.
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Thus, we observe that
t+9=Vu in Q,

o= \t)tr(t) I, +24(t)t in Q,
and recall from [34] that there hold

¢ = (%I-I-K)qﬁ — V(ev) on T

and )
Wo + <§I+K'> (ov)=0 on T,

where I is a generic identity operator.

It is well known that V : [H™Y/2+¢(T)]2 — [HY?+¢(T)]2, K : [HY?*<(I))?
— [HY?(D)2, K' : [H7Y?+(T)]2 — [H™Y*(D))? and W : [HY/?+(T)]2 —
[H/27¢(T")]? are linear and continuous Ve € [—1, 1] (see, e.g., [24]). Also, K(w) =
% and W(w) =0 Vw € Nr(e), and W and V are symmetric positive definite and
positive semi-definite on [Hy/?(T')]2 and [H~Y/2(T")]2, respectively (see, e.g., [25]).

Then, denoting

= [L2()]*% x [H* (D)7, M = Hp(div;Q),

and M = [L3(Q)]2 x R x [HY2(Tx)],

the variational formulation of (5.1.3) can be written as the following two-fold saddle
point operator equation (see [35]): Find ((t, @), o, (u,v,n)) € H:= X; x M1 x M
such that

[ A, B, O] (t, 9) o)
B, -S B’ o =|0]|, (5.1.4)
| O B O] | (wvy,m ]| |[F|

where O denotes a generic null operator/functional, and A; : X; — X], B; : X; —
M, B : M - X, B: My ->M B :M-—M,S: My — M|, and F € M, are
defined as follows

(As(r, 0), (5. )] —/ [3) (1)t (8) + 240 v ]+ (W

[Bi(r,0), T

;;\

1
r:7dr+ (Tv, (§I+K) o)r,

[B1(C), (s, 9)] := [Bu(s, ), (],
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B(¢), (v,0d,8)] ::—/Qv-div(dm—/ﬂ(:Jdm—(Cu,S)pN,

[B'(v,8,£), 7] := [B(), (v, 6,§)],
[S(¢), 7] == {rv, V({V))r,

and

F,(v,6,€)] = / £.vdz — (g &)y

for all (r, 0), (s,v) € Xy, ¢, T € My, and (v,d,€) € M. Here and in the follo-
wing [+, -] denotes the duality induced by the operators appearing in each case, and
(-,-)ry denotes the duality between [H /2(I'y)]? and [HY?(T'y)]? with respect to
the [L?(T' y)]?-inner product.

Now, let X := X; x M; := [L2(Q)]>? x [H{*(D)]2 x Ho(div;Q) and define
A:X — X' by

[A(r; 0,C), (5,9, 7)] = [As(r; 0), (5, 9)] + [Bu(r, 0), 7]

+[B1(S, w)’ C] - [S(C)’ T] )

for all (r, o,¢), (s,v,7T) € X. It is important to remark that A, and hence A, is a
nonlinear operator.

Then (5.1.4) can be reformulated as: Find ((t, ¢, o), (u,v,n)) € H:= X x M
such that

[A(t,¢,0),(s,9,7)] +[B(7),(u,7,m)] =0,
(5.1.5)

[B(o),(v,8,€)] =I[F,(v,0,8)],

for all ((s,%,7), (v,6,€)) € H.
Concerning the solvability of (5.1.4) (equivalently (5.1.5)), we have the following
result.

Teorema 5.1.1 There exists a unique ((t, ¢, o), (u,v,n)) € H solution of the non-
linear two-fold saddle point formulation (5.1.4). Moreover, there exists C' > 0, inde-
pendent of the solution, such that

1((t, @, o), (wy,m)lla < C {|[llizape + I8ll-12wmp ) -

Proof: It reduces to show that A, is strongly monotone and Lipschitz continuous,
that B; and B satisfy appropriate inf-sup conditions, and that S is positive semi-
definite. For details we refer to Section 4 in [34], and to the abstract results provided
in [35]. [
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5.2 The a-posteriori error analysis

5.2.1 Preliminaries

Throughout this section we assume that I' and I'; are polygonal curves. Then
we let {Tp}ner be a regular family of triangulations of €2, made up of triangles
T of diameter hy, such that h := sup hy and Q = U{T : T € T}. Here I

TET,
is a set of indexes, say I := {h;}jen, wWith h; > h;y; Vj € N. In addition, let

H, = X, x My, x My, be a finite element subspace of H := X; x M; x M,
and let (tp, @, on, up, vy, Mm,) € Hp be an approximation to the exact solution
(t,¢,0,u,v,m) € H of the variational formulation (5.1.4).

We now apply the approach from [17] (see also [18] and [36]) to derive an a-
posteriori estimate for the error ||(t, ¢, o, u,y,n) — (tn, @y, Oh, Un, Yy, Mp,)||H. For
this purpose, we need to choose any linear and bounded operator A : X = X' such
that the corresponding induced bilinear form A: X x X = R, defined by

A((r,0,0), (5,9, 7)) = [A(r, 0,C), (5,9, 7)]

for all (r, g,¢), (s,%,T) € X, is symmetric and X-elliptic.
In the following, for simplicity, we take

[A(I‘, o, C)’ (Sa ’(ba T)] = <I', S>[L2(Q)]2><2 + <WQ, ¢>F + <C’ T)H(div Q) s (526)

where

(r,s)[L2()2x2 ::/ r:sdr (5.2.7)
Q
and
(¢, T)r(aiv;o) ::/ ¢:7dx +/ div ¢ - div T dx (5.2.8)
Q Q

are the usual inner products of [L%(2)]?*? and H(div ;2), respectively.

Then, given T' € T, we denote by (-, -)L2(r2x2 and (-, -)n(giv;r) the correspon-
ding restrictions of (5.2.7) and (5.2.8) to [L?(T)]**? and H(div ;T). Further, we let
(tr,15 Oh1, Un T, Yp 1) be the restriction of (tg, op, up, ;) to T

The following theorem provides an important upper bound for the Ritz projection
of the Galerkin error with respect to the operator A.

Teorema 5.2.1 Let (t,p, ) be the unique element in X such that

[A(%, ¢,5),(s,%,7)] = [A(t, ¢, 0), (s, %,7)]
(5.2.9)

_[A(th’ d)h’ ah)a (S’ ), T)] + [B(T): (11, v 77) - (uha Th nh)]
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for all (s,,T) € X, and let ¢, € [HY?*(Urer, T)|? be an approzimation to u on
element boundaries such that @, = 0 on I'p, ¢, (X) = —n,(X) for each vertex x of
Tr on Ty, and ¢, (%) = =V(ow)(X) + (31 + K) ¢, (%) for each vertez X of Ty, on
[. In addition, for each T € Ty, define

ty = Ohr — 5\(th,T) tr (th,r) Io — 2 i(thr) thr,

and let 7 € H(div;T) be the unique solution of the local problem

<6'T, T)H(div T) = Fh,T(‘T) VT € H(diV ; T) s (5210)
where
Fypr(r) = /(th,T + Y1) s TdT+ / uy - divTde — / P, - TVT ds
T T T

1
+<TV, @y T 77h>8TnFN + <7'V; @yt V(U'hl’) - (51 + K) ¢h)8TmF ) (5-2-11)

with vy being the unit outward normal to OT. Then there holds

At $,5), (t,6,8)] < > [[brllfepee + D 6] Fraivim

TET, TET,
(5.2.12)
1
W W, + (514K ) @00 By
Proof: We first observe from (5.1.5) that
[A(t, ¢,0), (5,94, 7)] + [B(7), (w,y,m)] = 0 V(s,9,7) € X,
and hence L
[A(ta d)v &)7 (Sa '(p: T)] = _[A(th7 ¢h7 Uh)a (Sa ¢7 T)]

(5.2.13)

—[B(7), (Wn, vp,mp)] V(s, 9, 7)€ X.

Since the bilinear form induced by A is symmetric and X-elliptic, we have that

- [AR.$,0),(5.6,0)
- i { L[AG ) (5..7)] — A §.2), (5.2, 7) } ,

which, according to (5.2.13), yields

At 6,0),668)] = min  Is ), (5.214)
(s,’lp,T)EX

DN | —
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with
[A(s, 9, 7), (5,9, T)]

N~

J(s,p, 1) :=
(5.2.15)
+ [A(th: ¢h: Uh)a (S: ¢7 T)] + [B(T)a (uha Yh nh)] .
Now, since ¢, = 0 on I'p, we get

Z/ @ - TVTds—/ @, - Trds = 0. (5.2.16)
or T

TEeT;, NI

Then, adding (5.2.16) to (5.2.15) and using the definitions of A, A and B, we
obtain

J(S,’(,b, Z JlT ST + J2 Z J3T TT (5217)

TET, TET;,

where (sp, T7) is the restriction of (s, 7) to T,

1 A
Jl,T(ST) = 5 ||ST||[2L2(T)]2><2 — <tT, ST)[LQ(T)]QXQ , (5218)
1 1 ,
Jo(¢) == 3 (W, p)r + (Wo,, + 51 +K' | (o), ¥)r, (5.2.19)
and 1
Jar(Tr) = 3 T2l fxaiviry — Far(Tr) . (5.2.20)

By replacing (5.2.17) back into (5.2.14), and using that s € [L?(Q2)]**? if and
only if s € [L2(T)]**2 VT € T, we can write

~ AG6.0),E8.0)] = Y { BBy JLT(ST)}

TeT, sT€[L2(T)]
(5.2.21)
+  min  Jo(¢p) + min { Jsr(Tr } )
",bG[Hé/Q(T)]Z T EHp(div;Q) 7;71
Since opr, thr € [L*(T)]**?, it follows from (5.2.18) that
. ]_ ~ 2
AP Jir(sr) = — 5 |[t|[Fr2 ey - (5.2.22)

Note that t1 corresponds to the explicit local residual of the nonlinear constitutive
equation in Q (cf. (5.1.1)).
Now, let us introduce the broken space

H(div; Q)" = {r € [L*(V)]>?: 71reHWiv;T) VT eT,}.
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Then, since Ho(div ; Q) C H(div; Q)" we get

i J J
TEHI?(IdI%v;Q) { Z 3’T(TT)} B TEHH;E/I Q)b {Z ar (T }

TeTs TeT,

=Y min  Jyr(rr) = - Z 67| faqaiv o - (5.2.23)

TreH(div;T
Tet, " (divsT) TETh

where the last equation has made use of (5.2.20) and the definition of the local
problem (5.2.10). At this point we remark that the unique solvability of (5.2.10)
follows from the Lax-Milgram Theorem and the fact that Fj, + becomes a linear and
bounded functional on H(div;T).

On the other hand, the minimizer to J is the unique ¥ € [H, 1/2( [)]? (guaranteed
by the positive definiteness of W) solution to the equation

(Wi e = = (Woy, + (T+K) (o), o)

for all 9 € [Hy/*(T)]2, which yields

1 ~ o~
min  J(6) = — L (Wi, d)r
Y, @) 2
1 _ 1
> = IW T Way + (514K ) @)y (5.2.21)

Finally, (5.2.21), (5.2.22), (5.2.23) and (5.2.24) imply (5.2.12) and complete the
proof of the theorem. [ |

The following technical result will also be needed.

Lema 5.2.1 The operator A has continuous first order Gateaux derivative DA,
and there exist C1, Cy > 0 such that

| DA4(E,2)((r, 0), (s,9)) | < Cil|(r,0)x, |I(s,%)|]x,
and
DAl(f'a b)((S, "p)’ (57 "p)) Z C~’2 H(Sa "»b)”?)ﬁ )
for all (%, 8), (r,0), (s,) € X := [L2(Q)]2*2 x [HY*(T)]2.

Proof: Given 7,5 € {1,2}, we let a;; : R*** — R be the nonlinear mapping defined
by

~

aij(r) := A(r) tr (r) i + 2 u(r) 74
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for all r := (r;;) € R**2. According to the assumptions on « and p (cf. (5.1.2)), one
can prove (see [37] or Lemmas 4.1, 4.2, and 4.3 in [6]) that a;; is of class C', and
that there exist Cy, Cy > 0 such that

0 -
‘ . ai;(F)| < C (5.2.25)
and
2 9 2
p % aij(f') Skl Sij > 02 Z S?j ; (5.2.26)
1,5,k,l=1 2,7=1

for all r := (F,‘j), S = (Sij) € R?*2.
Now, for all (r, @), (s,%) € Xi, with r(-) = (r;;(-)) and s(-) = (s4(-)), we can
write
[Ai(r, 0), (5. 9)] = [Ai(r),s] + (Wo, ),

where A; : [L2(Q)]>*® — [L2(2)]**¥, the pure nonlinear part of Ay, is defined by
) 2
[Ai(r),s] = Z / a;;(r) s;; dx .
ij=1 7%
Then, because of the linearity of W, we obtain

DA, (%,2)((r, 0),(s,%)) = DA,(¥)(x,s) + (We,¥)r,
with

) ., (5.2.27)
DA, (t)(r,s) := / Z e a;; () 7iy S5 d
Qg iki=1 =kl

for all (r, ), (r,0), (s,%) € Xi.
Therefore, (5.2.25) and the Cauchy-Schwarz inequality imply

2
DAl(f*)(r,s)‘g o / D Arwllsil de < AC el oy |Is]lz2 @y
Q

1,5,k,1=1

and hence, using the boundedness of W, we get

[DAL(F, 2)((r, @), (5,%))| < Cull(r, 0)lIx, II(5,9)][x, (5.2.28)

for all (£, ), (r, @), (s, ) € X1, where C; := max {4Cy, ||[W]||}.
On the other hand, since W is positive definite on [Héﬁ(F)]Q, there exists ap > 0
such that
(W) > a0 912y Vo0 € [H (D)
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Then, using (5.2.26) and (5.2.27), we deduce that

DA, (¥, 2)((s,9), (5,9)) = DA(F)(s,8) + (W, 9)r
2 02 ||(Sa’¢)||§(1

for all (¥, @), (s, %) € X;, where Cy := min {C3, op }. Finally, the continuity of DA,
is a consequence of (5.2.27) and the fact that the nonlinear mappings a;; are of class
Cch. [

(5.2.29)

We remark from the previous lemma that, for all (¥, @) € X;, DA(f, @) can be
identified with the bilinear form on X; x X; defined by (5.2.27), which, in virtue of
(5.2.28) and (5.2.29), is uniformly bounded and X;-elliptic, respectively. In addition,
using the conditions satisfied by DA; and DA, one can easily show that A; and
A, are strongly monotone and Lipschitz continuous. Moreover, (5.2.25) and (5.2.26)
also yield these properties for ALT, the restriction of A; to a triangle 7" € Ty, with
constants independent of 7T'.

5.2.2 The main a-posteriori error estimate

The results given in the previous subsection allow us to prove now the following
main theorem.

Teorema 5.2.2 Let ¢, € [HY?(Uper, OT)]? be as stated in Theorem 5.2.1. In ad-
dition, for each T € Ty, define

tr = onr — j\(th,T) tr (th,r) I — 2 i(ty ) th 7,

and let &y € H(div;T) be the unique solution of the local problem (5.2.10). Then
there exists C' > 0, independent of h, such that

1/2
||(t,¢,0',u, ’Y,"T) - (tha¢haahauh7’yhanh)||1‘l < C { Z 0%‘ + R%‘ +R%‘N} )

TeTh

where
0% = {HtTH[2L2(T)P><2 + H&TH%-I(div;T)
+||If +dive, 7| + llowr — oprll?
h,T | [L2(T))2 h,T h,TH[L2(T)]2%2 [ »
1 /
Rr = ||W¢, + 51 + K') (o) lig-120y2 »
and

Rry = |lowv = gllig-1200,)p -
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Proof: Let (f,0) € X; and let L g : H — H' be the linear operator arising
from the variational formulation (5.1.4) (or (5.1.5)) after replacing [A;(-,-), (-, -)] by
DAl(fa b)((1 ')1 ('1 ))

Using that DA (%, @) is a uniformly bounded and X;-elliptic bilinear form, that
B and B, satisfy the continuous inf-sup conditions, and that S is positive semi-
definite, we conclude, by applying Theorem 2.3 from [35], that L(f,,@) satisfies a
uniform global inf-sup condition. This means that there exists Cy > 0, independent
of (T, @), such that

G d.6, 0497 < Co  sup {DA1<f,@)<<%,a)>,<s,¢>)
(5,¢,T,v,6,£)eH
1,2, T v,0,6)lI<1

+[Bi(t, @), 7] + [Bi(s, ), 6] — [S(6), 7]
+[B(0),(v,9,£)] + [B(7), (1,7, f?)]} (5.2.30)

for all (t, ¢, &,1,%,7) € H and for all (£, p) € X;.
Now, since DA is continuous, we deduce that there exists (t,, @,) € X1, which
is a convex combination of (t, ¢) and (tj, ¢,), such that

[A1(t, @) — Ai(tn, dn), (5,9)] = DAL(Tr, 8,)((t — tr,  — by), (s,9))  (5.2.31)

for all (s, %) € X;.

Then, applying (5.2.30) with (¥,8) = (¥4, 8,) and (t,¢,&,11,49,7) given by
the error, and using (5.2.31), the definition of the operator A, the Ritz projection
(t, ¢, &) introduced in Theorem 5.2.1, the second equation of (5.1.5), and the defi-
nitions of B and F, we arrive to

1
FO ||(t7 (]5,0',11, %, 7)) - (th: ¢7h Oh, uh:'Yh:nh)HH

< sw {[A<E,q‘s,a>,<s,¢,r>J [ rdiven) v
(S,'lp,‘r,v,a,é)eH Q
ll(s,%,T,v,0,8) <1

+<0'hV - g’ﬁ)FN + /

on:0dx } . (5.2.32)
Q
Next, the boundedness and ellipticity of A, and the estimate from Theorem 5.2.1,
imply

[A(t. ¢,0), (s, 9. 7)]| < [|A]l [I(E, ¢,8)llx ll(s, %, 7)]|x
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1/2
<C {Z (e | Fzoeryexe + 160/ aiv i) +R%} (s, 9, 7)llx  (5.2.33)

TET;,

for all (s,¢,7) € X.
On the other hand, it is easily seen that

/ (f +divey) - vdz
Q

1/2
< { Z If +divor |[2L2(T)]2 } Vliz2y2 » (5.2.34)
TeT,
‘ <0'h,V - g7£>FN | S HU}LV - gH[H—1/2(1"N)]2 H£||[ﬁ[1/2(1—\N)]2 3 (5235)
and
1 T
op:bde| = |5 [ (on—oy):ddz
Q 2 Ja
1 1/2
= 9 { Z llon _UEH%LZ(T)P”} ||5||[L2(Q)]2x2, (5.2.36)
TET,

for all v € [L2(Q)]?, &€ € [H/?(Ty)]%, § € R. Consequently, replacing (5.2.33),
(5.2.34), (5.2.35) and (5.2.36) back into (5.2.32), we obtain the a-posteriori error
estimate and conclude the proof of the theorem. |

We now comment on the importance of choosing ¢, as close as possible to the
trace of u on Uper, 7. In fact, if u € [H*(Q)]? and @y |or = ulor VT € Ty, we get

/ (,oh-'rqus:/ u-Tqus=/Vu:Td:L'-I-/u-diV'rdac,
ar T T T

and hence the local problem (5.2.10) becomes

(1, T)u@ivr) = Frr(t) V1 € H(div;T), (5.2.37)
with
Fur(T) = / (e +vpr — Vu) s Tdo + /(uh,T —u)-divrdz
T T
1
+(rv,u+n,)orary + (Tr,u+ V(o) — (51 + K) by orar - (5.2.38)

This shows that 7 € H(div; T'), the Riesz representant of the functional F}, 1 €
H(div;T)’, depends directly on the actual errors

(tar + Ypor — Vu) € [L*(T)]7,
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(upr —u) € [LX(T)]?,
(u+mn,) € [1:11/2(8T N FN)]2 ,
and

1
(u + V(ow) — (51 + K) ¢h> e [H2(0T NT)]?,
where [H'/2(0T NTy)]? := {8lorar, : 6 € [H?(Tx)]?}.
Moreover, it follows from (5.2.37) and (5.2.38) that

o7l my < { b + Yoz — Val Bz

+ [lupr — uH[2L2(T)]2 + [[u+ 77hH[2ﬁ11/2(aTmrN)]2

1 1/2
+ |[lu+ V(o) — (51 + K) d’hH[ZHlﬂ(aan)]z } . (5.2.39)

The above analysis motivates the following lemma, which shows that the effi-
ciency of the a-posteriori error estimate given by Theorem 5.2.2 depends directly on
how well ¢, approximates the trace of u on the element boundaries.

Lema 5.2.2 Assume that u € [H'(Q)]?> and define @,|or = ulor VT € Ty. Then
there exists C > 0, independent of h, such that for all T € Ty,

0% < c { chvT - 1-'”[2112(11)]2)<2 + Ha'h,T - O-H%I(div iT) + H’Yh,T - 7‘|[2L2(T)]2><2
+ ||uh,,T - u‘ |[2L2(T)]2 + th, - "7| |[2f[1/2(aTnFN)]2 (5240)

2

+H<%I+K> (o), — D)

2
[H1/2(8TNT)]2 " ||V(0'hl/ B UU)H[HID(&TQF)]Z } .

In addition, there ezists C > 0, independent of h, such that
1/2
{Z 9%+R%+R%N} < Cllt — tallm, (5.2.41)
TETs

where t := (tad),o'aua'y’ ”I); th = (tha¢h,ahauh57h7nh): and 0T; RT‘; RTN are
defined in Theorem 5.2.2.

Proof: By taking s = @ = 0 in the first equation of (5.1.5), and then integrating
by parts in €2, we get

/Q[Vu—(t—l—'y)]:'rdx — (tv,u+n)ry,
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+ (v, (%I + K) ¢—V(ev)—u)r =0 V1 € Ho(div; Q).

It follows that
Vu=t+~v in Q, u=-n on [y,
and

1
u= <§I+K> ¢—V(ov) on I,
whence (5.2.39) yields
167 Brany < 2 { lon — tlZamymee + vz — lampoes
+ [lupr — u||[2L2(T)]2 + [|my, — "7H[2ﬁ[1/2(aanN)]2 (5.2.42)

2
N (CTR—

+H(%I+K)(¢h—¢)

[H1/2(8TNI)]2
Now, taking § = € = 0 in the second equation of (5.1.5), and 9 = 7 = 0 in the
first one, we obtain, respectively,

—dive=f and o= \t)tr(t)I,+24(t)t in Q.
Then we have
|f + divonr||remype = ||div(ewr — o)||e@)2 (5.2.43)
and also
HETH[L"’(T)PX2 < Ha'h,T - 0'||[L2(T)]2><2 + HAI,T(th,T) - Al,T(t)H[Lz(T)]zxz’,

where A, : [L2(T)]?*? — [L*(T)]**? is the restriction to T € T, of A; (cf. proof
of Lemma 5.2.1). For the definition of t see Theorem 5.2.2.

Since ALT is Lipschitz continuous, we deduce that there exists C' > 0, indepen-
dent of h and 7', such that

||£T||[L2(T)]2><2 < C {||0'h,T — 0'||[L2(T)}2><2 + ||th,T — t||[L2(T)]2><2 } . (5.2.44)

Next, taking v = &€ = 0 in the second equation of (5.1.5) we get & = o in Q,
with which one can prove that

||Uh,T — O'E,T |[L2(T)}2><2 S 2 Ha’h’T — 0'||[L2(T)}2><2 . (5245)

Thus, (5.2.42), (5.2.43), (5.2.44), (5.2.45), and the definition of 8., yield (5.2.40).
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On the other hand, we also find from the variational formulation (5.1.5) that

1
W¢+<§I+K'>(au):0 on Iy and ev=g on [y,

which, using the continuity of the boundary integral operators W and K’, imply
that

B+ B < C{lI¢n—8lnep + lon— ol | - (5:246)
Next, according to the definition of the Sobolev norm of order 1/2, we see that

Z ||77h - nH[2}~11/2(8TﬂI‘N)]2 <C H"7h - "7H[2ﬁ11/2(rN)]2 ) (5-2-47)
TET,

2 2

SCHGHK)(@Z—@

D

TET,

(31+%) @ - @)

[H1/2(aT D)2 [H/2()]2

< ||¢h - ¢||[2H1/2(F)]2 ) (5.2.48)

and

Z |V (onw - UV)||[2H1/2(aTmr)]2 < C|V(ewr — UV)H[2H1/2(F)}2
TeT

< Cllon = ollfaivie) (5.2.49)

where the boundedness of K and V has also been used for the derivation of (5.2.48)
and (5.2.49).

Finally, the efficiency estimate (5.2.41) is a simple consequence of (5.2.40),
(5.2.46), (5.2.47), (5.2.48) and (5.2.49). This finishes the proof. [ |

Before ending this subsection we remark that the a-posteriori error estimate
provided by Theorem 5.2.2 includes the non-local terms Rr and Rr,, which, though
of explicit residual type, are defined in terms of negative order Sobolev norms.
In addition, it is also important to observe that the local problem (5.2.10) holds
in a space of infinite dimension, and hence it could only be solved approximately
by replacing H(div;7') by a finite dimensional subspace. In particular, since that
problem is linear, we suggest to apply the p or the h — p version to approximate o
(see, e.g., [2]).

According to the above, the purpose of the next subsection is to bound the
contributions Rr, Rr,, and ||6r||uiv;r) by easily computable expressions.
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5.2.3 Fully local a-posteriori error estimates

We first need to specify the finite dimensional subspace H;, to which the ap-
proximate solution (ty, @y, on, up, vy, M) belongs. To this end we consider the sa-
me finite element and boundary element spaces from [34], which are a natural ex-

tension of the PEERS space from [7]. In fact, let X, := X}, x Xﬁsh, M, p, and
My = M» X Ry x M, ,? denote the corresponding subspaces to approximate (t, ¢),
o, and (u,7,n), respectively. Further, let {I'y,...,T'n} and {I'1,...,T,} be the par-
titions on ' and T'y, respectively, induced by the triangulation 7,. Then we define

Xf,h := {piecewise RT of order 0 + rotations of cubic bubble functions},

or, equivalently
Xh = (g € [P (@.b)r =0 Vo € Ne(e)},
where
[H2(O) = {wn € [COP: ke, € PoT)) Vi€ {1, ,m}},
M, j, := {RT of order 0 + rotations of cubic bubble functions} N Ho(div;€),
Myt = {vn € [LX(Q)*: valr € [Po(T)] VT €Th},

Ra :={[_05 g] e [H Q)P : 5|TeP1(T)VTeﬁ},

and

M= {g, € [HXTN)2: &lr, € [PL(T)]? Vi€ {l,.,n}}.
Hereafter, given integers [ > 0, k € {1,2} and a subset S of R¥  P;(S) stands for
the space of polynomials in & variables defined in S of total degree at most .

Therefore, the Galerkin scheme associated to the variational formulation (5.1.5)
reads: Find ((tn, @), on, (Un, Yy, M) € Hy, := X1 X My X My, such that

[A(thﬂ i Uh)’ (Sh’ % Th)] + [B(Th)a (uh: Yho nh)] =0,
(5.2.50)

[B(on), (Vh O, &n)] = [F, (Va, 01, &n)],

for all ((Sha"abh)’ Ths (Vh7 511;511)) € Hh'
We remark that the existence of a unique ((tn, @y,), on, (Un, ¥4, M) € Hy so-

lution to (5.2.50), and the corresponding error analysis, were provided in [34] for
the particular case I'y = (). Hence, we do not give any further details here and just
assume, from now on, unique solvability of the discrete scheme (5.2.50).
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Lema 5.2.3 Assume that the Neumann data g € [L*(T'y)]?. Then there exists C' >
0, independent of h, such that

& 1
R% < C log[l + Ch(r)] Z h,j ||W¢h + (51 + KI> (O'hl/)H[QLQ(Fj)]z ; (5251)
j=1

and i
Rf, < Clogll+Ci(Tw)] 3 by llowv — gllfra (5.2.52)
j=1
where h; = length of I';, }Nlj = length of fj,
Cy(T) := max {Z—; o li—gl=1, 4,j€ {1,...,m}} ,
and

Ch(Ty) := max {% o li—gl=1, 4,5€ {1,...,n}} .
j
Proof: We proceed similarly as in Corollary 1 of [36]. First, the definitions of the
subspaces qu?h and M, guarantee that ¢, € [H*(D))?, (opv)|r € [L*(I)]? and
(onv)|ry € [L*(Tn)]?. Hence, the mapping properties of W and K’ imply that
(W, + (31+K') (04v)) € [L*(I)]? Also, taking s, = 75, = 0 in the first equation
of (5.2.50), we get

(Wao), + (%I +K') (onv),Yp)r =0 V9, € Xﬂ-

Next, given ¢, € [HY?(I")]2 we let 4, € qu,bh be such that (¢, —,) € Np(e). Since
(W, w)r = (W (w), ¢p)r =0 and ((3I+ K') (o4v), w)r = (o, (31 + K) (w))r
= (opv,w)r = 0 for all w € Ny(e), we deduce that W, + (31 +K') (opv) is
[L2(T")]2-orthogonal to [H'/?(T")]2. Thus, the estimate (5.2.51) follows from a straig-
htforward application of Theorem 2 in [21].

On the other hand, taking v, = 8, = 0 in the second equation of (5.2.50), we find
that (opv — g) is [L2(Cy)]?-orthogonal to M,!, and therefore, the estimate (5.2.52)
is also a consequence of Theorem 2 in [21]. [

As a corollary of Theorem 5.2.2 and Lemma 5.2.3 we can establish the following
a-posteriori error estimate.

Teorema 5.2.3 Let @, € [HY?(Urer, 0T))? be as stated in Theorem 5.2.1, and
assume that g € [L*(Tx)]?. In addition, for each T € Ty, define

tr = onr — :\(th,T) tr (thr) I — 2 f(thr) thr
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and let 61 € H(div;T) be the unique solution of the local problem (5.2.10). Then
there exists C' > 0, independent of h, such that

1/2
~2
||(t> d)a o,u,7, "7) - (tha ¢haah7uha7hanh)||H < C{ Z 0T } ’

TET)

where
52 . R .
0, = ||tT||[2L2(T)]2><2 + ||0'T||%I(div;T) + ||f+d1V0'h,T||[2L2(T)]2

+|lonr — UE,T||[2L2(T)]2><2 + log[l + Cp(U'n)] hr |lowy — g||[2L2(aanN)]2
1
+ log[l + Ch(r)] hT HWd)h + (51 + K,) (O'hV)H[QLz(aan)P .

Proof: It follows from Theorem 5.2.2 and Lemma 5.2.3 by noting that h; (resp. &)
is smaller than hy, where T’ € 7T, is the triangle having I'; (resp. f‘j) as a boundary
edge. [ |

We remark that the upper bounds for Rp and R, given by Lemma 5.2.3 are
also lower bounds (with different constants) as long as the partitions on I" and I'y
are quasi-uniform (see Theorem 3 in [21]).

To end this section, we set an appropriate choice of ¢,. Indeed, we first define
@;, € [C(Q)]? as the unique function satisfying the following conditions:

() @ = @ulr € [PL(T)]? for all T € 7.

(b) @, (%) = (0,0)T for each vertex % of 7, lying on I'p.

(c) p,(X) = —m, (%) for each vertex x of 75 on I'y.

(d) ¢u (%) = =V(ow) (%) + (314 K) ¢, (%) for each vertex X of 7 on T'.

(e) @, (X) is the average of the constant values of uj, on all the triangles T € T, to
which X belongs, for any other vertex x of 7j,.

Then, since @, € [H'(Q2)]* we just put

Furthermore, we can also use ¢, to derive a simpler fully local a-posteriori error
estimate, which does not require the explicit solution of the problem (5.2.10). More
precisely, we have the following result.
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Teorema 5.2.4 Let @, € [H'(Q)]? be as indicated above, assume that
g € [L?>(Tn)]?, and for each T € Ty, define

£T = OpT — S\(th,T) tr (th,T) Iz -2 //l(th,T) th,T .

In addition, let {xxr}i_, be the vertices of T € Ty, and assume, without loss of
generality, that X7, Xor € I'n when 0T N T'y is not empty. Then there exists
C > 0, independent of h, such that

H(ta d)a g,u,7, TI) - (tha ¢h, OpyUp, Y, ’r’h)HH

1/2
<C { 3 (ézT + 05+ ézT,FN) } , (5.2.54)

TET,
where
~9 - 1 2
GT = { HtTH[2L2(T)]2“ + ||thr — 5 [V¢h,T + (anh,T)T]
[LQ(T)12X2
3 1 2
+ R Z Yo (Xe,r) — 3 Venr — (Véur) T
k=1 R2x2
3
+hy > s — @hr(Eer)| [
k=1
+[If +diveonr|[famye + [lonr - O'E,TH[2L2(T)]2><2} ;
~92 1 2
O;p = { @nr + Viewr) — <§I+K> o
[HY/2(a1TNT)]2
1
+ 10g[1+ CuD)] i [ W, + (314K ) )l iy |
and

2

~2 - - - o -

Orr, = pn(T) {hT > M @nr+ 1) EeD) 2 + (@nr + 1) e — %ur)|[Re
k=1

+mw+@@mwﬂmv—m@mmw},

with py(T) =1 if 0T N 'y is not empty, and 0 otherwise.



5.2 The a-posteriori error analysis 101

Proof: Because of Theorem 3.6, it suffices to bound H&TH%I(div .y for the present
choice of ¢;,. In fact, according to the analysis before Lemma 5.2.2, and replacing u
by @, in (5.2.39), we obtain

67| fraiv ) < Wb + Yo = V@urlfoaypxe + [ — @prl[framy

+||@nr + 14 |[2ﬁ11/2(aanN)]2

1 2
+ ‘ @h,T + V(O’hl/) - <—I+ K) ¢h (5255)
2 [H1/2(8TNT)]?
Also, it is easy to see that
1 2
|[thr + Yo — V‘Ph,T||[2L2(T)]2><2 < 2{ th1r — §[V‘7Oh,T + (Venr) "]
[LQ(T)]2><2

2
+

1. . -
Y1 — 2 [V‘Ph,T - (V‘Ph,T)T]

} . (5.2.56)
[LZ(T)]2><2

Next, since @, € [Pi(T)]%, V@ur € [Po(T)**%, v4p € [P1(T)]*?, and the
area of T is bounded by h2, we deduce that

3
Brerye < 02 Y e — Gur(Rer)lle (5.2.57)
k=1

up,r — Ph,1

and
2

1 _ 