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Abstract. The present work is devoted to the numerical simulation of compressible flows
subject to phase transitions modeled by mixed hyperbolic-elliptic systems. Non-classical dis-
continuities joining states in distinct hyperbolic subsets of the physical space allow to cross
the elliptic zone. The key difficulty stems from the property that those transition discontinu-
ities are small scale sensitive in the sense that solving the set of Rankine-Hugoniot conditions
while involving entropy considerations do not suffice to define a unique discontinuous solution.
Extra information from the underlying physics has to be provided and with this respect the
modeling stands as a multiscale problem. Relevant discontinuities can be selected from the
family of traveling-wave solutions of a given parabolic-dispersive perturbation of the equations
in the limit of a vanishing regularizing parameter. The central issue is that the limit solution
does generically depend upon the competition of the underlying viscous and dispersive mecha-
nisms. To avoid the expensive computational effort in the resolution of the small scale effects,
information described by short length waves are conveniently upscaled when evaluating the
total mass of entropy dissipation along the regularized inner profile for a relevant mathematical
entropy pair. Kinetic relations can be built as a by-product and allow to uniquely link the left
and right traces at a transition wave to its propagation speed, that is at the macroscopic level.

The key issue is to respect the proposed selection principle at a discrete level. Classical
deterministic numerical methods are seen to fail in the capture of the expected discontinuous
transition waves. The roots of the failure have to be found in cell-averaging procedures where
nonclassical waves are artificially regularized : the subtle competition in between viscosity and
dispersion is lost.

We derive an approximate Riemann solver capable of accurately handling any prescribed
relevant kinetic relation. Up to now, existing discrete methods seem to rely on exact Riemann
solutions, which are known only for particular kinetic closures. The derivation principle relies
on approximating the exact Riemann solution by those of a Suliciu’s relaxation system where
the pressure law is considered as an additional unknown subject to relaxation mechanisms. The
homogeneous Relaxation Riemann problem is given a self similar defect measure correction
that keeps explicit memory of the weak limit of the pressure relaxation source term at a
transition wave within the Riemann fan. Isolated transition waves in the exact PDE are proved
to also solve the corrected Riemann Relaxation problem. For general Riemann data that yield a
transition wave, the defect measure correction is suitably derived thanks to an iterative technic
consisting in adapting a first postulated speed of the transition wave to its left and right traces
within the relaxation wave fan. Then a convenient tracking method prevents transition waves
from artificial smearing. Several numerical experiments illustrate the relevance of the method.
This is a joint work with C. Chalons, P. Engel and C. Rohde.

If time permits, I will illustrate that Laxian shocks in the extreme waves can be also made
crystal sharp using a defect measure correction based on some non-linear entropy analysis
which was unneeded in the setting of non-classical discontinuities since already built in by
construction. This is a work with C. Chalons.
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