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lterative systems

X compact metric space, A finite alphabet
(F,: X — X)aea continuous.
(Fu: X = X)uea, Fw=F,oF,, Fx=1d

Theorem(Barnsley) If (F, : X — X)aea are
contractions, then there exists a unique attractor
Y C X with Y =[J,.4 Fa(Y), and a continuous
surjective symbolic mapping ® : AN — Y

u)} - ﬂ FU[o.n)(X)7 ue A"

n>0



Binary system A = {0,1}, &, : AN — [0, 1]

x+1
2

Folx) = 5. Filx) =

q)z(l.l) = Z u; - 2_i_1, uc AN

i>0

[1]

[ O]

Expansion graph: x = F;1(x) if x € W, = F,[0, 1]



Binary signed system is redundant

A:{T,O,l}, <D3:AN—> [—1,1]
x—1 X x+1

Fi(x) = S5 Fox) = 5. A0 =5

d3(u) = Z ui-27 uwe AV

i>0

[0] [1]

[1]




Real orientation-preserving Mobius transformations

ax + b
cx+d’

Ma’b@d(x) = ad — bc >0

acton R =R U {oo}
andon U= {zeC: 3(z) >0}

Stereographic projection d(z) = %

d:R—0D={z€C: |z| =1} unit circle
d:U—-D={zeC: |z|] <1} unitdisc



Disc Mobius transformations I\A/l —doModl

= 7 = 24i)z+1 B 2i)z+i
Fl) =24  R@)=527 Re)=535
Fo(x) = x/2 Fi(x)=x+1 Fy(x) = ‘gx_—Jer
hyperbolic parabolic elliptic

Mean value &(MY) :/ z d(M?) = M(0)
oD



Circle metric and derivation

the length of arc between d(x) and d(y):

[x —y|
VI +1)(y2+1)

o(x,y) = 2arcsin

circle derivation of M(x) = (ax + b)/(cx + d):

o) — fim 2M(x), M(y))
M(X) B )|/_>X Q(X,)/)
(ad — bc)(x?* +1)
(ax + b)? + (cx + d)?




Contracting and expanding intervals

U, = {xeR: F(x) <1}, F,(U,) =V,
V, = {xeR: (F,1)(x) > 1}

o
V2 V2
_V2 V2
2 2 1 1
T2 2

F(x)=x/2 F(x)=x+1



Mobius number system(MNS) (F, W)

(F,: R — R),c4 Mobius transformations
W, C V, expansion intervals [ J,., W, =R
Expansion graph: x = F;1(x) if x € W,

x 3 F(x) = Fun(x) = -
x € Wy, F . (x) € Wy, Fi.(x)e W,

Upuy

Wi = Wiy N Fug(We) -0 Fyg (W)
x € W, iff u is the label of a path with source x:



Expansion subshift:

Sy :={ue AV : vn W, o 7 0}

Symbolic extension:

®(u) = lim Fy, (i) €R, ue Sy

n— 00

® : S)y — R is continuous and surjective.



Continued fractions ag —

— FFFFy- -

1

Fi(x) =x =1, Wi =(c0,-1)

FO(X) = _1/X7 WO = (_17 1)

Fl(x):X+17 le(].,OO)
Sy is a SFT.

forbidden words:
00,11, 11,101,101

x5 FY(x)if x e W,
1 1

7N
2RI 0~
0

1 2



Binary signed system, A= {1,1,2}

. s Filx) = (x - 1)/2
> Fi(x) = (x +1)/2
2 2> Fa(x) = 2x
A P B, _
2. N “ a2 Wp=(=1,0) > (-1,1)
11~ A Q11 1
3 W1:(01)—>(11)
%
T/T- 1/1 W, = (1 —1) (27_%)
6 7
BI; & \ a 3/48 Sy is a SFT.
! g, _ 7s, forbidden words
*" ¥ : : y e 12,12,211,21T
T TR %
Q’@' ! » © - %y Sw ={2"u
& il
QA ~ o =
® B

s ue {L, 11}

P(2"u) =3 FLoui -2



Fractional bilinear functions

axy + bx+cy +d ax+ b
(x:¥) exy +fx+gy+h’ (x) cx +d
a0bo a b 00@o0
0 a 0 b cd 00
X y
M = c 0dO0 , M7 = 0 0 a b
0 c 0d 0 0 cd

P(Mx,y) = PM*(x,y), P(x,My) = PM?(x, ),
MP(x, y) are fractional bilinear functions.



Bilinear graph

vertices: (P, u,v), u,v € Sp.
(P,u,v) = (F7'Pyuv) if P(W,, W,)C W,
(P,u,v) & (PFX,o(u),v)
(P,u,v) > (PFZ, u,o(v))

Proposition If u,v € Syy and w € AY is a label of a
path with source (P, u,v), then w € Sy and

d(w) = P(®(u), d(v)).



Linear graph

vertices: (M, u) € M; x Sy,

emission: (M, u) = (F,*M,u) if M(W,)C W,
absorption: (M, u) N (MF,,,o(u))

Proposition There exists a path with source (M, u)
whose label w = f(u) € S)y and ®(w) = M(P(u)).



Linear graph

vertices: (M, u) € M; x Sy,

(F,*M,u) if M(

) = w) € W
absorption: (M, u) KN (MF,,,o(u))

emission: (M, u

Proposition There exists a path with source (M, u)
whose label w = f(u) € S)y and ®(w) = M(P(u)).

If M remain bounded, then the algorithm has linear
time complexity.



Bimodular group: det(M) = 2P

»)2101
v01)2011
®)1102
~)1012
w
©)1012
~)1102
NJ2011
w)2101

E
oot
Rl
"‘||—\
A
s
IO
W4
Nl
Hi=
—IN
=l
Ol=4

det(M) = 2, [|[M|| = 6, tr(M) =3

a 0 1 2 3
Fo | 35 |5 [ 27 [+l
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Redundant bimodular system W, = V(F,)

Top five algorit

Keeps five matrices with the smallest norm.



Ergodic theory of singular transformations

M(x) = Z%b ad — bc =0

cx+d

~

M = {(x,y) € R : (axo + bx1)y1 = (exo + dx1)yo}
= (Rx {sm})U({um} xR)

sy = M(i ) {2 ,3} N R: stable point
uy = M71(i) € {—2,—2} N R: unstable point

If M is singular, then syr = sy, upy = up.
Emission acts on columns, absorption acts on rows
of singular matrices.



Growth of norm ||x|| = /x3 + x¢

(ad — bc)(xg¢ + x?)

M) = (axg + bx1)? + (cxo + dxq)?
_det(M) - [[xIP
IMO))I1?

(MO [det(M)

[Ix]] Me(x)




Invariant emission measure
Partition of unity w, : R —[0,1], ac A

supp(wa) € Wa, > wa(x) =1

acA

Emission process x — F, (x) has a unique
Lebesgue-continuous invariant measure L.

det(F)
- 2w

ueLn(S

€rm < €,+ ey, emission quotients



Invariant absorption measure

Pa:/Wad:u7 Pab:\/Wa'WboFa_ld:u

Sy is a SFT of order 2: R,, = P,/ P..

Absorption process (x, a) LN (Fi(x),b) inR x A
has a unique invariant measure v(U, a) = P,v,(U)

1 det(F,)
a, = Y §Pau/m GiD dv,

aueﬁ"(SW)

a,.m < a,+ ay: absorption quotients



Transaction quotient

T>./r

T<1.1:

lim exp(e,/n) : Emission quotient
n—oo

lim exp(a,/n) : Absorption quotient

n—o0
E-A: Transaction quotient

positional r-ary system (Heckmann).

redundant bimodular system.



Conjecture There exists a multiplication algorithm
with average linear time complexity.



