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Motivations

Why studying sand piles ?

> From local rules to global behavior : Emergence.

> Sand piles are at the edge between discrete and continuous
phenomena.

> They emphasize Self-Organized Criticality.
Bak, Tang, Wiesenfeld (1987)

> Property of dynamical systems which have critical attractors.
> A small disturbance can involve a deep reorganization.

Adding a single grain can create an unbounded avalanche!



KSPM - Representation

> sequence of height differences

[ ]
(472’57071?0w)




KSPM - Representation

> sequence of height differences

> rule application = a column gives some height difference

[T TT]

(R
| q
L]
(4,2(5)0,1,0%)




KSPM - Representation

> sequence of height differences

> rule application = a column gives some height difference
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> KSPM is a Linear Chip Firing Game.
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Inductive Approach - Avalanches

1. Start from the fixed point : m(k — 1)
2. Add a single grain of column 0 : m(k — 1)49
3. Fire, until reaching a fixed point : 7(m(k — 1)+0)

(k) = w(m(k — 1))

This allows an inductive way for computing (k).

The k' avalanche : the set of fired columns in step 3.

@‘ Each column is fired at most once in an avalanche‘
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First Avalanches
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Holes Positions on Avalanches,

> Hole : an unfired column, such that there exists a fired
column with largest rank.

> The BIG conjecture : Let L(D, N) be the largest hole of the
Nt avalanche

@) L(D,N) is in O(log N) .

0
> Only proved for D = 3, unfortunately. &

> Consequence : except for leftmost columns,

we do not care about holes

(since the support of the sand pile w(N) is in ©(v/N)).
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Beyond the Holes : Long Avalanches

> Peak : column whose height difference is D—1.
> Peaks are masters of long avalanches.
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Avalanche effect :

> the last reached peak := 0,
> the D — 1 columns just after the last reached peak : + 1,
> other columns : unchanged.

@‘ The avalanche effect is easily computable beyond the holes
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Governing peak : rightmost peak before the interval
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Wave Pattern - Example for D =3

1)1

}Dfl
110 i1
£(0100001) = 01001 Wave (D-1,..,1)f

‘Vu € {0,1}*, Inin O(log |u|) such that t"(u) is a prefix of (01)“"

‘Starting from a prefix of (01)%, the sand pile becomes a wave‘




Conclusion

N
O(log N)  O(log N) O(VN)
columns
D=3 general D
@ emergent density on avalanches [ |
(@ density used to built a transducer [ | [ |
@ transducer iteration involves a balanced evolution [ |
@) balanced evolution involves the wave pattern [ | [ |
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Thank you for Sandpiling, Mister Goles




