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ABSTRACT

In this thesis we introduce and analyze an augmented mixed finite element method for the
coupling of quasi-Newtonian fluids and porous media. The flows are governed by a class of
nonlinear Stokes and linear Darcy equations, respectively, and the transmission conditions
are given by mass conservation, balance of normal forces, and the Beavers-Joseph-Saffman
law. We apply dual-mixed formulations in both domains, and, in order to handle the non-
linearity involved in the Stokes region, we set the strain and vorticity tensors as auxiliary
unknowns. In turn, since the transmission conditions become essential, they are imposed
weakly, which yields the introduction of the traces of the porous media pressure and the fluid
velocity as the associated Lagrange multipliers. Moreover, in order to facilitate the analysis,
we augment the formulation in the fluid by incorporating a redundant Galerkin-type term
arising from the quasi-Newtonian constitutive law multiplied by a suitable stabilization pa-
rameter. In this way, under a suitable and explicit choice of this parameter, a generalization
of the Babuska-Brezzi theory is utilized to show the well-posedness of the continuous and
discrete formulations and to derive the corresponding a-priori error estimate. In particular,
the feasible finite element subspaces include PEERS and Arnold-Falk-Winther elements for
the stress, velocity and vorticity in the fluid, Raviart-Thomas elements and piecewise con-
stants for the velocity and pressure in the porous medium, together with piecewise constant
Stokes strain tensor and continuous piecewise linear elements for the traces. Next, we em-
ploy classical approaches, which include linearization techniques, Clément’s interpolator and
Helmholtz’s decomposition, together with known efficiency estimates, to derive a reliable
and efficient residual-based a posteriori error estimator for the coupled problem. Finally,
several numerical results confirming the good performance of the method and the proper-
ties of the a posteriori error estimator, and illustrating the capability of the corresponding

adaptive algorithm to identify the singular regions of the solution, are reported.
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Chapter 1

Introduction

The devising of suitable numerical methods for solving the Stokes-Darcy and related coupled
problems, including porous media with cracks, the incorporation of the Brinkman equation
in the model, and linear as well as nonlinear behaviors, has become a very active research
area during the last decade (see, e.g. [6], [10], [11], [12], [13], [14], [24], [30], [32], [37],
[40], [42] and the references therein). In particular, a mixed finite element method for a
nonlinear Stokes-Darcy flow problem arising in industrial filtering application and involving
a non-Newtonian fluid, is introduced and analized in [12]. Actually, up to the authors’
knowledge, this is the first work dealing with the fully-coupled problem for non-Newtonian
Stokes and Darcy flows. In fact, the fluid is modeled there by the generalized nonlinear
Stokes equation in the free flow region and by the generalized nonlinear Darcy equation in
the porous medium. In addition, the approach in [12] employs the primal method in the
Stokes domain and the dual-mixed method in the Darcy region, which means that only
the original velocity and pressure unknowns are considered in the fluid, whereas a further
unknown (velocity) is added in the porous medium. The corresponding interface conditions
are given by mass conservation, balance of normal forces, and the Beavers-Joseph-Saffman
law, and since one of them becomes essential, the trace of the Darcy pressure on the interface
needs also to be incorporated as an additional Lagrange multiplier. More recently, the model
from [12] is recasted in [13] as a reduced matching problem on the interface by using a mortar
space approach. As a consequence, a parallel algorithm for the problems in both regions is
derived, which allows to solve the coupled problem utilizing existing codes for Stokes and

Darcy simulations.

On the other hand, the a priori and a posteriori error analyses of a new fully-mixed finite
element method for the 2D Stokes-Darcy coupled problem, in which dual-mixed formulations

are employed in both domains, were developed in [25] and [26]. This approach allows, on



the one hand, the introduction of further unknowns of physical interest, and on the other
hand, the utilization of the same family of finite element subspaces in both media, without
requiring any stabilization term. The results from [25] and [26] were then extended in [27] to
the case of a two-dimensional nonlinear Stokes-Darcy coupled problem. More precisely, the
model here refers to the coupling of fluid flow with nonlinear porous media flow, where the
nonlinearity in the latter region is given by the corresponding permeability. The utilization of
dual-mixed formulations in both regions yields the pseudostress and the velocity in the fluid,
together with the velocity, the pressure and its gradient in the porous medium, as the main
unknowns. In addition, since the approach in [27] leads to essential transmission conditions,
these are imposed weakly and hence the traces of the porous medium pressure and the fluid
velocity become the corresponding Lagrange multipliers. Similarly as in [25], the remaining
unknowns of physical interest can then be computed through very simple postprocessing
formulae that, at the discrete level, make no use of any numerical differentiation procedure.
Since the resulting variational formulation can be written as a nonlinear twofold saddle
point operator equation, the generalization of the Babuska-Brezzi theory developed in [17]
is applied to prove the well-posedness of the continuous and discrete schemes. Finally, a
reliable and efficient residual-based a posteriori error estimator is also derived in [27]. In
spite of the many contributions available in the literature on the a posteriori error analysis for
variational formulations with saddle point structure, the first results concerning nonlinear
twofold saddle point problems have been obtained in [27] and [15] by properly adapting
and extending some related techniques from [22] and [26]. In particular, the analysis in
[15] provides an abstract error estimate that can be applied to a large class of nonlinear

variational formulations showing a twofold saddle point structure.

The purpose of the present thesis is to extend the analysis and results from [25] and
[27] to the model problem from [12], that is to the coupling of quasi-Newtonian fluids
and porous media. In other words, we now develop the a priori and a posteriori error
analyses of a fully-mixed formulation for a class of nonlinear Stokes models coupled with the
usual linear Darcy equation, and assuming the usual transmission conditions, that is mass
conservation, balance of normal forces, and the Beavers-Joseph-Saffman law. To this end,
and differently from [12] where a primal approach is employed in the fluid, we apply dual-
mixed formulations in both regions (exactly as in [25] and [27]), and handle the nonlinearity
in the fluid by introducing the strain and vorticity tensors as additional unknowns. In
addition, since the transmission conditions become again essential, they are imposed weakly,
which yields the traces of the porous media pressure and the fluid velocity on the interface

as the associated Lagrange multipliers. Furthermore, we follow the same approach from [22]



and [23], and enrich the equations in the fluid with a redundant Galerkin-type term arising
from the quasi-Newtonian constitutive law multiplied by a suitable stabilization parameter.
As a consequence, the resulting augmented variational formulation shows a twofold saddle
point structure that matches a slight modification of the generalized Babuska-Brezzi theory
derived in [17] (see also [16]). In this way, a suitable and explicit choice of the stabilization
parameter allows to prove the well-posedness of the corresponding continuous and discrete
schemes. Then, following the approach from [27] and [15], we derive a reliable and efficient
residual-based a posteriori error estimator for our nonliner coupled problem. As in [27],
the proof of reliability makes use of a global inf-sup condition for a linearized version of
the problem, Helmholtz decompositions in both media, and local approximation properties
of the Clément interpolant and Raviart-Thomas operator. In turn, inverse inequalities,
the localization technique based on element-bubble and edge-bubble functions, and known

results from previous works, are the main tools for proving the efficiency of the estimator.

The rest of this work is organized as follows. In Chapter 2 we introduce the model
problem and derive the augmented fully-mixed variational formulation, which is shown to
have a twofold saddle point structure. A slight modification of the generalized Babuska-
Brezzi theory developed in [17] is described in Chapter 3. This abstract framework is then
applied in Chapter 4 to prove the well posedness of the continuous problem. Next, in Chapter
5 we define the Galerkin scheme and, employing the corresponding analysis from Chapter
3, we derive general hypotheses on the finite element subspaces ensuring that the discrete
scheme becomes well posed. A specific choice of finite element subspaces satisfying these
assumptions is also described here. In Chapter 6 we derive the residual-based a posteriori
error estimator and prove its reliability and efficiency. Finally, several numerical results
illustrating the performance of the method, confirming the reliability and efficiency of the a
posteriori estimator, and showing the good behavior of the associated adaptive algorithm,

are reported in Chapter 7.



Chapter 2

The continuous problem

2.1 Preliminary notations

We begin this chapter with several notations to be used throughout the thesis. In what
follows, given n € {2,3}, R™*™ is the space of square matrices of orden n with real entries,
I := (d;5) is the identity matrix of R"*", and for any 7 := (73;), ¢ := ({;;) in R™*", we write
as usual

n n
1
T = (15), trT = Zm, T4 =7 - gtr('r)]l, and T:¢ := Z Tij Cij »
=1 2,j=1
which corresponds, respectively, to the transpose, the trace, and the deviator of a tensor T,
and to the tensorial product between 7 and ¢. In turn, in what follows we utilize standard
simplified terminology for Sobolev spaces and norms. In particular, if O is a domain, S is

an open or closed Lipschitz curve (resp. surface in R?), and r € R, we define
H"(0) .= [H'(O)]", H'(O):= [H(O)]"™", and H'(S) := [H(S)]".

However, when 7 = 0 we usually write L2(0), L?(0), and L%(S) instead of H*(0), H°(O),
and H(S), respectively. The corresponding norms are denoted by || - ||l.o (for H"(O),
H"(0), and H"(0)) and || - ||;,s (for H"(S) and H"(S)). In general, given any Hilbert space
H, we use H and H to denote [H]|™ and [H]™*", respectively. In addition, (-,-)s stands
for the usual duality pairings between H~'/2(S) and H'/?(S), and between H~/2(S) and
H!/ 2(S). Note, however, that when S is an open Lipschitz curve (resp. surface in R?),
(-, )s is also employed below to denote the duality pairings between H&)l/ 2 (S) and Héé 2(8 )s
and between Haol/ 2(8) and H(l)(/)Q(S) (see Section 2.3 for details). Furthermore, with div
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denoting the usual divergence operator, the Hilbert space
H(div;0) := {w € L*(0): divw € L*(0)},

is standard in the realm of mixed problems (see [7], [28]). The space of matrix valued
functions whose rows belong to H(div; O) will be denoted H(div; O), where div stands for
the action of div along each row of a tensor. The Hilbert norms of H(div; O) and H(div; O)
are denoted by || - [laiv;0 and || - ||divi0, respectively. Note that if 7 € H(div;O), then
div T € L}(0).

Finally, we employ 0 to denote a generic null vector (including the null functional and
operator), and use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic
constants independent of the discretization parameters, which may take different values at

different places.

2.2 The model problem

In order to describe the corresponding geometry, we let 25 and {2p be bounded and simply
connected polyhedral domains in R", n € {2, 3}, such that Qs N Qp = 0 and 90g N INp =
¥ # (). Then, we let I's := 9Qg\X, T'p := 9Qp\E, and denote by n the unit normal vector
on the boundaries, which is chosen pointing outward from Qg U ¥ U Qp and Qg (and hence
inward to Qp when seen on ¥). On ¥ we also consider unit tangent vectors, which are
given by t = t; when n = 2 (see Figure 2.1 below) and by {t;,t2} when n = 3. The model
problem we are interested in consists of the movement of an incompressible quasi-Newtonian
viscous fluid that occupies €2g and that flows towards and from €p through 3, where Qp
is saturated with the same fluid. More precisely, the governing equations in g are those of

the nonlinear Stokes problem written in the following stress-velocity-pressure formulation:

os = p(le(ug)]) e(us) — psI in Qg, divug = 0 in Qg,
(2.1)
diveg = —fs inQg, ug =0 onlg,

where og is the stress tensor, ug is the velocity, ps is the pressure, p : RT — R* is
the nonlinear kinematic viscosity, e(ug) := %{Vus + (Vus)t} is the strain tensor (or
symmetric part of the velocity gradient), |-| is the euclidean norm of R"*", and fs € L?(Qg)

is a known volume force. Note here that og is symmetric. In turn, in Qp we consider the
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Figure 2.1: The 2D geometry of our Stokes—Darcy model
linearized Darcy model with Neumann boundary condition on I'p:
up = —KVpp in Qp, divup = fp in Qp, up-n=0 on Ip, (2.2)

where up and pp denote the velocity and pressure, respectively, fp € L?(Qp) is a source
term satisfying fQD /o =0, and K is a symmetric and positive definite tensor with entries
in L>°(Qp), which describes the permeability of Qp divided by a constant approximation of

the viscosity. Finally, the transmission conditions on X are given by

ugs'n = up-'n on X,
nol (2.3)
osn + Z EZl(uS ‘tg)ty = —ppn on X,
(=1
where {k1, ..., kn—1} is a set of positive frictional constants that can be determined experi-

mentally.

At this point we remark that the kind of nonlinear Stokes problem given by (2.1) appears
in the modeling of a large class of non-Newtonian fluids (see, e.g. [5], [31], [34], [39]). In
particular, the Ladyzhenskaya law for fluids with large stresses (see [31]), also known as
power law, is given by u(t) := po + ut? =2 vVt € RT, with pg > 0, gy > 0, and g > 1, and
the Carreau law for viscoplastic flows (see, e.g. [34], [39]) reads u(t) == po+pq (1+12)(F=2)/2
VvVt e RT, with gg >0, g1 >0, and 8 > 1.

In what follows we let 11;; : R"*™ — R be the mapping given by p;;(r) := p(|r|) ri; for
all r := (r;;) € R™*", for all ¢, j € {1,...,n}. Then, throughout this thesis we assume that
is of class C'! and that there exist 9, ap > 0 such that for all r := (r;;), s := (s;;) € R™",
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there holds

0 .
|Nl](r) ’ < 70 |I‘| ) ’ %NU(I‘) < Y0 VZ,j,]C,l € {1’ '-'777’}7 (24)
and .
3 O (0 si s > ap s (2.5)
ory K K - ' '

igkl=1
It is easy to check that the Carreau law satisfies (2.4) and (2.5) for all yg > 0, and for all

B € [1,2]. In particular, with 8 = 2 we recover the usual linear Stokes model.

2.3 Further notations

In order to derive the weak formulation of the coupled problem given by (2.1), (1), and
(2.3), we need to introduce other notations and definitions. In fact, given x € {S,D},
u, v € L2(%), u, v € L%(Q,), and o, T € L2(€), we denote

(u,v)y = /*uv, (u,v), = /*u-v7 and (o, 7T)s := /*0':7'.

In addition, we let EZ(QS) and L2(Qg) be the subspaces of symmetric and skew-symmetric

tensors of L2()g), respectively, that is
L (Qg) = {rs € L2(Qg): rf = rs}

and
L?(Qs) = {ns € L*(Qs): m§ = —ns}-

Furthermore, we also need the space Hé{f(Z) = H&?(Z) X HgéZ(E), where
1/2 1
Hyy " (%) = {v]g: ve H(Qs), v=0 on FS}.
Equivalently, if Eqg : H'/?(X) — L?(8Qg) is the extension operator defined by

Y on X

Vi € HY2(D),
0 omn FS ()

Eos(y) = {
we have that

Hy ' () = {w e HA(D): Fos(e) € HY2(095) },
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endowed with the norm |91 /2005 = [[Eos(¥)|li/2,00s- In turn, if Eog : HY/?2(%) —
L2(9€g) is the vector version of Eys, we have that 1%1l1/2,005 = [Bos(®)ll1/200s V€
H}/?(£). The dual space of Hil*(S) (resp. Hp 2 (X)) is Hyg/*(2) (vesp. Hyy/*(X)) and
the corresponding duality pairing is denoted in each case by (-,-)y. In particular, note
that given n € H™/2(90g), its restriction to ¥ defined by (n|s,¥)s = (1, Eos(¥))ons
Vi € HééQ(E), is an element of Haol/Q(E).

2.4 The augmented fully-mixed variational formulation

We now proceed with the announced weak formulation. We begin by observing, as in [21]
and [22], that, thanks to the fact that tre(ug) = div ug, the first two equations from (2.1),
that is

os = p(le(us)]) e(us) — psT and divug =0 in Qg,

are equivalent to
1 .
os = p(le(ug)]) e(ug) — psI and pg = —Etras in Qg,
and hence, eliminating the pressure pg, the Stokes problem (2.1) can be rewritten as
0'% = p(le(ug)|) e(ug) in Qg, diveg = —fs inQg, ug =0 onls. (2.6)

Moreover, in order to handle the nonlinearity defining og, we adopt the approach from [22]

(see also [23]) and introduce the additional unknowns
1 t .
ts = e(ug) and ~g := 5 {Vug — (Vug) } in Qg, (2.7)

where ~g is the vorticity (or skew-symmetric part of the velocity gradient), so that (2.6)

reduces to
ts = Vug —vg in Qg, of = p(ts])ts in Qg, 28)
diVO’S:—fS ian, uS:O OnFs,
with both tg and og symmetric tensors, and such that trtg = 0 in Qg. Then, multi-

plying the first equation of (2.8) by 7g € H(div;(lg), integrating by parts the expression
(Vug, Ts)s, introducing the Dirichlet boundary condition ug = 0 on I's, and using that

(ts, Ts)s = (ts,73)s (which follows from the fact that tg: I = trtg = 0), we arrive at

(ts, 7§)s + (divTs,ug)s + (Tsm, @)s + (78,7g)s = 0 V7g € H(div;Qg),  (2.9)



2.4. THE AUGMENTED FULLY-MIXED VARIATIONAL FORMULATION 12

with unknowns
-2
ts € Ly(Qs), us € L2(Q5), ¢ = —usls € HY (), and ~g € L¥(Qs), (2.10)

where

Lo(Qs) = {rs e T’(Qg): trrs :o}.

Next, multiplying the second and third equations of (2.8) by rg € ES(QS) and vy € L?(Qg),

respectively, and imposing the symmetry of og in a weak sense, we obtain

—2
(u(ts)) ts,rs)s — (rs,08)s = 0 Vrg € Ly(fs) (2.11)
(dives,vs)s = —(fs,vs)s  Vvs € L*(Qs), (2.12)
and
(6s,mg)s = 0 Vg € L*(Qs), (2.13)

where the unknown og is sought in H(div;g). Note that the decomposition E2(QS) =
ES(QS) @® RI and the fact that both tg and o§ belong to E(Z)(Qs) guarantee that (2.11) is
equivalent to requiring it for all rg € EQ(QS).

On the other hand, we now consider the first equation of (1) in the form K 'up =
— Vpp in Qp, and, as suggested by the Neumann boundary condition on I'p, introduce the
space
Hy(div; Qp) = {VD € H(div;Qp): vp-n=0 on Ip }

Then, multiplying by vp € Hy(div;Qp), integrating by parts the expression (Vpp, vp)p,

and recalling that the normal vector n on ¥ points inwards Qdp, we get
(K 'up,vp)p — (divvp,pp)p — (vb -m,A)x = 0 Vvp € Hy(div; Qp), (2.14)
with unknowns
up € Ho(div;Qp), pp € L*(Qp), and X := pply € HY3(X). (2.15)

In turn, multiplying by ¢p € L?(Qp) the second equation of (1) and integrating on Qp, we
obtain
(divup,gp)p = (fp,ap)p Yap € L*(Op). (2.16)

Finally, since the transmission conditions given by (2.3) become essential (which follows
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from the fact that dual-mixed approaches are employed in both domains), we impose them

weakly and obtain the equations

—(p 0,8y — (up-n, &y = 0 VEe HYAY),
n—1 (2.17)
(osn ) — > w e bt tos + (o Ns = 0 Ve e HX(S),
=1
where we have replaced ug|y and pp|s by — ¢ and A, respectively. At this point we remark
that, in principle, the spaces for the unknowns ug and pp (cf. (2.10) and (2.15)) do not allow
enough regularity for the pair of traces (¢, A) to live in Héé2(2) x H'/2(¥). However, it is
easy to see from (2.8) and (1) that ug and pp belong to H!(2s) and H'(Qp), respectively,
which confirms the indicated space for (¢, A).

According to the whole above analysis, we find that our resulting weak formulation

reduces to a nonlinear system of eight unknowns, namely

—2
ts € Lo(s), ug € L2(Qg), ¢ € HAT), ~g € L2(Qs), o1
os € H(div;Qg), up € Ho(div;Qp), pp € L*(Qp), and X € HY3(D),

and the eight equations given by (2.9), (2.11), (2.12), (2.13), (2.14), (2.16), and (2.17). Ho-
wever, it is not difficult to show that this system is not uniquely solvable since, given any
solution (ts, us, ¢, vy, s, Up, Pp, A) in the indicated spaces, and given any constant ¢ € R,
the vector defined by (tg,us, p,vg,05 — cl,up,pp + ¢, A + ¢) also becomes a solution.
In order to avoid this non-uniqueness from now on we require that the Darcy pressure pp

belongs to L2(Qp), where
L%(QD) = {qD S LQ(QD) : / qp = 0} .
Qp

Note that the decomposition L?(Q2p) = L3(Qp) @ R, the boundary conditions up -n = 0 on
I'p and ug = 0 on I'g, the first transmission condition in (2.3), and the fact that fQD =0,
guarantee that (2.16) is equivalent to requiring it for all gp € L3(Qp).

Now, it is quite clear that there are many different ways of ordering the equations forming
the resulting nonlinear system. Throughout the rest of the thesis, and for convenience of
the analysis, we adopt one leading to a twofold saddle point structure. More precisely, by
considering subsequently (2.11), (2.14), (2.9), (2.17), (2.16), (2.12), and (2.13), and denoting
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throughout the rest of the thesis

(p,)es = Zfig b Yty (2.19)

we arrive at the matrix operator represented as follows, where the unknowns and corre-

sponding test functions are displayed along columns and rows, respectively,

ts up os (¢, ) PD ug Vs

rs | (u(|ts]) ts,rs)s —(rs,0%)s

vD (K~ 'up, vp)p —(vp 'n,\)s — (divvp, pp)D

Ts (ts,73)s (Tsn,¢)s (divTg,ug)s  (7s,7s)s
—{¢ ' n, 8z

(¥,8) —(up ' n,&)x (osn,P)s +{(¢ -n,A)x

—(p,P)e,x

D — (divup, ¢p)p

Vs (diveos, vs)s

s (s, ms)s

Furthermore, in order to facilitate the forthcoming analysis, and particularly, to be able
to apply a generalization of the Babuska-Brezzi theory for twofold saddle point problems
(see Chapter 3 below), we enrich the above formulation by adding the consistent equation
given by

p(o§ — u(lts)) ts,78)s = 0 V75 € H(div; Qs), (2:20)

where p is a positive stabilization parameter to be choosen later. Note that (2.20), which is
included from now on into the left-upper block, arises from the quasi-Newtonian constitutive

law given by the second equation of (2.8). Additionally, we consider the decomposition
H(div; Qg) = Hy(div;Qs) & RI, (2.21)

where

Ho(div; Q) = {T € H(div; Q) : /QS tr (1) = 0} , (2.22)

and redefine g and 75 as os + £I and 75 + 31, respectively, with

os, Ts € Hy(div;Qg) and /¢,y € R. (2.23)

Consequently, denoting f(|tg|) := 1 — pu(|ts]), the matrix operator of our variational
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formulation is represented now by

(u(lts]) ts, rs)s —(rs,0d)s
(K~ !up, vp)p —(vp n,A)x | —(divvp,pp)D
(B(lts) ts, T8) 4 p(e§, T8)s (Tsn,p)s (divrs,us)s (7s,7s)s
7<(p~n,€>2
—(up 'n,&)x (osn,P)s +{(¢ -n,N)s n,P)s
— (@, )tz
— (divup, gp)p
(dives,vs)s
(USﬂ?S)S
I, @)
with unknowns
ts € Lo(Qs), up € Hy(div;Qp), os € Ho(diviQgs), (p,A) € HYA(X) x HY2(S),
pp € LE(Qp), us € L?(Ng), ~g € L?(Qs), and f€R,
(2.24)
and corresponding test functions
rs € Lo(Qs), vp € Ho(div;Qp), 75 € Ho(diviQg), (,8) € HYA(S) x HY2(X),
gp € L), vs € L*(Qs), ng € L*(Qs), and j€R.
(2.25)
The above structure suggests the introduction of the spaces
X, = Lo(Qs) x Ho(div; Qp) x Ho(div; Qg), My = HI*(X) x H/2(%), 020
2.26

M := Li(Qp) x L}(Qs) x L?(Qs) x R, and X := X; x My,

endowed with the associated product norms, and the operators A; : X; — X/, By : X1 —
M|, S:M; - M|, A: X — X/ and B: X — M/, given, respectively, by

[A1(t),r] = (u(lts]) ts,rs)s + (K 'up,vp)p — (rs,08)s

(2.27)

+ (ts,7§)s + p (0§ — pu(lts)) ts, 7§)s .
Bi(r),¥] == —(vb-n,{)s + (Tsn,¥)s, (2.28)
[S(f)? ] = <Q0'1’l,£>2 - <"/’ -1, )‘>E + <9031nb>t,27 (229)

(AL, ), (,9)] = [As(t),x] + [Bi(t), 9] + [Bi(r), ¢l — [S(¥), ¢l (2.30)
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and

[B(r,%),q] := —(divvp,qp)p + (divTs,vs)s + (Ts,mg)s + 7(n,9)s, (2.31)

for all t := (ts,up,os5) € Xy, r := (rs,vp,7s) € Xy, @ = (p,\) € My, ¢ =
(¥,§) € My, and ¢ := (qp,vs,ns.7) € M, where [-,-] denotes the duality pairing
induced by the corresponding operators. In addition, we let B} : M; — X} and B’ : M —
X’ be the adjoints of By and B, respectively, which satisfy [B}(v),r] = [Bi(r),4] and

B'(q), (r,9)] = [B(r,2),q] for all r € Xy, ¥ € My, and ¢ € M. Then, it is clear that A

can also be defined as the matrix operator

A, B,

A(Evi) = B, -S

Hlex v, X. 2.32
MG (r,9) € (2.32)

Next, we let F € X’ and G € M’ be the functionals defined by

[F,(r,¢)] == 0 V(r,9) € X and [G,q] := —(fs,vs)s — (/p.aD)D Vg e M,
(2.33)
and observe that, denoting p := (pp,us,vs,£) € M, our augmented fully-mixed variational
formulation reduces to the twofold saddle point operator equation: Find ((t,¥),p) € XxM
such that

[Alt, ), (r,9)] + B(r, ¢),p] = [F,(r,9)] V() € X, (2.34)
[B(t, #), d] = [Gg VgeM,
or, equivalently, such that
AE) o) |F (2.35)
B O P G

Certainly, (2.32) and (2.35) explain here the use of the “twofold saddle point” concept.

In the following chapter we adapt the approach from [17, Sections 2 and 3] to derive the
necessary abstract theory for analyzing the kind of variational problems characterized by
(2.35) and (2.32).



Chapter 3

A modified abstract theory for
twofold saddle point problems

3.1 The continuous setting

Let X1, M; and M be Hilbert spaces, set X := X; x M, and denote their duals by X7,
M, M’ and X' := X| x Mj, respectively. Next, given a nonlinear operator Ay : X1 — X7,
and linear bounded operators S : My — M{, By : X; — M{, and B : X — M’, we let
Bi: M; — X{ and B’ : M — X' be the corresponding adjoints, and define the nonlinear

operator A : X — X’ as follows

r

P

A B,

Ar,¢) = B, —§

] eX' = X{xM] VY(r)eX. (3.1)

Then we are interested in the following nonlinear variational problem: Given (F,G) €
X' x M', find ((t,¢),p) € X x M such that

A B'| |(t, ) _ F (3.2)
B O P G
or, equivalently, such that
[A(t, ), (r, )] + [B'(p), (r,4)] = [F(r,9)] V(r,9)€X, (33)

[B(t,¥),4| = [G,q] Vge M.

In order to prove the main theorem for the solvability of the continuous formulation

(3.2), we need to recall the following auxiliary result from [17].

17
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Lemma 3.1 Let )?1 and ]\/4\1 be Hilbert spaces, and let ;1\1 : )?1 — )?{ be a nonlinear
operator. In addition, let El : )/(\'1 — ]\7{ and S : J\/I\l — J\/Z{ be linear and bounded operators,
and let B} : M, — X! be the adjoint of By. Assume that

i) El : )/(\'1 — )?{ is Lipschitz continuous and strongly monotone, that is, there exist

constants 4, a > 0 such that
[Ai(s) — Ai(r)llg, < Alls—rllg, Vs, reXy

and

o~ ~

[A1(s) — Ai(r),s — 1] > alls— rH}1 Vs, reX,.
ii) S is positive semi-definite on ]/\/[\1, that s,

[S(), ] > 0 Vb e M.

iii) El satisfies an inf-sup condition on )?1 X ]\/4\1, that is, there exists E > 0 such that

p B1(2).9]

e, ITllg,
r#£0

> Bllvlls;, Ve M.

Then, given (ﬁ, @) € )?{ X ]\7{, there exists a unique (t,p) € X1 x M such that

F

G

t
@

~ =y

B -S

In addition, there exists C > 0, depending only on 7, Q, E and H§1H, such that

16 0) 277, < C{IFlg, + IGlg + 1410, }- (3.4)

Proof. See [17, Lemma 2.1].

We now go back to the analysis of problem (3.2). To this end, we let V' be the kernel of
B, that is
V= {w)eX: [Bery)g =0 YgeMy],

and denote by X 1 and M, 1 the subspaces of X1 and Mj, respectively, such that V = X 1 X M, 1.
Note that the boundedness of B implies that both X; and M 1 are closed. Then, the following
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theorem provides sufficient conditions for the well-posedness of (3.2).
Theorem 3.1 Assume that

i) Al|)~(1 : )~(1 — )N({ 1§ Lipschitz continuous and strongly monotone, that is, there exist

constants v, o > 0 such that
1A1(s) — Ai(@)llg, < vlls—rlx, Vs, reX

and
[A1(s) — Ai(r),s—1] > afs—r|%, Vs, reX;.

ii) For each pair (r,rl) € )?1 X )?f there holds the pseudolinear property

Ai(r + 1) = Ai(r) + Ai(rh). (3.5)

iii) S is positive semi-definite on Ml, that is,
[S(%),4] > 0 Vb€ M.

iv) By satisfies an inf-sup condition on )~(1 X Ml, that is, there exists f1 > 0 such that

sup [Bl (I’), d)]

ex, ITllx,
r#£0

> B¢l V€ M.

v) B satisfies an inf-sup condition on X x M, that is, there exists B > 0 such that

sup BELA S gy e

(rp)EX ||(r711b)||X

(r,2)#0

Then, there exists a unique ((t,p),p) € X x M solution of (3.2). Moreover, there exists
C > 0, depending only on «, v, B1, B, ||S||, and ||B1|| such that

(6 2).2)lxnr < CLUFl + IGlar }- (3.6)

Proof. We adapt the proof of [17, Theorem 2.1] to the present situation. We begin by
recalling from [28, Chapter I, Lemma 4.1] that the inf-sup condition satisfied by B (cf. v))
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implies that B : V+ — M’ and B’ : M — V° are isomorphisms and that

1

-1 n—1
1B 1B < - (3.7)

As usual, V° stands here for the set of functionals in X’ that vanish on V. Hence, we now
let (t+, %) := B71(G) € V1, and observe, thanks to (3.7), that

1
It e D)lx < EHGHM'- (3.8)
Next, we let F} € X7 and G; € M be such that F = (F},G1), and introduce the functionals
Fi:=F — A4 (tY — Bi(¢H) e X! and Gy =Gy — Bi(tY) + S(et) e M. (3.9)

Then, having in mind hypotheses i), iii), and iv), a straightforward application of Lemma

3.1 yields the existence of a unique (t,@) € V := X, x M, such that

[Ai(®),x] + [Bi(@),x] = [Fi,x]  VreXi,

_ N _ L (3.10)
[Bi(t),¥] — [S(@), 9] =[G1,¢] Vo € My,
and there exists C' > 0, depending only on v, a, 1 and ||Bi||, such that
IE@)xian < C{ 1B g + Gl }- (3.11)

Note that we have also used here, which is a consequence of ii), that A;(0) = 0. It follows
from (3.10) that the pair of functionals (F; — A;(t) — B} (@), G1 — By (t) + S(®)) belongs
to X 7 x ]\710 =: V°, and hence, according to the above mentioned property of B’ and the

bound (3.7) again, there exists a unique p € M such that

~ ~ o~

B'(p) = (Fi — Ai(t) - BY(),G1 — Bi(t) + 5(9)) , (3.12)

and
1 = T —~ oy T ~
Il < 5 {IF — A®) = Bi@)lx; + 161~ Bi®) + S(@)lar |- (3.13)

Next, replacing P, and G, from (3.9) into (3.12), and using the pseudolinear property (3.5)
and the linearity of Bf, By, and S, we find that

B'(p) = (Fi — Ai(t* +t) — Bl(¢" +@),G1 — Bi(t* +t) + S(¢* + @),
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which, in terms of the operator A (cf. (3.1)) and the functional F' = (Fy,Gy), can be
rewritten as

At +t,0t+9) + B'(p) = F. (3.14)

In turn, since B(t+, 1) = G and (t, ) belongs to V, we easily see that
Bt +t,¢"+p) = G, (3.15)

and therefore, it becomes clear from (3.14) and (3.15) that the pair ((t* +t, ¢ +®),p) €
X x M constitutes a solution of (3.2). The corresponding bound (3.6) follows from (3.8),
(3.9), (3.11), and (3.13), by employing also the properties of the operators involved. We

omit details.

For the uniqueness, let ((t,¢),p) € X x M be another solution of (3.2), that is
A(t,p) + B'(p) = F and B(t,p) = G.

It follows that (t, @) —(t+, 1) € V, and hence, using again the pseudolinear property (3.5),
we find that Aj(t) = Aj(t —t+) + A;(t1). As a consequence, there holds

A(ta‘P) = A((t’so) - (tL790J_)) + A(tJ_vsol)v

which, combined with the fact that A(t, ) — F belongs to V?°, yields

[A((t, ) — (t7,01)), (r,9)] = [F = A(th, 0h),(r,9)]  V(r,p) eV,
that is

[AL(t —t1),x] + [Bi(p —@h).x] = [Fi,x]  VreX,
[Bi(t —t2),9] — [S(e —@h), ¥ =[Gr, 4] Ve M.

This shows that (t —t1, o — 1) is a solution of (3.10), and hence, because of the unique
solvability of that problem, we deduce that (t — t+,¢ — @+) = (t, ), that is (t,) =
(t 4+ t1, @ + ¢1). Finally, since B'(p) = B'(p) = F — A(t,p) € VP and B': M — V° is
an isomorphism, we conclude that p = p, which finishes the proof.

|

Before going on with the analysis, we now describe a particular case providing sufficient

conditions for the pseudolinear property (3.5). More precisely, let us assume that X; can
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be decomposed as the product space X f x X7 in such a way that

1) B does not depend on the variables from X¥.
1) Ay is linear in {0} x X7, where 0 denotes the null vector of Xt

1) for each t := (t/,t") € X{ x X] =: X; there holds
Ai(t) = A;(t5,0) + A;(0,t7),

where 0 denotes, respectively, the null vectors of X{| and X f .

Then, recalling that V = X x My, we deduce from 1) that X; = Xix )?{, where )A(/f isa
subspace of X{. In addition, it follows from the above that )Zf = {0} X ()?f)l - {0} x X7,
where 0 denotes again the null vector of Xf. Consequently, given t := (t,t") € X, and
tL:= (0,t17) € X{, we use 11) and 111) to find that

Ai(t) + Ar(th) = Ai(t5,0) + A1(0,87) + A1(0,+77) = Ai(t5,0) + A(0,t" + t-7)
= A (6587 + t5T) = Ayt + th),

which shows that (3.5) holds. In particular, we prove below in Chapter 4 that our formula-

tion from Chapter 2 does satisfy the assumptions 1), 11), and 111).

On the other hand, if A; is linear, Theorem 3.1 reduces to the following.
Theorem 3.2 Assume that

i) Ap: X — )Z'{ is linear, bounded and Xi-elliptic, that is, there exist v, a > 0 such that
[Aim)llg, < 7vlrllx,  VreX,

and
Ay)r] > alrf,  vre X

ii) The conditions iii) - v) from Theorem 3.1 are satisfied.

Then, there exists a unique ((t,p),p) € X x M solution of (3.2). Moreover, there exists
C >0, depending only on «, v, B1, B, ||S||, and ||By|| such that

(@) )l < C{UFILe + Gl }- (3.16)
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Proof. 1t suffices to observe that the linearity, boundedness and ellipticity of A; imply
that this operator is Lipschitz continuous and strongly monotone in X;. In addition, it is
clear that A; satisfies (3.5). Thus, the proof follows from a straightforward application of
Theorem 3.1.

]

It is important to remark at this point that (3.16) is equivalent to the global inf-sup

condition

I((s,#),p)llxxs < C  sup [Als, @), (v, )] + [B'(p), (v, 9)] + [B(s, @), d]

(), @) EX X M H((I‘, 11b)aQ)||X><M
((r,4),q) #0

(3.17)
for all ((s,¢),p) € X x M.

3.2 The discrete setting

We now turn our attention to the Galerkin scheme of problem (3.2). To this end, we let
X1,y My p, and Mj, be finite-dimensional subspaces of X1, M1, and M, respectively. Here,
the subindex h, which identifies the finite dimensional subspaces, is taken in a numerable
family I := {h;};en such that hj > hji; for all j € N. Then, defining X}, := Xy, x M p,
the Galerkin scheme reduces to: Find ((tn, ¥3,),pn) € Xn X M}, such that

[A(tn, n), (v, ¥)] + [B'(pr), (r,4)] = [F,(r,9)]  V(r,¢) € Xy,
[B(tn, ¥h), q] = [G,q] VqeM,.

(3.18)

Next, we let V4, be the discrete kernel of B, that is,
Vi, = {(I'h,'l,bh) € Xp: [B(rn,p),ql =0 erMh}’

and let )Z'Lh and Ml,h be subspaces of X j; and Mj j, respectively, such that Vj, = Xl,h X
Mo

The following theorem establishes the well posedness of (3.18).

Theorem 3.3 Assume that

i) A1|)~(1,h : )N(Lh — )Z'{h 1s Lipschitz continuous and strongly monotone, that is, there
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exist constants v, ap > 0 such that
[ Ax(sn) — Az < wlisn—rallx, Vsnrn € Xin

and

[Al(sh) — Al(rh), Sy — I'h] > ap ||Sh - I'h”%(l Vs, rp € Xl,h .
ii) For each pair (rp, rﬁ) € Xl,h X Xih there holds the discrete pseudolinear property
[Ar(th + tb),sp]) = [A1(rn),sn] + [Ai(ry),sn] Vs € Xia, (3.19)

where )?fh is the orthogonal of )?l,h within Xy p,.

iii) S is positive semi-definite on ]\717;1, that s,
[S(¥p),¥p] > 0 Vb, € Myp,.

iv) B satisfies an inf-sup condition on )Z'Lh X MLh, that is, there exists 51, > 0 such that

Bi(ry), —~
sup  BUEWnl g Vb € M
mex, Tnllx

rj, #0

v) B satisfies an inf-sup condition on Xp, X My, that is, there exists 5, > 0 such that

B rh7¢ » dh
sup Bn, ¥, 0] > Bullgnllar Van € My,
(rh ¥R)EX) H(rha'lph)HX
(rp, ¥ )#0

Then, there exists a unique ((tn, @), pn) € Xp X My, solution of (3.18). Moreover, there
exists Cp, > 0, depending only on o, Yh, Bi,h, B, ||S||, and || Bi|| such that

[((r, on) Pr)llxxms < Ch { 1F]x, lx; + Gl o } (3.20)

Proof. It follows analogously to the proof of Theorem 3.1 by adapting now the proof of
[17, Theorem 3.1]. In particular, the discrete inf-sup condition satisfied by B (cf. v))
and [28, Chapter I, Lemma 4.1] imply that the discrete counterparts of B and B’, namely
B, : Vit N Xy, — M}, and By, : My, — V2 N X, respectively, are isomorphisms with

1

1B, M1 BRI < 3 (3.21)
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The rest of the proof makes use also of the discrete version of Lemma 3.1. We omit further
details.
|

It is interesting to observe at this point that the same sufficient conditions introduced
above for the pseudolinear property (3.5) yield now the verification of (3.19). In fact,
decomposing the space X; ; = th X X{h, with th - Xf and X{’h C X7, and assuming
1), 11), and 111), we easily see that B does not depend on the variables from th, Atlx,,
is linear in {0} x X7, and for each tp := (tﬁ,tg) € Xf,h x X7, =t Xup there holds
[A1(ts),sn] = [A1(t5,0),84] + [A1(0,t}),sh] Vs, € X1 Consequently, we find that
)~(1’h = th X )Nfih, where th is a subspace of th, and also that )N(fh - {0} X Xih,
whence the discrete pseudolinear property (3.19) follows similarly to the proof of (3.5) from

the assumptions indicated. Further details are omitted.

On the other hand, the linear version of Theorem 3.3 is established as follows.
Theorem 3.4 Assume that

i) Ailx,, : X1n — X1, is linear, bounded and )Nfl,h—elliptz'c, that is, there exist yp, ap > 0
such that
|A1(rn)llxr . < v lleallx, Vry € X1,

1,h —

and

[A1(rh),th] > o |tnllk, Vry € Xl,h-

ii) The conditions iii) - v) from Theorem 3.3 are satisfied.

Then, there exists a unique ((tn, @), pn) € Xn X My, solution of (3.18). Moreover, there
exists Cp, > 0, depending only on o, Yh, Bi.h, B, ||S||, and || Bi|| such that

[((r, on) Pr)llxxms < Ch { 1Fx, Ix; + Gl llasy } (3.22)

Proof. Tt reduces to verify the hypotheses of Theorem 3.3. We omit details.
|

As for the continuous case, we notice here that (3.22) is equivalent to the global inf-sup

condition
[A(S}w ¢h)7 (1‘7 d))] + [B/(,Oh), (I‘, ,¢)] + [B(Sha ¢h)7 Q]
9 9 X S C
1((Sr, 1), on) | xx0r < Ch ((w);lghwh TCXDRIE
((r,%),q) #0

(3.23)
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for all ((sh, @), pn) € Xp X Mp,.

It is important to remark now that, from the point of view of the stability of the Galerkin
schemes, one actually should require that in Theorems 3.3 and 3.4 all the constants «y,, v,
b1, and B, and hence Cy, in (3.20) and (3.22), be independent of h. Indeed, these theorems
are usually stated by assuming the existence of uniform lower bounds for oy, 81 4, and 3y,
and a uniform upper bound for ~;. Needless to say, the derivation of these uniform bounds
(equivalently, the obtention of constants not depending on the meshsize h) becomes precisely

the core issue of the numerical analysis of any particular Galerkin scheme of the form (3.18).

We now aim to provide the error estimates for the abstract Galerkin scheme (3.18). For
this purpose, and in order to simplify the corresponding analysis, we proceed as in [17]
and introduce a differentiability hypothesis on the nonlinear operator A;. In addition, we
suppose that A; is Lipschitz-continuous in the whole space X7, and adopt slightly more gen-
eral strong monotonicity properties involving separately the continuous and discrete spaces.

More precisely, throughout the rest of the chapter we assume the following hypotheses:

(A.1) there exist constants v, « > 0, independent of h, such that
[A1(s) — Ai(r)l[x; < vlls—rlx, Vs, reXy, (3.24)

[A1(t +8) — At +r),s—1] > afs—rk, YteXi, Vs,reXi,  (3.25)

and

[A1(tn +sp) — Ar(tn +ra),sn — 1] > allsp —ralk, Ytn € Xip, Vsp, 1€ Xip.
(3.26)

(A.2) A; : X; — X/ has a hemi-continuous first order Gateaux derivative DA; : X1 —
L(X1,X7), which means that for any s, r € X, the mapping R > pu — DAi(s +

pr)(r)(-) € X1 is continuous.

Note here that the discrete strong monotonicity condition (3.26) does not follow in
general from the continuous one (3.25) since the component X 1, of the discrete kernel V}, is
not necessarily contained in the corresponding component X 1 of V. This is the reason why

we have to impose them separately. Then, we have the following result.

Lemma 3.2 For any s € X, the Gateauz derivative DA;(s) constitutes a bounded bilinear
form on X1 x X1 that becomes elliptic on )?1 U )?Lh, with boundedness and ellipticity

constants given by v and o, respectively.
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Proof. Given s € X1, the Gateaux derivative DA;(s) is the operator in £(X7, X]) (equiva-
lently, the bilinear form on X; x X) defined by

DA;(s)(r,T) := lim [Ai(s + er),r] — [Au(s),T]

e—0 €

Vr, T e X;.

The rest of the proof follows as in [17, Lemma 3.1] by employing the assumptions (A.1)
and (A.2) in the above definition. We omit further details and refer the reader to [17].
]

Our next goal is to provide the Cea estimate for the Galerkin scheme (3.18). To this
end, we now let P: X x M — (X x M)" := X’ x M’ be the nonlinear operator obtained
after adding the equations on the left hand side of (3.3), that is

[P(t),1] == [A(t, ), (r,9)] + [B'(p), (r,9)] + [B(t. ). 4]

for all t := ((t,),p), & := ((r,7),q) € X x M, or, equivalently, using (3.1),

r /

[P(t), 7] := [Au(t),x] + [Bi(p).x] + [Bi(t), 4] + [B'(p), (r,9)] + [B(t,¢),q] (3.27)

for all t := ((t,),p), ¥ := ((r,¢),q) € X x M. Then, it is easy to see that, given
§:=((s,9),p) € X x M, the Gateaux derivative of P at S is obtained by replacing [A;(t), r]
in (3.27) by DA;(s)(t,r). In this way we arrive at

DP(S)(t, 1) := DAi(s)(t,r) + [Bi(), 1] + [Bi(t), %] + [B'(p), (r,9)] + [B(t, ). q] (3.28)

for all ©:= ((t,9),p), ¥:= ((r,%),q) € X x M, which, according to Lemma 3.2, becomes
a bounded bilinear form on (X x M ) X (X x M ) Moreover, assuming for a moment the
conditions iii) - v) of Theorem 3.3 with constants independent of h, and having in mind
Lemma 3.2 again, we deduce that DP(S)(-,-) satisfies the hypotheses of the linear version
given by Theorem 3.4 with constants independent of h and § as well. It follows, in virtue of

(3.22) (equivalently (3.23)), that there exists C' > 0, independent of h, such that

g ~ DP(S)(Sy, T},
IShllxxm < C sup M

Fj €Xp, x My, |’Fh||X><M
r,#0

VSy, € Xp X My, . (3.29)

We are now in a position to establish the announced a priori error estimate.

Theorem 3.5 Assume that the hypotheses of Theorems 3.1 and 3.3 hold, and let t :=
((t,9),p) € X x M and ty, := ((tn,en),pn) € Xn X My, be the unique solutions of (3.2)
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and (3.18), respectively. Then, there exists C > 0, independent of h, such that

Hg — Eh”XXM S C . inf Hg — §h||X><M' (330)
SpEXp XMy,

Proof. We proceed as in the proof of [17, Theorem 3.3]. Hence, given § € X x M and
Sp € Xp X My, we apply (3.29) to t, — S, and obtain

- ~ DP(8)(ty, — 8, T
1B —Sullxons < & sup LGN ZSnFa).
Fj, € X X M, HthXxM
£, #0

(3.31)

In turn, since the hemi-continuity of DA; (cf. (A.2)) implies the same property for DP,
we deduce the existence of po € (0,1) such that

—

1
(P(G).53] = (PG = [ DPGE, + (1= ) 80) = 50.55) do

(3.32)
= DP(,U,(] Eh + (1 - ,u()) gh)(gh — 8y, Fh) ,
and hence, using in particular § = pgt, + (1 — o) 8y in (3.31), we find that
. ~ P(tn), T3] — [P(Sh),T
||th _§h||X><M < C sup [ ( h)?rﬁ] [ (Sh)7rh] (333)
Fp€Xp X My, HthXxM
7,70
Next, since (3.2) and (3.18) yield [P(t),T] = [P(tn),Th] Vi, € X, x My, and since

(A.1) implies that P is also Lipschitz-continuous, say with a constant 7, we obtain from
(3.33) that
||Eh_§h||XXM < 6§||E’_§h”X><M Vgh € Xp x My, . (3.34)

Finally, it is easy to see that (3.34) and the triangle inequality give (3.30) and complete the

proof.
|



Chapter 4
Analysis of the continuous problem

We now go back to the augmented fully mixed variational formulation introduced in Section
2.4 and apply Theorem 3.1 to prove the well posedness of (2.34). In fact, we begin by
observing from the definition of B (cf. (2.31)) that the kernel of this operator reduces to

Vi= {@¥) eX: Baw.gd=0 YgeM} =X x M,
where
X, = Lo(Qs) x Hy(div; Qp) x Hy(div; Q) and M; = H2(S) x HY3(%),
with
Hlo(div; @p) = {vp € Ho(div; %) :  div(vp) € Po(2)},
Ho(div; Qs) = {rs € Ho(div:Qs): 7s=7% and divrs=0 in Qs},

and

() = {w e B’ ®): (ny)m =0}

4.1 The nonlinear operator

The following lemma shows that A; verifies the assumptions (3.24) and (3.25) (cf. (A.1)),
which imply, in particular, that A, satisfies the hypothesis i) in Theorem 3.1.

Lemma 4.1 Let Ay : X; — X be the nonlinear operator defined by (2.27). Then there

29
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exists a constant v > 0 such that

[A1(r) — As(s)llx; < 7lle—slx, Vi seX. (4.1)

Q

Furthermore, assume that the parameter p lies in (0, [2)) , where ag and g are the positive
70

constants from (2.4) and (2.5). Then, there exists a constant o > 0 such that

[Ai(t+1)—As(t+T),r -1 > afr—1[%, VYteX;, VrreX. (4.2)
Proof. We begin by observing from (2.27) that A; : X3 — X/ can be decomposed as
[Al(z)vi] = [AIS(rSa TS)) (f87 }FS)] + [AlD(VD>7 ‘_/D)] VE = (rSa VD, TS)7 r= (fSa VD, 7_-8) € Xla

where Ajg : Lo(Qs) x Ho(div; Qg) — Lo(Qgs) x Ho(div;Qg) and Ajp : H(div; Qp) —

H(div; Qp)’ are the nonlinear and linear operators, respectively, given by

[Ass(rs, Ts), (Ts, 7)) == (u(|rs|)rs,Ts)s — (Ts, 78)s + (rs,78)s + p (7§ — p(|rs|) rs, 78)s
(4.3)

and
[AID(VD)a‘_’D)] = (K_IVD,\_/D)D. (4.4)

Next, we recall from [22, Lemma 3.1] that there exists 4 > 0 such that
[A1s(rs, 7s) = Aus(Es: )2 o0 o (aivinsy = 71108 78) = (5, T8) 122 00 o aivanns)

for all (rg, Ts), (rs, Ts) € ES(QS) x Hp(div; §2g), and hence, thanks also to the boundedness
of Aip, we conclude (4.1), that is the Lipschitz continuity of Aj. On the other hand, it
was proved in [22, Lemma 3.2] that, under the present assumption on p and having in mind

that divrg =0 V7g€ ]ﬁlo(div; )g), there exists & > 0 such that

[A1s((Ts, Ts) + (rs, 7s)) — Aws((Fs, Ts) + (Ts, 7)), (rs, 7s) — (s, Ts)]
(4.5)
~ N
> all(rs,7s) = (3, 7)1 72 o )y aivi)
for all (rg,Tg) € ES(QS) x Ho(div; Qg) and for all (rs, 7g), (Ts, Ts) € ES(QS) x Hy(div; Q).
At this point we remark that both [22, Lemma 3.1] and [22, Lemma 3.2] follow from [22,
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Lemma 2.1], which is actually the key result making use of the Gateaux derivative of Ajg.

In turn, it was established in [25, Lemma 3.2] that there exists ¢ > 0 such that
Ivbllogp > ¢lvpllave, — ¥vp € H(div; p), (4.6)

which, together with the fact that K is positive definite, imply the strong coerciveness
property for Ap : Hy(div; Qp) — Ho(div; Qp)’. In this way, (4.5) and (4.6) yield (4.2) and
complete the proof.

|

As previously announced, note that the assumption i) required by Theorem 3.1 follows
from (4.1), using that ||A;(r) — A1(§)”)~(i < ||Ai(x) — A1(§)HX/1 < v|lr — s|lx,, and from
(4.2) (with t = 0).

4.2 The inf-sup conditions

We continue the analysis with the inf-sup conditions for By and B (cf. iv) and v) in Theorem
3.1).

Lemma 4.2 There exists a constant 51 > 0 such that

B _
sup DAY i Ve € M. (4.7)

rex; ”£||Xl

r#0
Proof. These results are very similar to the ones provided in [25, Lemma 3.8]. Indeed,
because of the diagonal character of B; (cf. (2.28)), one first realizes that (4.7) is equivalent

to finding positive constants BS and BD such that

Tsn, . 3
_sup \Tsm, ¥ > Bslllhyes Vo € Hi)(S), (4.8)
Tg € Ho(div;Q2g)\0 HTSHdiV;QS
and
vp - 1, N
Sup o B E) > BpllEle VE € HYAD). (4.9)

vp € H(div;Qp)\0 v llaiv:op

The proof of (4.9) can be found in [27, Lemma 3.3] (see also [25, Lemma 3.8]), whereas

for (4.8) we need to slightly modify the corresponding arguments given there. In fact,

given x € H501/2(Z) we let 7 be the Hy(div; Qg)-component of e(z) € H(div;Qg), where



4.2. THE INF-SUP CONDITIONS 32

z € H'(Qg) is the unique solution of the boundary value problem:
dive(z) =0 in Qg, z=0 on Is, e(zln=x on X. (4.10)

In other words, 7 := e(z) — cl, where ¢ := tre(z) (cf. (2.21)), which implies

n|Qs| Jog
that 7 € Ho(div;Qg) and 7n = x — ¢n on . It follows that (Tn,4)s = (x,¥)x for
each v € I:I(l)éQ(E), which proves the surjectivity of the operator 7 — 7n from Hy(div; Qg)
to (I:I(l)(/)Q(Z))’, that is (4.8).

n
Lemma 4.3 There exists a constant B > 0 such that
[B(r, 9), d]
sup ———=— > Bllglla  VgeM. (4.11)
(r,%)€eX ||(L$)||X - =

(r,2)#0

Proof. Analogously to the proof of Lemma 4.2, and because of the structure of B (cf. (2.31)),

we find that (4.11) is equivalent to the following three independent inequalities

(div g, vs)s + (Ts,Mg)s

sup > Bsll(vs,mg)ll  V(vs,mg) € L*(Qs)xL*(Qs),

Ts € Ho(div;Q2g)\0 HTS Hdiv;QS

(4.12)
div vp,
sup YYD g o e € I2(@p),  (413)
VD € Hg(diV;QD)\O ||VD ”diWQD
and

sup ABVIE S g v eR, (4.14)

¢€H(1)(/)2(2)\0 H‘le/Q,E

with fg, OBp, Bz > 0. Actually, except for the term (7s,mg)s appearing in (4.12), the
statement of the present lemma coincides with the one provided in [25, Lemma 3.6]. Hence,
for the derivation of (4.13) and (4.14) we simply refer to the proof of that result, whereas
the proof of (4.12), being a slight modification of [25, eq. (3.4)], can be found in several
places (see, e.g. [20, Lemma 3.4]). In particular, we recall that the proof of (4.14) relies on
the existence of a fixed element g € H/2(X) such that (n,,)s # 0 (see [25, Section 3.2]
for details).

|
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4.3 The main result

We now check that the assumptions 1), 11) and 111) specified in Chapter 3 are satisfied by our
variational formulation (2.34). For this purpose we decompose X; (cf. (2.26)) as X{ x X7,
where X¢ := Eg(Qs) and X7 := Ho(div; Qp) x Hy(div;Qg). Then, it is easy to see from
(2.28) that By does not depend on the variable from X¢. In addition, it is clear from (2.27)
that for each t := (0,up,os), r := (rs,vp,Ts) € X; there holds

[A1(t),r] := (K hup,vp)p — (rs,08)s + p(0d,78)s,

which shows that A; is linear in {0} x X7. Similarly, from the definition of A; we also
find that for each t := (t’,t") := (ts,(up,o0s)) € X; = X{ x X! and for each r :=
(rg,vp, Tg) € X; there holds

[A1(t,0),1] + [A1(0,87),x] = (u(lts]) ts,xs)s + (ts,78)s — p(u(ts]) ts, 78)s
+ (K tup, vp)p — (rs,08)s + p(0§,78)s = [A1(t),1],
which proves that A;(t) = Aq(t%,0) + A;(0,t"). It follows from the previous analysis that

A satisfies the pseudolinear property (3.5), which confirms the verification of the hypothesis
ii) of Theorem 3.1.

On the other hand, it is quite straightforward from (2.19) and (2.29) that for each
P = (¢,&) € M; there holds

n—1
[S(), ¢ = > k' - tellss > 0, (4.15)
/=1

which shows the positive definiteness of S, thus verifying the hypothesis iii) of Theorem 3.1.

We are now ready to establish the main result concerning the existence and uniqueness

of solution of the problem (2.34).

Theorem 4.1 Assume that the parameter p appearing in the definition of the non linear

a
operator Ay (cf. (2.27)) lies in (0, —g), where vo and aq are the positive constants from
70

(2.4) and (2.5). Then, there exists a unique ((t, ®),p) € XxM solution of (2.34). Moreover,
there exists C > 0, depending only on o, v, b1, B, ||S||, and |B1]|, such that

1t 2),2)lxsta < C{ Il + |Gl |- (4.16)
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Proof. Thanks to the analysis developed in this chapter, the proof follows from a direct
application of Theorem 3.1.
|

We end this chapter with the converse of the derivation of the variational formulation
(2.34).

Theorem 4.2 Let ((t,),p) € X x M be the unique solution of the variational formulation
(2.34) with F and G given by (2.33), and define ps = — itr(os). Then us € H'(g),
pp € HY(Qp), ¢ = —ug on X, A = pp on X, and we have a solution of the system (2.8),
(1), and (2.3).

Proof. Tt basically follows by applying integration by parts backwardly in (2.34), and using
suitable test functions. We omit further details.
[ |



Chapter 5

The mixed finite element scheme

In this chapter we introduce the Galerkin scheme of problem (2.34) and analyze its well-
posedness by establishing suitable assumptions on the finite element subspaces involved.

Then, we provide specific examples of these subspaces satisfying the required hypotheses.

5.1 Preliminaries
We begin by selecting a set of arbitrary discrete spaces, namely
H,(Qs) C H(diviQg),  L3(Qs) CL2(Qs),  Lu(Qs) C L3(Qs),  AJ(R) C Hy)'(%),

H;,(Qp) € H(div; Qp), Ly(Qp) € L*(Qp), and AP(X) C HY2(R).

(5.1)
Then, we define the subspaces
Hy(Qs) = {TGH(div;Qs): ctr € Hy(Q) VCER”},
Hon(2s) = Hp(Q2s) N Ho(div; ),
Ho,(Qp) = Hy(Qp) N Ho(div; Qp),
Ln(Qs) = [La(Q9)]", (5.2)
Ln(Qs) = [La(Qg)]"*",
Lon(Qs) = Lp(Qs)NLe(Qs), and
AR(Z) = [AZ®)".

35
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In addition, in order to deal with the mean value condition for the Darcy pressure pp, we
define

L()’h(QD) = Lh(QD) N L%(QD) . (5.3)

Then, the global unknowns and corresponding finite element subspaces are as follows:

t, = (tsp,upp.osn) € Xip = Loa(Qs) x Hop(Q2p) x Hop(Qs)
Y, = (‘Pha )\h) € Ml,h = A%(E) X Alh)(z)7 (54)
p, = (@onushYsplh) € My = Lon(2p) x Lu(2s) x Lj(Qs) x R.

In this way, setting X, := Xj 5 x My, the Galerkin scheme for (2.34) reduces to: Find
((th, #,):p,) € Xp x My, such that

[A(Ehﬁfh)7 (Ehaﬁh)] + [B(Kmﬁh)agh] = [Fv (Ehvyh)] V(Eh,ih) € Xy,
[B(Llwfh)vgh] = [G’gh] th e My.

(5.5)

5.2 The main results

We now adapt the analysis from Chapter 4 to the discrete case and follow very closely
the approach from [25, Section 4.1] to establish general hypotheses on the finite element
subspaces (5.1) ensuring, by means of the abstract theory developed in Section 3.2, the
well-posedness of (5.5). We begin by observing that in order to have meaningful spaces
Ho,(Q2s) and Lo ,(Qp) (cf. (5.2) and (5.3)), we need to be able to eliminate multiples of the
identity matrix I from Hp,(€2g) and the constant polynomials from L;(€p). This request is

certainly satisfied if we assume the following:
(H.O) [P()(Qs)]2 - Hh(Qs) and P()(QD) - Lh(QD),

where Py(Q2g) and Py({2p) are the spaces of constant polynomials on Qg and Qp, respectively.

In particular, it follows that I € Hj,(Qg) for all h, and hence there holds the decomposition:

Hp,(Q2s) = Hon(2s) © Po(Qs)T. (5.6)

Next, according to the same diagonal argument utilized in the proof of Lemma 4.3 (see

also [25, Lemma 3.6]) we deduce that B satisfies the discrete inf-sup condition uniformly on
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Xy x My, if and only if there exist Bs, ED, EE > 0, independent of h, such that

(div Tg p, Vs,h)s + (TS,ha ns,h)S

SUpb > Bs |(vspsms )l YV (Vsnngp) € Ln(Qs) x L3 (Qg),
73,1n €Hp, 1 (23) HTS,thiV,QS
"'S,h?éO
(5.7)
(divvp,h, gpp)D o =
sup ’ > 6p llgpnlloes  Yapn € Lon(Qp), (5.8)
vD,n€Hg 1 (2p) HVD,thiV;QD
VD,h#0
n, ~
sup 70, p)z > Bl VyeR. (5.9)
P, EAS (D) ”¢h||1/2,2

P #0

However, since div Hj,(Q2s) = div Hyx(Q2s) (cf. (5.6)) and (I,ms,)s = 0 (because of the
symmetry of I and the skew-symmetry of ng ;,), we find that the supremum in (5.7) remains
the same if taken on Hy, (€2s) instead of Hy 1, (€2s). Notice also that a sufficient condition for
(5.9) is the existence of v, € H(l]éQ(E) such that ¥, € A$(X) for all h and (n,vg)s # 0.

Consequently, we now introduce the following hypotheses summarizing the above analysis:

d ere exist NS, ND > 0, independent of A, and there exists € , such that
H.1) Th ist Bs, Bp > 0, independent of h, and th Yo € HA(S h th

(div TS,h Vs,h)s + (TSJH 77s,h)S

SHp = Bs |(vepsms )l Y (Vsnimsp) € Ln(Qs) x L7 (Qs),
Ts,n €L (28) HTS,h”div,QS
TS,h#0
(5.10)
(divvph, qgpp)D 5
sup > Bp llapalloon Vapn € Lon(Qp), (5.11)
vD,n€Hg 1 (D) HVD,thiV;QD
VD,h¢0
Po € AR(E) Vh and  (n,4h)s #0. (5.12)

On the other hand, we now look at the discrete kernel of B, which is defined by

V), = {@hv%h) €Xn: Bty ¥,),q,) =0 Vg, € Mh}'

In addition, in order to have a more explicit definition of V; we introduce the following

assumption:

(H.2) div Hh(Qs) - Lh(Qs) and div Hh(QD) - Lh(QD).
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It follows from the definition of B (cf. (2.31)) and (H.2) that V,, := )N(Lh X 1/\7117}“ where
X1 = Lop(Qs) x Hop(Qp) x Hop(Qs)  and My = A3, (3) x AR(D),
with
ﬁD,h(QD) = {VD,h € Hyn(Qp): divvpy € PO(QD)}7
Ho 1 (Qg) = {TS,h € Hon(2s): (Tspmsp)s =0 Vnmsy €Lj(Qs) and divrg, =0 in Qs},
and

AGp(%) = {¢h €ARR):  (n,gy)s = 0}-

Then, applying the same diagonal argument employed in the proof of Lemma 4.2 (see
also [25, Lemma 3.8]), we find that B satisfies the discrete inf-sup condition uniformly on

)Ail’h X l\N/ILh if and only if there exist BS, ED > 0, independent of h, such that

(Tsan, ¥p)s _ 5

sup = > B [y e Vb, € Ag,h(z)u (5.13)
Ts,n €0y, 1 (25) HTSvthinQS

TS,h#0

(VD 1, &)y _ 5
sup AR > B [[nlljes Ven € AR(D). (5.14)

onerioniop  VDhldivian

vVD.h#0

In addition, the characterization of the elements of A5, () yields the supremum in (5.13)

to remain unchanged if, instead of ﬁ07h(Qs), it is taken on

ﬁh(Qs) = {’7’37}1 S Hh(Qs) : (TS,ha'r]S,h)S =0 vnS,h S L}%(Qs) and div TS,h = 0 in Qs} .

(5.15)
In this way, we now add the following hypothesis:
. ere exist As, AD > 0, independent of h, such that
(H.3) Th ist Bs, B 0, independ fh h th
(Tshm, )y _ 5
sup  ~—n 2 ThIZ S B 1Ynll1/2,s Vb, € A(S],h(z)a (5.16)
s, n €0 (2g) HTSJLHdiV;QS
TS,h,¢0
(vbr 1,&)x _ 5 D
sup  —————— > Pp|l&llipy Ve € A (D). (5.17)
vp,n€Hg () HVD,thiWQD

VD.h 70
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From now on we assume that the arbitrary finite element subspaces introduced in (5.1)
satisfy the above derived hypotheses (H.0), (H.1), (H.2) and (H.3). Hence, we are in
a position to prove that the assumptions required by Theorem 3.3 are satisfied. We begin
with the following lemma which yields the hypothesis i) of that theorem and the assumption
(3.26) (cf. (A.1)) as well.

Lemma 5.1 Let v > 0 be the same constant provided by Lemma 4.1. Then

|A1(ry,) — Al(ﬁh)”fq LS ey, —spllx, Vrp,s, € Xin. (5.18)

Furthermore, assume that the parameter p lies in (O, 0> , where ag and g are the positive

o'
73
constants from (2.4) and (2.5), and let a > 0 be the same constant provided by Lemma 4.1.

Then
(A (b)) —Ad(ty+sp). 1 —sp) > alle,—s, %k, Vi, € Xin, Vs, € Xip. (5.19)
Proof. Tt is clear that (5.18) follows straightforwardly from (4.1) by noting that
A1) ~ Arlsllg,, < A1) — As(s)lx -

In turn, similarly as for the continuous case, the discrete strong monotonicity (5.19) fol-

i H Og) x5 (Qs) Lo n(2s) x
Hon(s) — Lon(Qs)’ x Hpp(Qg), which makes use now of the fact that divrg, =

lows from the corresponding property of the operator A15|L0h(

0 VTsp € ﬂ07h(Qs), and also from the strong coercivenes of A1D|ﬁo,h(QD) : ItIO,h(QD) —
Hy ,(2p)". We omit further details and refer to the proofs of Lemma 4.1 and [22, Lemmas
3.1 and 3.2].

|

As stated in advance, we note here that the hypothesis i) in Theorem 3.3 is given by
(5.18) and (5.19) (with t;, = 0), whereas (5.19) is precisely (3.26) (cf. (A.1)). We observe
next, according to (4.15), that for each P, = (¥1,€n) € My, € My there holds

n—1
[S(,).%,] = > wp by - tellgs > 0, (5.20)
/=1

which yields the hypothesis iii) of Theorem 3.3. The analysis is continued with the discrete

inf-sup conditions for By and B (cf. iv) and v) in Theorem 3.3).
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Lemma 5.2 There exists a constant Bl > 0, independent of h, such that

Bi(ry),¥,] _ - ~
sup ————1- > B ¥, [, Vi, € My .
P L A
rp #0

Proof. 1t follows directly from (H.3).

|
Lemma 5.3 There exists a constant ,73’\ > 0, independent of h, such that
B(rp2,) q,] _ -
sup ————n"=h >3 g, v Vg, € M.
(zhb),)E€X), H(iha?h)nx
(zp ), )#0
Proof. 1t follows directly from (H.1).
[ |

The following theorem establishes the well posedness of (5.5).

Theorem 5.1 Assume that the hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and that

p lives in (O %) Then, the Galerkin scheme (5.5) has a unique solution ((t4,,).p,) €

0

X X My, and there exists C > 0, depending only on «, ~, Bl, B, IIS|| and ||B1]|, such that

1 ((ns 2)s ) s < € { Il g, + IGlna, I, |- (5.21)

Proof. According to the previous analysis, the proof follows from a direct application of
Theorem 3.3.
|

We end this section with the corresponding Cea a priori error estimate. To this end, we
first recall from Section 2.2 that p is assumed to be of class C'', which yields the assumption
(A.2), that is the hemi-continuity of the Gateaux derivative DA; : X1 — L(X1,X]).

Consequently, we have the following result.

Theorem 5.2 Assume that the hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and that

p lives in <0,%). Let ((t.).p) € X x M and ((ty,¥,).p,) € Xp x My, be the unique
2 ¥)P Pp)P

solutions of the continuous and discrete formulations (2.34) and (5.5), respectively. Then,

there exists C > 0, independent of h, such that

t7 ) - E ’ ) S C lnf La ) — (Lh, )
1((, ), p) = ((th: )5 2,) | (en,) o, 1((t, ), p) = ((£h, ) ;) st
(5.22)
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Proof. 1t is a straightforward application of Theorem 3.5. |

5.3 Particular choices of finite element subspaces

We now specify concrete examples of finite element subspaces in 2D and 3D satisfying the
hypotheses introduced in the previous section. To this end, we let 7;° and 7,” be respective
triangulations of the domains 25 and Qp formed by shape-regular triangles (in R?) or
tetrahedra (in R3), and assume that they match in ¥ so that 7,° U 7, is a triangulation of
QsUXUQp. We also let ¥j, be the partition of ¥ inherited from 77 (or 7,°). Furthermore,
given an integer k > 0 and a subset S of R", we denote by Px(S) the space of polynomials
defined on S of total degree at most k. Note that, according to the notation described in
Chapter 1, P(S) and Py (S) stand for [Py (.S)]™ and [Py (S)]™*"™, respectively. In addition, we
let by be the element-bubble function defined as the unique polynomial in P, 1(7") vanishing
on 0T with fT br = 1, and denote by x := (z1, 9, - ,xy) a generic vector of R". Then,
we define for each 7" € 7, U T,” the local Raviart-Thomas and bubble spaces of order 0,
respectively, by (see, e.g. [7], [38])

RT()(T) = Po(T) D Po(T) X,

and

Oxo ox1

PO(T)<<M —%) in R2,
By(T) :=
V x (bpPo(T)) in R3.

5.3.1 PEERS + Raviart-Thomas in 2D

We specify the discrete spaces in (5.1) as follows:

Hy(Qs) = {7’ € H(div:Qs):  7lr € RTo(T) & Bo(T) VT € 7;} ,

H,(Op) = {T e H(div:Op): rlr € RTo(T) VT e 77;3} ,

Li(Qs) = {v €L2(Qs): wvlp e Py(T) VT e 7;5} , (5.2
Ln(Qp) = {q € L2(Op): qlr € Py(T) VT e T,?} . and

L2(Qg) = {n = < _2 g ) . neC(Qs), nlre P(T) VTe 7;5}
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Note here that the product space Hy(Q2g) x Ly (Qs) x L2 (Qg), with Hy,(Qg) and Ly (Qs)
defined according to (5.2), constitutes the classical PEERS originally introduced in [1] for a
mixed finite element aproximation of the linear elasticity problem with Dirichlet boundary
conditions (see also [33]). In turn, H,(Qp) X Ly (Qp) is the Raviart-Thomas stable element
of lowest order for the mixed formulation of the Poisson problem (see, e.g. [7], [36]). These
facts are particularly important for the rest of the analysis since, as we will make it clear
below, all the discrete inf-sup conditions that are required in the hypotheses indicated in
Section 5.2, either are already available in the literature or can be derived from related

results provided there.

Next, in order to define the spaces on the interface ¥, thus completing the list in (5.1),
we follow the simplest approach suggested in [25] and [35]. To this end, we assume, without
loss of generality, that the number of edges e of ¥y, is even. Then, we let 3oy be the partition
of ¥ arising by joining pairs of adjacent edges of ¥, and denote the resulting edges still
by e. Since X, is inherited from the interior triangulations, it is automatically of bounded
variation (that is, the ratio of lengths of adjacent edges is bounded) and, therefore, so is
Yop. Certainly, if the number of edges of ¥;, were odd, we simply reduce it to the even case
by joining any pair of two adjacent elements, and then construct s, from this partition.

Hence, denoting by xg and z; the extreme points of 3, we define

AS®) = {v € C(2): vl € Pie) VeeZTan, w(e) = (o) =0}, and

AD(x) = {g € O®): €l € Pile) Ve € Sop } .
(5.24)
Our analysis below will also utilize the finite element subspaces of H(;Ol/ 2(2) and Haol/ 2(E)

given by

O, (3) = {¢>h cL2(D):  éple € Pole) Vedge e e 3, } , and
®,(2) = {¢h ceL?(X): ¢yle €Pole) Vedgeee X, }

In what follows we establish from (5.23), (5.24), and the accompanying definitions (5.2)
and (5.4), that the hypotheses (H.0) - (H.3) are satisfied. In fact, the verification of (H.0)
and (H.2) is quite straightforward from the definitions given in (5.23). Now, the discrete
inf-sup conditions (5.10) and (5.11) are proved in [33, Theorem 4.5] and [7, Chapter IV,
Section IV.1.2], respectively. Alternatively, one can also look at [1, Lemma 4.4] and [36,
Chapter 7, Section 7.2.2]. In turn, the existence of ¥, € HééQ(E) verifying (5.12) follows as
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in [25, Section 3.2] (see also [27, Section 3.2]). In fact, we pick one interior corner point of
Y. and define a function v that is continuous, linear on each side of X, equal to one in the
chosen vertex, and zero on all other ones. If n; and ny are the normal vectors on the two
sides of ¥ that meet at the corner point, then 1, := v (n; + ns) satisfies that property. If
the interface ¥ were a line segment (without interior corners), we pick v as the continuous
linear function on ¥, equal to one in any interior point and zero in the extreme points, and

define 1 := vn. We have thus verified the assumptions required by (H.1).

On the other hand, concerning the discrete inf-sup conditions yielding (H.3), we first
recall from the analyses in [25] and [35], that the existence of a stable discrete lifting of the
normal traces of Hy,(2p) implies that a sufficient condition for (5.17) is the existence of
BD > 0, independent of h, such that

s m > Bollenlhyes V6 € AD(S). (5.25)

bp#0

In fact, a detailed proof of (5.17), whose main ingredients were the explicit construction of
such a lifting and then the demonstration of (5.25), was first provided in [25, Lemmas 4.2,
5.1 and 5.2] under the assumption of quasi-uniformity around the interface 3. This result
was improved recently in [35, Sections 4 and 5] where it was shown for the 2D case without
any requirement on the meshes. In turn, in order to proceed similarly with (5.16), we need to
introduce suitable changes into the arguments from [25] and [35]. The reason for it is rather
technical and has to do with the fact that the tensors 7g; € Hy,(Qs) (cf. (5.15)), space
where the supremum in (5.16) is taken, must also satisfy the discrete symmetry condition
(TsmMsp)s =0 Vg, € L?(Qg). More precisely, since the Raviart-Thomas or related
projection operators do not preserve any kind of symmetry, the way in which the lifting was
built in [25] is not applicable to construct a stable discrete lifting of the normal traces of
va]Ih(Qs). Instead of it, we now proceed a bit differently and still show, using results from
[20], [25], and [35], that a sufficient condition for (5.16) is the analogue of (5.25), that is the
existence of B\S > 0, independent of A, such that

¢ 7#’ ¥ s
sup {Pn. )z > Bs 1Yz, Vaby, GAg,h@)- (5.26)
PIN-T J95) H¢h”*l/2,2

bp 70

In fact, given ¢h S <I>h(2), we let (&h, (ﬁhaih’ QBh)) c Hh(Qs) X (Lh(Qs) XL%(Qs) X A}SL(E))
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be the unique solution of the Galerkin scheme:

(@h,Th)s + (divTy,up)s + (Th,Yn)s + (Tan, @)y = 0,
(5.27)

(diV&h,Vh)S + (a'hﬂ?h)S + <5-h na’lph>2 = <¢h7¢h>27

for all (T, (Vi 5, ¥)) € Ha(Qs) x (Lp(Qs) x L2 (2s) x A7 (2)). Note that (5.27) actually
corresponds to the PEERS-based mixed finite element approximation of a particular linear
elasticity problem in Qg (see, e.g. (4.10)) with homogeneous Dirichlet boundary condition
on I's and Neumann boundary condition given by ¢;, on ¥. Moreover, the well-posedness of
(5.27) is proved, modulus minor changes, by combining [20, Section 4.3] with [35, Theorem
5.1] and [25, Lemma 5.2]. In particular, the associated stability result insures the existence

of C > 0, independent of h, such that

(&, @ Vs @) | < Clldnll-1/25 - (5.28)

Therefore, since the second equation in (5.27) establishes that &, belongs to Hj(g) and
that (o, 1,1,)s = (b, %)s Vb, € A (D), we deduce, using also (5.28), that

[{Pnn)s| _ [lonmpp)s| _ 1 [(0an, )5 |

nll—1/2,5 lonll-12x = C llonlldivios
which implies that
1
sup 7<¢h’¢h>z < = sup 7<Th D, $p)x Vb, € A}SL(E). (5.29)
o E®y () ||¢hH71/2,E C .+ eq, 00 171 divios
bp#0 TR#0

Thus, it is quite clear from (5.29) that the discrete inf-sup condition (5.16) is a straight-
forward consequence of (5.26). Moreover, since the latter has already been proved in [25,

Lemma 5.2], we conclude in this way the full verification of the hypothesis (H.3).

Thanks to the previous results and analyses, we can establish the following theorems.

Theorem 5.3 Assume that the stabilization parameter p lives in (0, 3‘—(‘%) , and let ((t, ),p) €
X x M be the unique solution of the continuous formulation (2.34). In addition, let X, :=
Xin XMy, and My, be the finite element subspaces defined by (5.4) in terms of the specific
discrete spaces given by (5.23) and (5.24). Then, the Galerkin scheme (5.5) has a unique
solution ((gh,fh),gh) € Xy, x My, and there exist C1, Co > 0, independent of h, such that

[ 0,):2,) [xxm < Ch { IFlx, I, + |G lna, b, } (5.30)
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t —((t < inf t - .
1t ), p) — ((ths p,), ) lsxxm < C2 ((£h$h)7lgil)exthh 1((t, ), ) — ((xp,,)s 4, I
(5.31)

Proof. Having verified the hypotheses (H.0), (H.1), (H.2) and (H.3), the proof is a
straightforward application of Theorems 5.1 and 5.2.
|

The following theorem provides the theoretical rate of convergence of the Galerkin

scheme (5.5), under suitable regularity assumptions on the exact solution.

Theorem 5.4 Let ((t,),p) € XxM and ((t,, ¢, ). p,) € XpxMj, be the unique solutions of
the continuous and discrete formulations (2.34) and (5.5), respectively. Assume that there
exists § € (0,1] such that ts € H°(Qg), up € H(Qp), divup € HY(Qp), o5 € H(Qg),
dives € H(Qg), and v € HY(Qs). Then, us € H'(Qg), pp € H'*(Qp), ¢ € HY/2T(%),
A€ H1/2+5(E), and there exists C > 0, independent of h and the continuous and discrete

solutions, such that

1t #)p) = (s 2),)s ) s0xma < Ch‘s{\ltslb,as + llupllsap + [ldivup|isarp

(5.32)

+ llosllsos + diveslsas + [[vsllsos + llusllivsns + [Ppllitson

Proof. We first recall from Theorem 4.2 that Vug = ts +~g and Vpp = — K~ lup, which
implies that ug € H'*(Qg), and pp € H'T(Qp), whence ¢ = —ug|y € HY/2T9(%) and
A = pply € HY**9(X). The rest of the proof follows from the Cea estimate (5.31), the
approximation properties of the subspaces involved (see, e.g. [4], [7] and [29]), and the fact

that, thanks to the trace theorems in 2g and €p, respectively, there holds

lelli/21sx < clluslivso, and  [[Alij2gss < cllppllitsan -
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5.3.2 PEERS + Raviart-Thomas in 3D

We now introduce the 3D version of the spaces defined in Section 5.3.1 (cf. (5.23)). More

precisely, we set

Hy(Qs) = {7’ € H(div;Qg): 7|y € RTo(T) @ Bo(T) VT € 7;5} ,

Hy(Qp) = {7’ € H(div;Op): rlr € RTo(T) VTe 7;;3} ,

Ly(Qs) = {v € L2(Qg): vlp e Py(T) VT e 7;5} , (5.33)
Ln(Qp) = {q € L2(Qp): qlp € Py(T) VT e 7;;3} , and

L2(Qg) = {n eL*(Qg): neCWs), nlr € Py(T) YT e TP }

Actually, except for the fact that the vectors and tensors live now in R? and R3*3, respec-

tively, the above definitions look pretty much as those in (5.23).

Next, in order to complete the list of spaces in (5.1), we need to define those living on
the interface . To this end, and for reasons that will become clear below, we introduce an
independent triangulation X of the interface 3 by triangles K of diameter h & and define
hy = max{ﬁ k: K €X;}. The above is certainly in addition to ¥, the usual partition
of 3 inherited from 7;> (or 7;”), also formed by triangles K of diameter hg, and for which
we set hy := max{hg : K € X}. Hence, denoting by 9% the polygonal boundary of ¥,

we define
AS(S) = {w € C(X): ¢k € P(K) VKeX;, ¢ =0on az},
AR(S) = {g €C(®): ¢k € PU(K) VK € zﬁ}, and (5.34)
AX(D) = AP,

which, from now on, replace the spaces A$(X), AP(X), and AF(Z) specified in (5.1) and
(5.2).

In what follows we show that the hypotheses (H.0) - (H.3) are satisfied. Indeed, as
in the 2D case, the verification of (H.0) and (H.2) is also quite straightforward from the
definitions given in (5.38). Furthermore, the proofs of the discrete inf-sup conditions (5.10)
and (5.11) can also be found in [33, Theorem 4.5] and [7, Chapter IV, Section IV.1.2],
/2
0

respectively. In addition, the existence of 1, € H(l] (3) verifying (5.12) is derived similarly

to the procedure described in Section 5.3.1. The assumptions required by (H.1) are then
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satisfied.

Now, concerning the discrete inf-sup conditions (5.17) and (5.16), we first remark that
the same approaches yielding the corresponding sufficiency of (5.25) and (5.26) in the 2D
case, which are based on the results from [25], [35], and [20], can also be applied to the
present three-dimensional situation. In this case, however, the 3D analogue of [35, Theorem
5.1], being still an open problem, can not be employed. Therefore, in order to construct the
stable discrete lifting of the normal traces of I~{07h(QD) and prove the well-posedness of the
Galerkin scheme (5.27), we need to employ some inverse inequalities on ¥, which requires
quasi-uniform meshes in a neighborhood of this interface. Furthermore, it can be proved
(see, e.g. the second part of the proof of [19, Lemma 7.5]) that there exists Cy €]0, 1] such
that for each pair (hg,ﬁg) verifying hy < Cp hy, the 3D versions of (5.25) and (5.26) are
satisfied. Note that this restriction on the meshsizes explains the need of having introduced

the independent partition ¥ of ¥. We have thus confirmed the hypotheses from (H.3).

We are now in a position to state the following main results. Their proofs, being basically

the same of Theorems 5.3 and 5.4, are omitted.

&@Q

Theorem 5.5 Assume that the stabilization parameter p lives in (0,73), and that the
meshes T, and T;” are quasi-uniform around the interface X. In addition, let ((t,¢),p) €
XxM be the unique solution of the continuous formulation (2.34), and let X}, := Xy, xMy
and My, be the finite element subspaces defined by (5.4) in terms of the specific discrete
spaces given by (5.33) and (5.34). Then, whenever the pair (hx, hy) verifies hy, < Co hs,
the Galerkin scheme (5.5) has a unique solution ((t4,¢%,),p,) € Xp x My, and there exist
Ci, Cy > 0, independent of h, hy, and hy, such that

1t @) ) llcs < Cr { ¥l s, + 1o, g } (5.35)

ta ) - E ’ ’ S C inf §7 ’ - \th ) .
16, ). p) = (s 2,)- 2, )l < Co (en,) o, 1((t, ), p) = ((£h,9,) ;) st
(5.36)

Theorem 5.6 Let ((t,),p) € XxM and ((t,, ¢, ).p,) € XpxMj, be the unique solutions of
the continuous and discrete formulations (2.34) and (5.5), respectively. Assume that there
exists 6 € (0,1] such that ts € H°(Qs), up € H(Qp), divup € H°(Qp), as € H(Qs),
divog € H(Qg), and v5 € HY(Qg). Then, us € H(Qg), pp € H'(Qp), ¢ € H/2H (%),
AE H1/2+5(E), and there exists C > 0, independent of h, hy, /}Zz, and the continuous and
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discrete solutions, such that whenever the pair (hg,/ﬁz) verifies hy < C /ﬁg, there holds

[((t; ), p) — (k)P [xxm < Ch‘s{lltsllms + [[uplls,0p + [Idivup|lseop
(5.37)

+ llosllsas + Idiveosllsas + 1vsllses + llusllivsos + lpplli+s.on

5.3.3 AFW 4+ BDM in 3D

Alternatively, for the 3D case we can also introduce the following discrete spaces in (5.1):

Hy(Qs) = {T € H(div;Qg): rlr e PU(T) VTe 7;,?} ,

Hy(Qp) = {7’ € H(div;Qp) : 7lr e PI(T) VTe T,?ﬁ} ,

Li(Qs) = {v €L2(Qs): wvlp € Py(T) VT e 7;} , (5.38)
Ly(Qp) = {q € L2(Qp): qlr € Py(T) VT € 7;;3} , and

L2(Qg) = {n cL2(Qg): nlr € Po(T) VT e T,f}

We remark, according to the complementary definitions given in (5.2), that the product
space Hy,(Qgs) x Ly (0s) x L2 (Qg) constitutes now the lowest order mixed finite element ap-
proximation of the linear elasticity problem introduced recently by Arnold Falk and Winther
(AFW) (see [2], [3]). In turn, H(Qp) x Ly(Qp) is the BDM space of lowest order for the

mixed formulation of the corresponding Poisson problem (see, e.g. [7], [36]).

In what follows we refer to the verification of the hypotheses (H.0) - (H.3). Indeed,
as in the previous 2D and 3D cases, (H.0) and (H.2) follow straightforwardly from the
definitions given in (5.38). Furthermore, the proofs of the discrete inf-sup conditions (5.10)
and (5.11) can be found now in [2, Section 11.7, Theorem 11.9] and again in [7, Chapter IV,
Section IV.1.2], respectively. In addition, the existence of 9, € Héé2(2) verifying (5.12) is
derived similarly to the procedure described in Section 5.3.1. The assumptions required by
(H.1) are then satisfied. Next, concerning the discrete inf-sup conditions (5.17) and (5.16),
we just remark that the corresponding proofs follow as in Section 5.3.2 by introducing again
the independent partition ¥ and then defining the spaces given by (5.34). The rest of the
analysis is as in the previous section and the main results are basically the same as those
provided by Theorems 5.5 and 5.6, but now with the specific discrete spaces given by (5.38)
and (5.34) . We omit further details.



Chapter 6
The a-posteriori error analysis

In this chapter we restrict ourselves to the two-dimensional case and derive a reliable and
efficient residual-based a-posteriori error estimate for our mixed finite element scheme (5.5)
with the discrete spaces introduced in Section 5.3.1. The extension to 3D should be quite
straightforward. Most of the analysis employed in the proofs makes extensive use of the
estimates derived in [22] and [26]. We begin with some notations. For each T" € 7> U T,°
we let £(T") be the set of edges of T', and we denote by &, the set of all edges of 7, U T,°,

subdivided as follows:
En = En(Is) U En(Qs) U En(p) U En(X),

where Ep(Is) := {e €&, : e CIs}, Ep(Q) == {e €&, : e C Q. } for each x € {S,D},
and &,(X) = {e € & : e C ¥}. Note that &,(X) is the set of edges defining the
partition ¥;. Analogously, we let E;,(X) be the set of double edges defining the partition
Yon. In what follows, h. stands for the diameter of a given edge e € &, U &y (X). Now,
let x € {S,D} and let ¢ € [L*(Q%)]™, with m € {1,2}, such that q|p € [C(T)]™ for
each T € T;*. Then, given e € &,(f), we denote by [q] the jump of ¢ across e, that is
lq] :== (g|77)]e — (q77)|e, where T" and T" are the triangles of 7,* having e as an edge. Also,
we fix a unit normal vector n. := (n1,n2)* to the edge e (its particular orientation is not
relevant) and let t. := (—ng,n1)* be the corresponding fixed unit tangential vector along e.
Hence, given v € L2(Q,) and 7 € L2(Q,) such that vy € [C(T)]? and 7|r € [C(T)]**?,
respectively, for each T' € T*, we let [v - t¢] and [T t.] be the tangential jumps of v and T,
across e, that is [v - te] = {(v|7)|e — (V|77)|e} - te and [T te] = {(T|17)|e — (T|77)]|e} te,
respectively. From now on, when no confusion arises, we will simply write t and n instead

of t. and n., respectively. Finally, for sufficiently smooth scalar, vector and tensors fields ¢,

49



50

v = (vi,v2)" and T := (7j;)2x2, respectively, we let
v Ou
curlv := O 01 curlg := @ —@ '
Tlom owm | V0w ae)
Oxs or1
rotv = % — % and rotT = Oma — Om Omo2 — Ora "
81‘1 8.7}2 ’ T 6.%'1 8:1}2 ’ 8.7}1 (3(132

In what follows,

((L 90)7]2) = ((tSquvUS)7 (‘P’ )‘))a (pD,llS,’Ys,f)) € X xM

and
((&r,,,),p,) = (b, UD,Rs T8 1), (Phs An))s (PDRs US By Ys 1 €n)) € Xpy X M,

denote the solutions of (2.34) and (5.5), respectively. Also, we let kK = k1 the only constant

appearing in the second transmission condition in (2.3). Then, we introduce the global a

posteriori error estimator:
1/2

@ = Z ®§,T+ Z @2D7T ) (61)

TeTS TeTP

where, for each T € 7,

2
0,7

3,T + Z he ||[(ts,n + s t] ”%,e

6.0 + hillrot (tsn +vsp)l5 7 + P7 Itsh + Vs pl

@%:T = Hfs + div gsh

or + losn — &,

+ llo§, — wults,nl) tsn

c€E(T)NEL (D)
+ Z he |[(osh + ¢ I)n+ Apn — Ky - t) t”%,e + 2 he || (ts,n + ’Ys,h)tH(Q),e
ccE(T)NER(E) ec&(T)NE(Ts)
d
DY {he (b +rs0)t+ 2|+ heuus,hwhuae},
e€&(T)NER(T) 0,e
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and for each T' € T,”:

Ob . = |fo — divupalg s + h7 [lrot (K™ up p)lI 7 + A7 [|K™ up allg

+ > helKlupnctllf o+ Y hellupnong, o,

c€€(T)MER(O) c€E(T)NER(D) (6.3)
+ > he |[K u -t+%2 + he lpp.p — Anll2
e D,h dt . e [IPD,h hlloe ( -
ccE(T)NER(E) e

6.1 Reliability of the a posteriori error estimator

The main result of this section is stated as follows.

Theorem 6.1 There exists Cre1 > 0, independent of h, such that

H((L 90)7]3) - ((Ehafh)aﬂh)”XXM < Crel ©. (64)

We follow the general approach from [15] (see also [22] and [27]). Indeed, we begin by
recalling, thanks to the hypothesis on p (cf. (2.4) and (2.5)), and Lemmas 4.1 and 5.1,
that A; satisfies the assumptions (A.1) and (A.2). Hence, a straightforward application
of Lemma 3.2 implies that the Gateaux derivative of A; at any r € X, say DA;(r), is
a uniformly bounded and uniformly elliptic bilinear form on X; x Xj. Therefore, as a
consequence of the continuous dependence result provided by Theorem 3.2 (cf. (3.16)), we
find that the linear operator obtained by adding the two equations of the left hand side
of (2.34), after replacing Ay by DA;(r), satisfies a global inf-sup condition. Furthermore,
thanks to the mean value theorem applied to the continuous operator Ai, there exists a

convex combination of t and t;, say 8 € Xy, such that
[DA1(8)(t — tp),x] = [A1(t) — Ai(ty),x] Vr € X. (6.5)

Then, applying the above mentioned inf-sup estimate (with r = §) to the error ((t —t;, ¢ —

®,):p—p,), we find that

(R, ((r,%),9)]|
t—t,,p— T X <C s ’
I((t = ti o= 2,). 2= D) |xxma S [(CX7) W e

((x,3),9)#0

(6.6)
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where, acording to (6.5) and (2.34), the residual operator R : X x M — R is given by
(R, ((r,%),q)] = [R1,(7s,7)] + [R2,vD] + [R3,9] + [R4,¢]
+ [Rs,vs] + [Re,qp] + [Rr,rs] + [Rs,mg],
for each r = (I'S,VD,‘TS> S X17 ﬂ = (,l;bag) S Mlv q = (qD7V87’r’Sv.j) € M7 with
[R1, (75,4)] = — (tsh, 7§)s — (divTs,usp)s — p (0§, — p([tsnl) tsn, 7§)s
- (TS>AYSJL)S - <TS n, Soh>2 - J <l’l, <Ph>2 )

[Ra,vp] := —(K tupp,vp)p + (divvp,ppa)p + (VD 10, \)s,

[Rs, 9] := — (ospm, )y — b, (0, )y + £~ ey -t - t)x — (¥ -0, \y)x,

[R4,€] == (o), 1, &§)s + (up - 1, &)s,

[R5, vs] = — (fs +divosy, vs)s,
[R6,qp] := — (fp —divup s, qp)p,
[R7,rs] := — (u(|tsnl) tsh — 05 1, 18)s
[Rs;ms] == — (0s,n,Ms)s -

Hence, the supremum in (6.6) can be bounded in terms of R;, with i € {1,...,8}, which
yields

[((t, @), p) — ((kr: 2,), 2, Ixxm < C{”Rl”(Ho(div;Qs)xR)’ + ([ Raly (aiviony + ||RS||H501/2(2)

FlRallg-1r2is) + [BsllLzsy + [[Rellzpy + [1B7llg2gq, + HR8HL2(QS)’}'
(6.8)

Throughout the rest of the section we provide suitable upper bounds for each one of the
terms on the right hand side of (6.8). We begin with R; by observing from its definition,
and having in mind that (tg,I)s =trts, =0, (I,vs,)s =0, and divI = 0, that

(R, (78,5)] = [Bi.Ts+ 51 — p(ad), — u(tspl) tsp 79)s,
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where Ry : H(div; Qg) — R is given by
[R1,75] := — (tspn + Y50 78)s — (divTs,usp)s — (Fsn, )y V7 € H(div; Q).
It follows, using the triangle and Cauchy Schwarz inequalities, that

I R1 | (1o (aivios)xry < I1Rillmaiviogy + 2 llo§n — n(ltsyl) tsnllo.os - (6.9)

and hence it just remains to bound Hél“H(div;QS)/. Moreover, since the functionals B; and
Ry share the same “structure” with KfluDyh and tg n + g, playing parallel roles, the up-
per bounds of their norms are derived by following the same approach. More precisely, one
proceeds as in [26] by using integration by parts on each element of the triangulations, by em-
ploying continuous and discrete Helmholtz decompositions of H(div;Q2g) and H(div; Qp),
and by applying the approximation properties of the Clément and Raviart-Thomas inter-
polation operators in both domains (cf. [9], [38]). In this way, and as a consequence of
the analysis developed in [26], we deduce that the estimate for H.élHH(div;QS)/ is obtained
from [26, Lemma 3.8] after replacing Ug,h there by ts; + g, whereas the estimate for
| R2 |1 (divi0) 18 exactly the one given by [26, Lemma 3.9]. The corresponding results are

stated as follows.

Lemma 6.1 There exists Cy > 0, independent of h, such that

1/2
IR laiviosy < C14 > O34 ; (6.10)
TeT,?
where, for each T € T,?:
9%,7’ := h7 ||rot (ts +’Ys,h)”(2),T + W7 |ts +’Ys,h||3,T
+ Yoo hellltsa+vsa)tllse + D hell(tsh+vsa) bl
e€E(T)NER(Qs) e€E(T)NE(Ts) (6.11)
dep 2
D S s I Te
e€E(T)NEL(E) Oe
Lemma 6.2 There exists Cy > 0, independent of h, such that
1/2
||R2||H0(div;QD)/ < Gy Z 62D,T ’ (612)

TeT,P
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where, for each T € T,:

Ob 1 = hi [[rot (K™ upp)[§ 7 + A7 K upallg - + Yo he K Mupy -t

eEE(T) gh (QD)
)

e€E(T)NEK (S

dp |2

Tt + he llpp.h — Anllf e

(6.13)

Next, we observe that the upper bounds of ||Rs| 12 and [|Ry| g-1/2(x) are also

(=)
derived in [26]. In fact, noting first that R3 can be re—wrltten as

(R, 0] == —((osh + D) n,P)s + £ @, -t t)s — (@ n, M)y Vb € Hyp (%),

we can establish the estimates provided by the following lemma, which are based on the
technical result given by [8, Theorem 2] and the fact that both ¥, and 5}, are of bounded

variation.

Lemma 6.3 There exist Cs, Cy > 0, independent of h, such that

1/2
1Rl gg=172(5y < Cs > hel(ospm+ 1) + An — 57 (@ - t)[I5, (6.14)
eegh(E)
and
1/2
IRallgr-120my < Ca g D> hellupn-n+¢y-nl, : (6.15)

€& ()

Proof. See [26, Lemma 3.2] for details.
|

Finally, for estimating the rest of the norms appearing on the right hand side of (6.8),

we simply use Cauchy-Schwarz’s inequality and the fact that Rg can be redefined as

1
[Rs,mg| == —§(US,h —o8,ng)s  Vng € L2(Qs).

In this way, we arrive at the following lemma.

Lemma 6.4 There hold

[ R5llL2agy < [Ifs + divosalloos (6.16)
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I Rsll 220y < IIfD — (6.17)
1Brllz 0 < lofn — ulltsal) s nllon, (6.18)
and
1
||R8||L2(QS)/ < ) losn — Ug,h”O,Qs . (6.19)

We end this section by observing that the reliability estimate (6.4) (cf. Theorem 6.1)
is a direct consequence of (6.8), (6.9), and Lemmas 6.1, 6.2, 6.3 and 6.4, by using when it

corresponds the obvious identities Z / and /
O rers Te TD a

6.2 Efficiency of the a posteriori error estimator

The main result of this section is stated as follows.

Theorem 6.2 There exists Cess > 0, independent of h, such that

Cets © + hoot. < |[((t,).p) — ((th, ). ;) I s (6.20)

where h.o.t. stands, eventually, for one or several terms of higher order.

In what follows we prove Theorem 6.2 by providing suitable upper bounds depending of
local errors for each one of the 17 terms defining Q%I (cf. (6.2)) and Q%T (cf. (6.3)). To
this respect, it is important to remark that most of the required efficiency estimates in this
case are already available in the literature, and that the main tools employed in their proofs
include Helmholtz decompositions, inverse inequalities, and the localization technique based
on element-bubble and edge-bubble functions (cf. [15], [18], [22], [26]).

We begin with the zero order terms appearing in the definition of @%T and @2D’T.

Lemma 6.5 There hold

Ifs + divosplor < los —ospllaive VT € T,

|fo — divuppllor < VT €7,

and
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Proof. It suffices to recall, as established by Theorem 4.2, that fy = —diveog in Qg,
fo = divup in Qp, and g = o§ in Qs.
|

We now bound the component of @%,T involving the nonlinear operator.

Lemma 6.6 There exists C > 0, independent of h, such that

}

Proof. We know from [22, Lemma 2.1] that there exists 79 > 0, independent of h, such that

r < C{llos -

lo§.s, — n(|tsul)

[u([ts]) ts — p(ts nl) tspllor < Follts — tsplllor VT €Ty

Hence, adding and substracting o3 = p(|ts|) ts in Qg (cf. Theorem 4.2), we find that

Yesalor < {los —asm)llor + lu(les]) ts — a(lts]) tsallor }

)

||0'§,h — (

< {llos -

which yields the result.

We continue with the terms involving only ts + g in the definition of ©g r.

Lemma 6.7 There exist C1, Co, C3, Cy > 0, independent of h, such that

B lvot (b + s 4) I3 <C1 {lits = tsnllir + Ivs —vsuldr } YT €T,

3r <Co{llus = sl - + 03 libs — tsnldr + 0 s — vsallir } VT € T3,

} Ve e (),

hﬂmm+%hﬂw<%ﬁM—%M®JW%—

he |l (ts.n +Ys.n tHOe <Cy 1 llts —tsnlldn, + lIvs — Ysalor } Vee & ((Is),
where we = U {T €Ty ec&(T } for all e € £,(Qg), and Tt is the triangle of T;’ having
e as an edge for all e € E(Tg).

Proof. See [15, Lemmas 5.6 and 5.7] for details.
|

The following four lemmas provide upper bounds for the remaining terms defining ©g 7.
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Lemma 6.8 There exists C > 0, independent of h, such that for each e € E(X) there holds

hell(@s + 6 In+ M — 57 oy ) tlE, < C{ llos —asulldr + 10— b
+ lldiv (o5 — o) [z + he A= Ml + helle — el }

where T is the triangle of T,° having e as an edge.

Proof. 1t suffices to apply [26, Lemma 3.16] by replacing there os and ogy by (os+ £I)
and (ogp + ¢, 1), respectively.
|

Lemma 6.9 There exists C > 0, independent of h, such that

de 2
> he|[(tsh s p)t + —0
: dt ||,
ec&p () €
<c{ > (Its—tsaldr + Ivs —vsalin ) + e — @nl?os ¢

cEER(E)
where, given e € Ey(X), T, is the triangle of T;7 having e as an edge.

Proof. Tt follows from the proof of [18, Lemma 20] by replacing there C™' & and C~! &, by
ts and tgj, respectively.
[ |

Note that the estimate given by the previous lemma is of a nonlocal character. Actually,
it will be the only one with this property in the efficiency analysis of the terms defining ©g 7.
However, under an additional regularity assumption on ¢, one can obtain the following local
bound.

Lemma 6.10 Assume that |, € H(e) for each e € E,(X). Then, there exists C > 0,
independent of h, such that for each e € E,(X) there holds

2
(tsh +vs)t + on

he
dt

0,e

dt

2
)
0,e

d
<c { Its — tsal2z + s = vsnlZz, + H(so o)

where T, is the triangle of T;° having e as an edge.

Proof. See [18, Lemma 21] for details.
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Lemma 6.11 There exists C > 0, independent of h, such that for each e € En(X) there
holds

he s ptenllBe < © { s —us 37+ b5 —ts 113 7+ Ivs 15l + e o -l }
where T is the triangle of T,° having e as an edge.

Proof. Similarly to Lemma 6.9, it follows from the proof of [18, Lemma 22| by replacing
there C~!' o and C~' g}, by tg and ts 5, respectively. |

The estimates for the remaining terms defining ©p r are given by the following four

lemmas.

Lemma 6.12 Assume that K™ is piecewise polynomial on T,0. Then, there exist Cq, Co, C3, Cy >
0, independent of h, such that

B3 rot (K up )3+ < Cilup — upaldy VT € 77,

W IK wpalir < Co{ oo —poalr + B lup — woaldr ) YT € TP,

he K™ upy, - t][5, < Csllup — upy

%’we Ve € 5h(QD),

he lpos = = Mlide < Ca{llpo = poalldz, + 53 Jup = upaly, +he X = Ml } Ve e &),

where we == U{T € T,? : e € E(T)} for all e € (), and T, is the triangle of T,”
having e as an edge for all e € E,(X).

Proof. See [26, Lemma 3.13] for details.
|

Lemma 6.13 There exists C > 0, independent of h, such that for each e € En(X) there
holds

he [[upp-n + ), -nl§, < C{l!uD—uD,h 5.0 + hi |div(up —up )5 7 + he ¢ —@ulld },
where T is the triangle of T,” having e as an edge.

Proof. See [26, Lemma 3.15] for details.

We end the efficiency analysis of ©p r with the analogue of Lemmas 6.9 and 6.10
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Lemma 6.14 Assume that K™ is piecewise polynomial on T,P. Then, there exists C > 0,

independent of h, such that

dp, ||?
K1 ot 27h
Uph ot T

S

eegh(Z)

<0 D luw—uwnlgn + 1A= Malies ¢
Oe e€EL ()

where, given e € Ey(X), T, is the triangle of T,” having e as an edge.

Proof. See [26, Lemma 3.13] for details.
|

Similarly to Lemma 6.10, we now assume an additional regularity assumption on A to

derive, instead of the previous estimate, a local upper bound.

Lemma 6.15 Assume that K=! is piecewise polynomial on T,”, and that \|. € H'(e) for
each e € E,(X). Then, there exists C > 0, independent of h, such that for each e € &E,(X)
there holds

2

0,e } 7

Proof. See [26, Lemma 3.14] for details. Actually, as stated there, it follows by adapting

dn |2
K_luD,h't + “Ch

d
7 — (A= An)

he
dt

\(2),7; + he

<C { |lup —up 4
,€

0

where T, is the triangle of T,” having e as an edge.

the “elasticity version” given by [18, Lemma 21] to the present case.
|

We remark that if K~! were not piecewise polynomial then higher order terms arising
from suitable local polynomial approximations would appear in the corresponding efficiency

estimates from the previous lemmas. This fact explains the expression “h.o.t.” in (6.20).

Consequently, the global efficiency estimate of ©, that is the proof of Theorem 6.2,
follows straightforwardly from Lemmas 6.5 up to 6.15.



Chapter 7

Numerical results

We begin this chapter by observing that, while the decomposition (2.21) was necessary
for the analysis of the continuous and discrete formulations, the actual implementation of
the latter can abstain from it. In fact, it is easy to see that redefining ogj; + £, 1, with
osh € Hon(2s) and €, € R, as simply o5, € Hp(€2s), and proceeding analogously with the
test tensor Tg 5, € Hy(s), the Galerkin scheme (5.4) - (5.5) can be stated, equivalently, as

finding
t, = (tswupn,osn) € Xip = Lon(Qs) x Hop(2p) x Hy () ,
Y, = (¢ns An) € My = AR(D) x AR(D), (7.1)
p, = (@oausn,¥sp) € My = Lon(Qp) x Lp(Qs) x Li (),
such that
(At @,), (th, ¥,)] + By ¥,).p,] = [F, (e, ¥,)] V(s ¥,) € Xp =X p x My,
[B(tr, ©,) ;) = [G,q,] Vg, €M,

(7.2)
In addition, the mean value condition required by the elements in Lg ,(€2p) can be certainly

imposed through a suitable discrete Lagrange multiplier.

Throughout the rest of the chapter we present numerical examples illustrating the per-
formance of the discrete system (7.1) - (7.2), confirming the reliability and efficiency of
the a posteriori error estimator © derived in Chapter 6, and showing the behavior of the
associated adaptive algorithm. We consider the specific finite element subspaces defined in
Sections 5.3.1 and 5.3.2. In addition, all the nonlinear algebraic systems arising from (7.2)

are solved by the Newton method with a tolerance of 1E-6 and taking as initial iteration

60
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the solution of the associated linear problem with p = 1.

In what follows, N stands for the number of degrees of freedom defining X x My,.

Furthermore, the individual and total errors are defined by:

e(ts) == [[ts—tsnllo.ng e(up) = [[up—upplldiv;op 5 e(os) = |los—0osullaiv:os »
e(p) = ||‘P_30h||1/2,27 e()) = ’|)‘_>\h||1/2,27 e(pp) = HPD—PD,h|0,QD7
2 2 2 1/2
e(us) = lus—usnloos, e(vs) = Irs—vsulloos () i= {elts)*+e(up)>+e(os)’} ",
1/2 1/2
o) == {e(@)? +e(N?} ", ep) = {e(mn)® +e(us)? +e(v5)*}

and
1/2

e(t,p,p) = {e(t)2 + e(f)2 + e(g)Q}

In turn, the effectivity index with respect to © is defined by

eff(©) = e(t, p,p)/O,

and the individual and global experimental rates of convergence are given by

log(e(%)/€(%))
r(%) = log(oh/h/) 0 for each % € {tsquao'Sa‘Pa)\aPDauS,’YS,Lf,Q},
and
T’(t ) L log(e(i»f,ﬂ)/e/(§,£7ﬂ))
28D = log(h/h) J

where h and k' denote two consecutive meshsizes with errors e and e’. However, when the
adaptive algorithm is applied (see details below), the expression log(h/h’) appearing in the
computation of the above rates is replaced by — % log(N/N'), where N and N’ denote the

corresponding degrees of freedom of each triangulation.

The examples to be considered here are described below. Examples 1 (in 2D) and 2 (in
3D) are employed to illustrate the performance of the Galerkin scheme and to confirm the
reliability and efficiency of the a posteriori error estimator © (in the case of Example 1)
when a sequence of quasi-uniform meshes is considered. Then, Example 3 (in 2D) is utilized
to show the behavior of the associated adaptive algorithm, which applies the following

procedure from [41]:

1) Start with a coarse mesh Tj, := T, U T5.
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2) Solve the discrete problem (7.2) for the current mesh 7p,.
3) Compute O := O, 1 for each triangle T' € T*, » € {D,S}.
4) Check the stopping criterion and decide whether to finish or go to next step.

5) Use blue-green refinement on those T € T, whose indicator O7 satisfies

[

y > = . T .
Or _QIIpeE},}_Z{@T Eﬁb}

6) Define resulting meshes as current meshes 7;1D and 7;18, and go to step 2.

For each example we consider the parameters kK1 = --- = k,_1 = 1, K = I, and the

nonlinear function g : Rt — RT given by the Carreau law for viscoplastic flows, that is
p(t) == po + m (1+)P272  vieRT,

with puo = w1 = 0.5 and § = 1.5. It is easy to check in this case that the assumptions
(2.4) and (2.5) are satisfied with

16 = 2]
2

70=M0+M1{ +1} and ag = po-

Hence, for the implementation of our augmented scheme ) we use the parameter p =

@Q
27(2)’

In Example 1 we consider the regions Qg := (0,1) x (0.5,1) and Qp := (0,1) x (0,0.5),

and choose the data fg and fp so that the exact solution is given by the smooth functions

(7.2
which certainly satisfies the required hypothesis p € <0, %)
0

us(x) = ( us’l(X) > Vx = (33‘1,33‘2) S Qs,

ug 2(x)
with
ug 1(x) == —xp sin(2mzy) (x1 — 1) (22 — 1) exp(z122) (2 — 21 + x122) ,
ug2(x) = (z2 — 1)% exp(x122) <23:1 sin(2rxzy) — sin(2mzy) — 27wy cos(2mxy)

+ 2722 cos(2mw1) — m1x9 Sin(2mwy) + w273 sin(27r:c1)> ,

ps(x) = — 7 cos(mxy1/2) (azg + 0.5 — 2cos(m (z2 +0.5)/2)2)/4 Vx = (x1,22) € Qg,
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and

pp(x) = x1me (1 — 1) sin(2mxy) sin(mze) Vx = (x1,22) € Qp.

In Example 2 we consider the regions Qg := (0,1)?x (0.5,1) and Qp := (0,1)?x(0,0.5),

and choose the data fg and fp so that the exact solution is given by the smooth functions

22 (1 —21)? 23 (1 — 29)? (1 — x3)? sin(w 21)
us(x) = Vx| 221 —2)?23(1 — 22)? (1 — x3)? sin(m 22) Vx = (21,22,73) € Os,

22 (1 —21)? 23 (1 — 29)? (1 — x3)? sin(7 23)

ps(x) = (x‘% + x%) exp(z3) Vx := (x1,22,23) € Qg,

and

pp(x) = 1 xoxs (1 —2x1) (1 —x2) sin(27xy) sin(27xs) sin(rzs) Vx := (x1,22,23) € Qp.

Finally, in Example 3 we consider Qp := (—1,0)? and let Qg be the L-shaped domain
given by (—1,1)?\ Qp, which yields a porous medium partially surrounded by a fluid. Then

we choose the data fg and fp so that the exact solution is given by
us(x) = ewl (3(f +23)" (af = 1) (@] — 1)) Vx == (a1,22) € s,

1
= Vx = , € Qg,
Ps(®) = 155 @@ +ad)+01 (1, 22) € Os

and

1\ 2
pp(x) = <$11—(i)_ ) sind(27 (@2 + 0.5)) Vx 1= (x1,23) € Qp.

Note that the partial derivatives of ug are singular at the origin and that pg has high

gradients around that point.

The numerical results shown below were obtained using a MATLAB code. In Tables 7.1,
7.2, 7.3 and 7.4 we summarize the convergence history of our augmented fully-mixed scheme
(7.1) - (7.2) as applied to Examples 1 and 2, for sequences of quasi-uniform triangulations
of the domains. The number of Newton iterations required in Example 1, for the tolerance
given, ranges between 9 and 12. We observe there, looking at the corresponding experimental
rates of convergence, that the O(h) predicted by Theorems 5.4 and 5.6 with § = 1 is
attained in all the unknowns for both examples. In addition, we notice from Table 7.2

that the effectivity index eff(©) for Example 1 remains always in a neighborhood of 0.58,
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Figure 7.1: EXAMPLE 1, ps and o0g,12 for N = 120533

which illustrates the reliability and efficiency of © in the case of a regular solution. Some
components of the approximate (left) and exact (right) solutions for Example 1, which
illustrate the accurateness of the mixed finite element scheme, are displayed in Figures 7.1
and 7.2.

Then, in Tables 7.5, 7.6, 7.7, and 7.8 we provide the convergence history of the quasi-
uniform and adaptive schemes, as applied to Example 3. The number of Newton iterations
required in this case for the tolerance given, ranges between 14 and 16. We notice that the
errors of the adaptive procedure decrease faster than those obtained by the quasi-uniform
one, which is confirmed by the global experimental rates of convergence provided there. This
fact, which is clearly emphasized from about N = 10000 on, is also illustrated by Figure
7.3 where we display the total errors e(t, ¢, p) vs. the number of degrees of freedom IV for
both refinements. Moreover, as shown by the values of r(t, ¢, p), the adaptive method is
able to keep the quasi-optimal rate of convergence O(h) for the total error. Furthermore,
the effectivity indexes remain bounded from above and below, which confirms the reliability
and efficiency of © in this case of non-smooth solution. Intermediate meshes obtained with
the adaptive refinement are displayed in Figure 7.4. We remark from there that the method
is able to recognize the origin as a singularity of the solution of this example. Moreover, the
additional refinement around the points (z1,z2) = (£1,0) and (z1,22) = (0,£1) indicates
the presence of large errors in those neighborhoods as well. Finally, some components of
the approximate (left) and exact (right) solutions for Example 3 are displayed in Figures
7.5 and 7.6.
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Table 7.1: EXAMPLE 1, quasi-uniform scheme
h N e(ts) r(ts) e(up) r(up) e(os) r(os) e(p) () e()) ()
1/8s 897 3.995E—-01 — 4.961E—-01 — 1.186E—00 — 5.183E—01 — 6.928E—02 —
1/10 1380 | 3.039E—01 1.227 | 3.979E—01 0.988 | 9.426E—01 1.029 | 3.513E—01 1.743 | 4.796E—02  1.648
1/12 1967 | 2.470E—01 1.137 | 3.322E—01 0.991 | 7.843E—01 1.008 | 2.570E—01 1.714 | 3.486E—02 1.750
1/14 2658 2.083E—-01 1.104 | 2.851E—01 0.993 6.730E—01 0.993 1.980E—-01 1.693 | 2.671E—02 1.727
1/16 3453 1.805E—01 1.075 | 2.496E—01 0.994 5.891E—01 0.997 1.585E—01 1.663 | 2.133E—02 1.687
1/18 4352 1.593E—-01 1.057 | 2.220E-01 0.995 5.236E—01 1.000 1.307E—-01 1.639 1.755E—-02 1.652
1/20 5355 | 1.427E—01 1.043 | 2.000E—01 0.996 | 4.713E—01  0.999 | 1.103E—01 1.616 | 1.479E—02 1.624
1/22 6462 1.293E—-01 1.035 1.818E—-01 0.997 4.285E—-01 0.998 9.468E—02 1.598 1.270E—-02 1.603
1/24 7673 | 1.183E—01 1.028 | 1.667E—01  0.997 | 3.929E—01 0.999 | 8.248E—02 1.585 | 1.106E—02 1.587
1/26 8988 1.090E—-01 1.023 1.539E—-01 0.998 3.627E—01 0.999 7.272E—02 1.574 | 9.751E—-03 1.574
1/28 10407 1.010E-01 1.020 1.429E—-01 0.998 3.368E—01 0.999 6.475E—02 1.565 | 8.684E—03 1.563
1/30 11930 9.420E—02 1.017 1.334E-01 0.998 3.144E—-01 0.999 5.815E—02 1.558 7.801E—03 1.555
1/32 13557 8.823E—02 1.015 1.251E—-01 0.998 2.947E—-01 0.999 5.261E—02 1.552 7.059E—-03 1.548
1/34 | 15288 | 8.297E—02 1.013 | 1.177E—01  0.999 | 2.774E—01 0.999 | 4.790E—02 1.547 | 6.429E—03 1.542
1/36 17123 7.832E—02 1.011 1.112E-01 0.999 2.620E—01 0.999 4.389E—02 1.532 | 5.889E—03 1.535
1/40 | 21105 | 7.041E—02 1.010 | 1.001E—01 0.999 | 2.358E—01  0.999 | 3.733E—02 1.536 | 5.012E—03 1.531
1/48 30317 5.860E—02 1.007 | 8.342E—01 0.999 1.9656E—01 1.000 2.825E—02 1.529 | 3.797E—03 1.522
1/56 41193 5.019E—02 1.005 7.151E—02 0.999 1.685E—01 1.000 2.234E—02 1.521 3.006E—03 1.515
1/64 | 53733 | 4.389E—02 1.004 | 6.257TE—02  1.000 | 1.474E—01 1.000 | 1.825E—02 1.516 | 2.457E—03 1.510
1/80 83805 3.508E—02 1.003 | 5.006E—02 1.000 1.179E-01 1.000 1.295E—-02 1.536 1.753E—-03 1.512
1/96 | 120533 | 2.923E—02 1.002 | 4.172E—02 1.000 | 9.828E—02 1.000 | 9.821E—03 1.519 | 1.332E—03 1.506
1/112 163917 | 2.504E—02 1.002 | 3.576E—02 1.000 8.424E—02 1.000 7.77T1E—-03 1.519 1.057E—-03 1.504
1/128 | 213957 | 2.191E—02 1.001 | 3.120E—02 1.000 | 7.371E—02 1.000 | 6.343E—03 1.521 | 8.644E—04 1.503
1/144 | 270653 1.947E—-02 1.000 | 2.782E—02 1.000 6.552E—02 1.000 5.511E—03 1.193 7.344E—04 1.384
1/160 | 334005 | 1.753E—02 1.001 | 2.503E—02  1.000 | 5.897E—02 1.000 | 4.739E—03 1.432 | 6.298E—04  1.458
1/250 | 853893 1.095E—-02 1.054 1.565E—02 1.053 3.686E—02 1.053 2.515E—03 1.420 | 3.280E—04 1.462
Table 7.2: EXAMPLE 1, quasi-uniform scheme (... cont)

N e(pp) r(pp) e(us) r(us) e(gs) r(gs) | elt,o,p)  r(t,,p) | eff(©)

897 5.951E—03 — 3.695E—02 — 3.111E-01 — 1.478E—-00 — 0.6134

1380 | 4.603E—03 1.152 | 2.752E—02 1.321 | 2.236E—01 1.479 | 1.147E—00 1.135 0.5962

1967 3.807TE—03 1.042 2.238E—02 1.133 1.742E—-01 1.369 9.4056E—01 1.089 0.5880

2658 3.256E—03 1.013 1.900E—-02 1.062 1.421E-01 1.321 7.987TE—01 1.060 0.5850

3453 2.847TE—03 1.004 1.655E—02 1.034 1.200E—-01 1.265 6.944E—01 1.048 0.5830

4352 2.531E—03 1.001 1.468E—-02 1.021 1.039E-01 1.226 6.142E—01 1.041 0.5815

5355 2.277TE—03 1.000 1.319E—-02 1.014 9.162E—02 1.193 5.508E—01 1.034 0.5804

6462 2.070E—03 1.000 1.198E—-02 1.010 8.195E—02 1.171 4.994E-01 1.028 0.5795

7673 1.898E—03 1.000 1.098E—-02 1.007 7.412E—02 1.153 | 4.568E—01 1.025 0.5788

8988 1.752E—-03 1.000 1.013E—-02 1.005 6.766 E—02 1.140 4.209E—01 1.022 0.5783

10407 | 1.627TE—03 1.000 | 9.401E—03 1.004 | 6.223E—02 1.129 | 3.903E—01 1.020 0.5778

11930 1.519E—-03 1.000 8.772E—03 1.004 5.760E—02 1.120 3.638E—01 1.018 0.5774

13557 1.424E—-03 1.000 8.222E—03 1.003 5.361E—02 1.112 3.407TE—01 1.017 0.5771

15288 1.340E—03 1.000 7.738E—03 1.003 5.014E—-02 1.105 3.203E—01 1.016 0.5768

17123 1.266E—03 1.000 7.307TE—03 1.002 4.708E—02 1.100 3.023E—-01 1.014 0.5766

21105 1.139E—-03 1.000 6.575E—03 1.002 4.197E—02 1.091 2.717TE—01 1.013 0.5762

30317 9.492E—-04 1.000 5.478E—03 1.001 3.447TE—02 1.079 2.260E—-01 1.011 0.5757

41193 | 8.136E—04 1.000 | 4.695E—03 1.001 | 2.925E—02 1.067 | 1.934E—01 1.009 0.5753

53733 7.119E—-04 1.000 4.107TE—03 1.001 2.539E—-02 1.058 1.690E—-01 1.008 0.5750

83805 5.695E—04 1.000 3.286E—03 1.000 2.010E—02 1.048 1.350E—-01 1.007 0.5747

120533 | 4.746E—04 1.000 2.738E—03 1.000 1.663E—02 1.040 1.124E-01 1.005 0.5745

163917 | 4.068E—04 1.000 2.347TE—03 1.000 1.418E—-02 1.033 9.629E—02 1.005 0.5743

213957 | 3.560E—04 1.000 2.053E—03 1.000 1.236E—02 1.029 8.421E—-02 1.004 0.5742

270653 | 3.164E—04 1.000 1.825E—03 1.000 1.095E—-02 1.032 7.484E—02 1.002 0.5742

334005 | 2.848E—04 1.000 | 1.643E—03 1.000 | 9.826E—03 1.024 | 6.733E—02 1.003 0.5742

853893 1.780E—04 1.053 1.027E—-03 1.072 6.089E—03 1.053 4.204E—-02 1.055 0.5742
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Figure 7.2: EXAMPLE 1, up; and ¢ for N = 120533
Table 7.3: EXAMPLE 2, quasi-uniform scheme
h N | elts) r(ts) | e(up) r(up) | e(os) r(os) | ely) ) | eV r(\)
1/4 | 6086 | 1.368E—01  — | 2.242E-01  — | 5.213E—01  — | 1.970E—02  — | L.O4RE—02  —
1/8 | 46884 | 7.737TE—02 0.822 | 1.167E—01 0.942 | 2.617E—01 0.994 | 1.037E—02 0.926 | 1.552E—02  —
1/12 | 156386 | 5.338E—02 0.915 | 7.864E—02 0.974 | 1.738E—01  1.009 | 5.613E—03 1.514 | 8.433E—03 1.504
1/16 | 368576 | 4.065E—02 0.947 | 5.919E—02 0.988 | 1.299E—01 1.012 | 3.583E—03 1.560 | 4.867E—03 1.911
1/20 | 717438 | 3.278E—02 0.964 | 4.743E—02 0.993 | 1.037TE—01  1.011 | 2.526E—03 1.567 | 3.200E—03  1.879
1/24 | 1236956 | 2.745E—02  0.974 | 3.956E—02 0.995 | 8.622E—02 1.010 | 1.898E—03 1.569 | 2.305E—03  1.800
Table 7.4: EXAMPLE 2, quasi-uniform scheme (... cont)
N | e(pp) r(pp) | e(us) r(us) | e(gs) r(gs) | elt,o,p)  r(t e,p)
6086 | 1.930E—03  — | 8.682E—03  — | 5.638E—02  — | 5.870E—01 =
46884 | 9.663E—04  0.998 | 2.849E—03 1.607 | 2.100E—02 1.425 | 2.981E—01  1.135
156386 | 5.849E—04 1238 | 1.403E—03 1.747 | 1.154E—02 1.476 | 1.987E—01  1.089
368576 | 4.287TE—04  1.080 | 8.348E—04 1.804 | 7.470E—03 1513 | 1.487E—01  1.060
717438 | 3.414E—04 1.021 | 5.536E—04 1.841 | 5.304E—03 1.535 | 1.188E—01  1.048
1236956 | 2.840E—04 1.008 | 3.942E—04 1.862 | 4.000E—03 1548 | 9.888E—02  1.041
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Table 7.5: EXAMPLE 3, quasi-uniform scheme

N

e(ts)

e(up)

e(os)

()

e(N)

1/3
1/5
1/7
1/9

1/11
1/13

1/15
1/17

1/19

1/21

1/25

1/35
1/45

1/55
1/65

Table 7.6: EXAMPLE 3, quasi-uniform scheme (...

N

93
1094
2929
5797
9115
13958
19752
26116
33265
41839
51029
74062
142283
237444
355451
496414

5.864E—00
5.295E—-00
3.793E—-00
2.700E-00
2.175E—00
1.774E—00
1.445E-00
1.264E—00
1.096E—-00
9.756 E—01
9.057E-01
7.374E—01
5.262E—01
4.022E-01
3.27T1E-01

2.746E—-01

8.654E—01
3.403E—-01
1.989E-01
1.400E-01
1.061E—-01
8.698E—02
7.681E—02
6.488E—-02
5.634E—-02
5.103E-02
4.628E-02
3.77TE—02
2.780E—-02
2.093E—-02
1.725E—02
1.464E—-02

2.699E4-01
1.647E4-01
1.306E4-01
1.235E4-01
1.125E4-01
9.682E—-00
7.542E—-00
6.206E—00
6.407E—-00
5.001E—-00
4.528E-00
4.019E—-00
3.502E—-00
2.848E—00
2.563E—-00
2.202E—-00

2.837E—-00
2.349E—-00
1.462E—00
1.050E—-00
7.521E—-01
8.081E—01
5.152E—-01
4.463E-01
3.857TE-01
3.486E—01
2.929E-01
2.228E—-01
1.453E—-01
1.035E—-01
7.612E—-02
5.915E—-02

1.252E—-00
2.221E-01
1.074E—-01
5.071E—-02
4.127E-02
3.203E—-02
2.219E—-02
1.674E—02
1.440E—-02
1.094E—-02
9.071E-03
6.148E—-03
4.032E—-03
2.481E—-03
1.774E—-03
1.365E—-03

cont)

e(pp)

e(us)

e(gs)

e(t, v, p)

r(t, o, p)

eff(©)

93
1094
2929
5797
9115
13958
19752
26116
33265
41839
51029
74062
142283
237444
355451
496414

1.429E-01
4.436E—-02
2.109E—-02
8.068E—03
5.318E—-03
3.245E-03
2.790E—-03
1.879E—-03
1.713E—-03
1.003E—03
9.881E—-04
6.138E—-04
4.032E-04
2.385E—-04
1.686E—-04
1.220E—-04

1.658E—-00
6.076E—01
3.951E-01
2.837E—-01
2.283E—-01
1.839E-01
1.543E—-01
1.345E-01
1.173E-01
1.055E—-01
9.693E—-02
7.974E—-02
5.707TE—02
4.396E—02
3.593E-02
3.024E-02

3.794E-00
4.110E-00
3.125E-00
2.273E-00
1.892E—00
1.544E—-00
1.267E—00
1.100E—-00
9.702E-01
8.605E—-01
7.996E—01
6.569E—01
4.734E-01
3.622E-01
2.954E-01
2.490E-01

2.811E+4+01
1.796E+01
1.403E4-01
1.289E+01
1.164E4-01
9.999E-00
7.802E—00
6.445E—-00
6.584E—00
5.180E—-00
4.697TE—-00
4.145E-00
3.577TE-00
2.901E-00
2.602E-00
2.234E-00

0.408
0.482
0.252
0.405
0.758
1.485
1.335
-0.171
2.157
0.979
0.716
0.438
0.833
0.543
0.913

Table 7.7: EXaMPLE 3, adaptive scheme

0.8954
0.7313
0.6901
0.7602
0.7796
0.7862
0.7651
0.7398
0.7856
0.7459
0.7340
0.7539
0.8041
0.8146
0.8386
0.8423

N

e(ts)

e(up)

e(os)

e(p)

e(N)

93
270
953
2535
4083
6004
9051
11558
24615
43104
80989
126407
280099
468314

5.864E—00
6.406 E—00
5.613E—00
3.583E—00
2.840E—00
2.327E—-00
1.962E—00
1.741E-00
1.040E—-00
8.326E—-01
5.661E—01
4.640E—01
3.025E—-01
2.374E—-01

8.654E—-01
5.470E—01
3.342E-01
3.613E-01
2.882E—-01
2.560E—01
2.208E-01
2.169E—-01
1.662E—01
1.247E-01
1.244E-01
1.157E-01
1.013E—-01
7.989E—-02

2.699E4-01
2.793E4-01
1.784E4-01
1.204E+-01
1.110E4-01
1.200E+-01
8.152E—-00
6.718E—-00
4.289E—-00
3.364E—-00
2.377TE—00
1.891E—00
1.297E—-00
9.729E-01

2.837E—-00
2.563E—00
2.367TE—00
2.834E—-00
1.729E—00
1.647E—00
1.293E—-00
9.672E-01
4.600E—-01
2.463E—-01
1.855E—-01
9.514E—-02
6.864E—02
3.606E—02

1.252E—-00
9.664E—-01
2.584E—-01
4.107TE-01
1.446E—-01
9.231E-02
5.260E—-02
5.639E—-02
1.991E—-02
1.204E—-02
8.597TE—-03
4.911E-03
3.212E-03
1.880E—03



Table 7.8: EXAMPLE 3, adaptive scheme (... cont)

N e(pp) e(us) e(gs) e(t,p,p) | r(t,e,p) | eff(©)
93 1.420E—01 | 1.658E—00 | 3.794E—00 | 2.811E+01 - 0.8954
270 | 8.918E—02 | 1.337E—00 | 5.003E—00 | 2.925E+01 | -0.075 | 0.8519
953 5.446E—02 | 8.060E—01 | 4.181E—00 | 1.933E+01 0.657 | 0.6708
2535 | 4.477TE—02 | 5.839E—01 | 3.033E—00 | 1.325E+01 0.772 0.6491
4083 | 2.040E—02 | 4.184E—01 | 2.446E—00 | 1.186E+01 0.467 | 0.7015
6004 | 1.399E—02 | 3.653E—01 | 1.997E—00 | 1.250E+01 | -0.275 | 0.7789
9051 | 9.291E—03 | 2.506E—01 | 1.663E—00 | 8.652E—00 1.794 0.6887
11558 | 9.665E—03 | 2.398E—01 | 1.560E—00 | 7.187E—00 1.518 0.6671
24615 | 3.348E—03 | 1.528E—01 | 9.590E—01 | 4.545E—00 1.212 0.6450
43104 | 1.889E—03 | 1.162E—01 | 7.695E—01 | 3.562E—00 0.870 0.6311
80989 | 1.100E—03 | 8.508E—02 | 5.202E—01 | 2.509E—00 1.111 0.6343
126407 | 7.986E—04 | 6.563E—02 | 4.251E—01 | 2.000E—00 1.020 0.6179
280099 | 5.810E—04 | 4.468E—02 | 2.773E—01 | 1.367E—00 0.957 | 0.6303
468314 | 4.024E—04 | 3.327E—02 | 2.188E—01 | 1.029E—00 1.103 0.6098

i | i qﬁasi—ﬁn{fgrni refinement —o— ‘:
I . adaptive refinement - -+
10
e(t,o.p) [
1r
i L L L L
10 100 1000 10000 100000 le+06

N

Figure 7.3: EXAMPLE 3, e(t, ,p) vs. N for the quasi-uniform and adaptive schemes
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Figure 7.4: EXaAMPLE 3, adapted meshes with 4083, 9051, 24615 and 80989 degrees of
freedom
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Figure 7.5: EXAMPLE 3, ts 21 and og 22 for adaptive scheme with N = 280099



70

3
x10 x10
s o 0.06 0.06
6 6 004 0.04
4 4
- 002 - 002
- - e J— —
0 0 0 0
‘ -0.02 ‘ 0.02
-4 4
5 - 0.04 0.04
- -8 -0.06 0.06
-10

Figure 7.6: EXAMPLE 3, pp and up 2 for adaptive scheme with N = 280099



Chapter 8
Conclusiones y trabajo futuro

A continuacién se presenta un resumen de los principales aportes de esta Tesis y una

descripcién del trabajo futuro a desarrollar.

8.1 Conclusiones

El objetivo principal de este proyecto de titulo ha sido el andlisis numérico de una for-
mulaciéon mixta aumentada para el acoplamiento de fluidos quasi-Newtonianos con medios
porosos. Los flujos estan descritos, por una ecuacién de Stokes no lineal y la ecuacion de
Darcy lineal respectivamente, mientras que las ecuaciones de interfase estan dadas por con-
servacion de masa, balances de fuerzas normales, y la ley de Beavers-Joseph-Saffman. Se
ha introducido una formulacién de punto silla doble para el problema acoplado, donde las
incégnitas principales son el tensor de esfuerzos, velocidad, vorticidad y tensor de deforma-
ciones en la region de Stokes, mientras que en la regién Darcy son la velocidad, gradiente de
velocidad y presion. Dado que se han considerado formulaciones mixtas en ambos dominios,
las condiciones de transmisién se imponen de forma débil, por lo que es necesario introducir
la traza de la velocidad del dominio Stokes y de la presién del dominio Darcy, en la interfase,

como incognitas auxiliares del sistema.

Dado que la estructura mixta resultante no cae dentro de la teoria de Babuska-Brezzi
para problemas mixtos no lineales disponible en la literatura, ha sido necesario extender
resultados previos para abarcar este tipo de problemas. Mas precisamente, se han exten-
dido los resultados de [17] para demostrar existencia y unicidad de solucién para el problema
acoplado continuo, como también, existencia y unicidad de solucién, y convergencia de los es-
quemas de Galerkin propuestos. En particular, los espacios de elementos finitos considerados

en este trabajo incluyen los elementos PEERS y Arnold-Falk-Winther para el esfuerzo, ve-
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locidad y vorticidad en el fluido, Raviart-Thomas y constantes a trozos para la velocidad
y presiéon en el medio poroso, junto con constantes a trozos en el tensor de esfuerzos y

continuos y lineales a trozos para las trazas.

Por otro lado, se ha propuesto un estimador de error a posteriori residual, eficiente y

confiable para el problema acoplado bidimensional.

Finalmente, se han proporcionado distintos ejemplos numéricos, los cuales confirman los
resultados tedricos obtenidos, esto es, la convergencia éptima de los métodos de elementos

mixtos, como también, la eficiencia y confiabilidad del estimador a posteriori.

8.2 Trabajo futuro

1. Se extenderan los resultados del presente trabajo a la interaccién de un fluido quasi-
Newtoniano con un medio poroso no lineal. Més precisamente, se analizara el acoplamiento
de las ecuaciones de Stokes descritas en (2.1) y (2.3), con las ecuaciones de Darcy no

lineales dadas por:

up = —k(+,|Vpp|) Vpp in Qp, div(up) = fp in Qp,

up - n=0 on I'p,

donde & : Qp x RT™ — R es un operador no lineal que representa la permeabilidad del

medio poroso.
2. Se ampliardn los resultados de error a posteriori para el caso tridimensional.

3. Se extenderan los resultados obtenidos al problema acoplado de Stokes-Darcy en su

version evolutiva.
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