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COMPUTATION OF THE VIBRATION MODES OF A
REISSNER-MINDLIN LAMINATED PLATE

RICARDO G. DURAN, RODOLFO RODRIGUEZ, AND FRANK SANHUEZA

ABSTRACT. This paper deals with the finite element approximation of the vi-
bration modes of a laminated plate modeled by the Reissner-Mindlin equations;
DL3 elements are used for the bending terms and standard piecewise linear
continuous elements for the in-plane displacements. An a priori estimate of
the regularity of the solution, independent of the plate thickness, is proved for
the corresponding load problem. This allows using the abstract approximation
theory for spectral problems to study the convergence of the proposed finite
element method. Thus, optimal order error estimates including a double or-
der for the vibration frequencies are obtained under appropriate assumptions.
These estimates are independent of the plate thickness, which leads to the
conclusion that the method is locking-free. Numerical tests are reported to
assess the performance of the method.

1. INTRODUCTION

The laminated plates are widely used in engineering practice, for instance in
automobile, space, and civil applications. The main motivation for this interest
is related to the improved ratio between performances and weight of this kind of
plates with respect to homogeneous ones. Several different models of these plates
have been proposed. The simplest one is the Classical Laminated Plate Theory
(CLPT) [13], which is based on the Kirchhoff hypotheses. However, other models
arising from the Reissner-Mindlin assumptions are often preferred; they are called
First-order Shear-Deformation Theory (FSDT) [3].

Locking is a very well known phenomenon in the numerical computation of plate
problems. It consists in that very unsatisfactory results are obtained when the
thickness is small with respect to the other dimensions of the structure. From
the point of view of the numerical analysis, locking reveals itself in that the a
priori estimates depend on the thickness of the structure in such a way that they
degenerate when this parameter becomes small. Several methods based on reduced
integration or mixed formulations have been devised to avoid locking in the load
plate problem (see [6], for instance). Some of them have been analyzed for the plate
vibration problem, as well. For instance, the DL3 and the MITC elements (which
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were introduced for load problems in [10] and [5], respectively) have been analyzed
for vibration problems in [9] and [8], respectively.

Locking-free methods for load problems of laminated plates with several layers
all of the same thickness have been analyzed in [2] in a general context. In the
present paper we address the corresponding vibration problem. For simplicity, we
present the analysis in the case of only two layers. We use the DL3 elements
introduced in [10] for the bending terms and standard triangular finite elements for
the in-plane displacements. The analysis is made in the framework of the abstract
spectral approximation theory for compact operators as stated, for instance, in [4,
Section 7]. The goal is to prove optimal order convergence in L? and H' norms
for the eigenfunctions and a double order for the eigenvalues. Moreover, to ensure
that the method is locking-free, it has to be proved that the error estimates do not
deteriorate as the plate thickness becomes small.

The present analysis is based on the results for load problems for laminated
plates from [2] and for the vibration problem for homogeneous plates from [9].
The main difficulty is the need for additional regularity of the solution of the load
problem for a Reissner-Mindlin laminated plate. This is the reason why we had to
prove new a priori estimates for this problem, with constants independent of the
plate thickness. This result is interesting by itself, since the error of any numerical
method for laminated plates will rely on such an estimate. To the best of the
authors knowledge, the obtained estimate had not been proved before. Moreover,
the proof of the analogous estimate known for classical Reissner-Mindlin plates (see
[1]) does not extend directly to this case. In fact, to extend it, we had to resort to
more recent regularity results for formally positive elliptic systems from [12].

The outline of the paper is as follows. In Section 2, we present the mathematical
setting of the vibration problem for a laminated plate. The resulting spectral
problem is shown to be well posed. The eigenvalues and eigenfunctions are shown
to converge to the corresponding ones of the limit problem as the thickness of the
laminated plate goes to zero, which corresponds to a Kirchhoff laminated plate.
The finite element discretization is introduced in Section 3 and optimal orders
of convergence are proved. These estimates are proved to be independent of the
plate thickness and this allows us to conclude that the method is locking-free. In
Section 4, we report several numerical tests confirming the theoretical results and
showing the good performance of the method. The experiments include some cases
not covered by the theoretical analysis, where optimal orders of convergence are
also attained. Finally, we prove in an Appendix a thickness-independent a priori
estimate for the regularity of the solution of the corresponding load problem.

Throughout the paper, we will use standard notation for Sobolev and Lebesgue
spaces. Moreover, ||||, will denote the standard norm of L?(Q2) (or L*(Q)™, as cor-
responds). Analogously, |||, will denote the norm of H*(Q) (or H*(Q)™). Finally,
C will denote a generic constant, not necessarily the same at each occurrence, but
always independent of the plate thickness ¢, the particular functions involved, and,
in Section 3, also independent of the mesh-size.

2. REISSNER-MINDLIN LAMINATED PLATE EQUATIONS

Consider an elastic plate of thickness ¢ with reference configuration 2 x (—%, %),
where 2 C R? is a convex polygonal domain. The plate is made of two different

materials, one occupying the subdomain £ x (f%, 0) and the other one Q x (0, %)
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According to the Reissner-Mindlin model, the plate deformation is described by
means of the in-plane and transverse displacements, u* = (u},u3) and w*, respec-
tively, and the rotations §* = (07, 33) of its mid-surface Q. For the forthcoming
analysis, we assume that the plate is clamped on its whole boundary 9f2.

The vibration problem for such a plate can be formally obtained from the
three-dimensional linear elasticity equations as follows: According to the Reissner-
Mindlin hypotheses, the admissible displacements at each point are given by

(u™(x) — 238" (x),w" (x)), zi=(z1,22) €Q, zz€ (—L L),

Test and trial displacements of this form are taken in the variational formulation
of the linear elasticity equations for the vibration problem of the three-dimensional
plate. By integrating over the thickness and multiplying the shear term by a cor-
recting factor, one arrives at the following problem (see [16]):

Find w > 0 and non trivial (u*, *,w*) € V satisfying

(A=), ) + 12 (Be(u), (o) + (B, (o)
+ 1% (De(B%),e(n)) + tr (6" — Vw*, 1 — Vz)
3
= { G ot o) 00+ 5 (o4 ) (20
2
5ot ) (07,2 + § (r = ) (8700 + o} on2) €.

where
V= HJ(Q)? x Hy(Q2)? x Hy(Q).

In the equation above w is the angular vibration frequency, (-,-) denotes the
standard L?(Q2) inner product of scalar, vector or tensor fields, as corresponds, and
€ is the linear strain tensor defined by £;;(v) := % (9v;/0z; + Ov;/0x;), i,j = 1,2.
Moreover, A, B, and D are fourth order tensors defined by

1 1 1
A1) := 3 (C1+Co)1, B(r):= 3 (C1 —=Co)1, and D(7):= 21 (C1+Co),y
where C; and Cs are the linear elasticity operators on each medium,
Cit:= Mitr (1) I + 27, 1=1,2,

with plane stress Lamé coefficients \; := E;v;/ (1 —v?) and p; == E;/[2(1+v;)],
E; being the Young modulus and v; the Poisson ratio of each material. Finally
K :=k(u1 + p2)/2 is the shear modulus of the laminated plate, with &k a correction
factor usually taken as 5/6, and p; is the density of each material.
We rescale the problem using new variables

2
u:=u"/t, [:=0" w=w", and X\ := o1 ;PZ%.
The reason for this is that the rescaled variables attain finite non-zero limits as ¢

goes to zero, as will be shown below (cf. Lemma 2.2). We also introduce the scaled
shear stress

K
T2 (8= Vw)
and the bilinear forms

a((u, B), (v,1)) := (Ae(u),e(v)) + (Be(u), (n)) + (Be(v),2(8)) + (De(8),2(n))
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and

2 —
b ), (010,2)) = (1. 2) 4 £ () 4 5 (Bm) 1A=L (B0) + ().

Thus, the plate vibration problem can be rewritten as follows:
Find A\; > 0 and non trivial (u, 8, w) € V such that

a((u, B), (v,m) + (v,n — Vz) = Mbe((u, B,w), (v,1,2)) VY(v,n,2) €V,
v = g (B —Vuw).

All the eigenvalues A; of this problem are strictly positive, because of the sym-
metry of both bilinear forms, the ellipticity of a, which has been proved in [2,
Proposition 2.1], and the positiveness of b;, which can be proved by straightforward
computations.

To analyze the approximation of this eigenvalue problem, we introduce the op-
erator

T,: H— H,
where
H:=L*(Q)* x L*(Q)? x L*(Q),
defined for (f,m,g) € H by T;(f,m,g) := (u, 5,w), with (u,3,w) € V being the
solution to

Ly { D @)+ (= V) =b((fimg) (0 2) V(wmz) €V,
B2 =),

This is the load problem for the Reissner-Mindlin laminated clamped plate. It is
a well posed problem; in fact, the existence and uniqueness of the solution for all
t > 0 follows from [2, Proposition 2.1].

Because of the symmetry of the bilinear forms a and b, the operator T; is self-
adjoint in H endowed with the inner-product b:(,-). The norm induced by this
inner product is equivalent to the weighted L? norm

2 2 2 2
(., 2)f; = vllg + 2 nllo + lzllg,  (v,n,2) € H,

with equivalence constants independent of ¢. On the other hand, because of the
compact embedding H} () — L2(f2), T} is a compact operator. Then, apart from 0,
its spectrum consists of a sequence of finite multiplicity real eigenvalues converging
to zero. Note that \; is an eigenvalue of Problem (2.1) if and only if p; := 1/\; is
an eigenvalue of T, with the same multiplicity and corresponding eigenfunctions.

The solution of the load problem (2.2) satisfies the following additional regularity
result, which is systematically used in the proofs that follow: u,3 € H?(Q)? w €
H2(Q), v € H'(Q)?, and there exists a constant C' > 0, independent of ¢ and
(f,m,g), such that

(23)  lully + 181, + lwlly + Ivllo + £ 171l < € (2 11£llo + £ Imllo + llgllo) -

The proof of this a priori estimate is far from being straightforward. In fact,
although it is proved by extending similar arguments used for classical homogeneous
plates in [1, Theorem 7.1], it needs of some preliminary results. Thus, for the sake
of clarity, we postpone this analysis to the Appendix. In particular, the estimate
(2.3) is a consequence of Theorem 6.5 from this Appendix (cf. Corollary 6.6).
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On the other hand, as a consequence of [7, Theorem 1], it can be shown as in
[2, Proposition 2.2] that, when ¢ — 0, the solution (u,3,w) to (2.2) converges to
(ug, Vwg, wo), where (ug,wo) € HE(Q)? x HZ(Q) satisfies

a((ug, Vwy), (v,Vz)) = (g, 2) Y(v,2) € H3(Q)? x H3(Q).

This limit problem is well posed and corresponds to the bending of a clamped
Kirchhoff-type laminated plate subjected to a (rescaled) transverse load g. The
arguments from [6, Section VIL.3.1] can be easily adapted to prove that the limit
problem above is equivalent to finding (ug, 5o, wo) € V such that there exists v €
Hy(rot, ) satisfying

a((u07ﬁ0)’ (U’TD) + <70’77 - VZ> =bo ((f7mvg)’ (’U,’I7, Z)) = (97 Z)
(2.4) V(v,n,2) €V,
Bo — Vwg = 0,

where (-, -) stands for the duality pairing in
Ho(rot, Q) := {y) € L*(Q)*: roty € L*(Q) and ¢ - 7 = 0 on 9N},

with rot ¢ := 0199 — 02107 and 7 being a unit vector tangent to 2. Moreover, the
arguments from [6] can also be adapted to prove that this is a well posed mixed
problem. Thus, we are allowed to introduce the operator

To: H — H,

defined for (f,m,g) € H by To(f, m,g) := (uo, Bo,wo), with (ug, By, wp) being the
solution to problem (2.4).

An a priori estimate similar to (2.3) holds for the limit problem (2.4), as well;
namely, ug, B0 € H?(2)2, wg € H*(Q), 70 € L*(Q)?, and

(2.5) [[uolly + [14olly + llwollz + l7olly < C'llglly -

The proof of this estimate is a consequence of Lemma 6.2 from the Appendix (cf.
Corollary 6.3).

Now, we may proceed as in [9] to prove an estimate for the convergence of the
solution to (2.2) to that to (2.4) as t goes to zero. In fact we have the following
result.

Lemma 2.1. There ezists a constant C' > 0, independent of t, such that

||(Tt _TO) (famag)”l S Ct|(f?m7g)|t V(f,m,g) € H.

Proof. Repeating the arguments of the proof of Lemma 6.4 from the Appendix we
arrive at

lw—wolly + 18 = Bolly < CEI(f,m, 9)llo

(cf. (6.19)). Next, subtracting the second equation in (2.4) from that in (2.2), we
have

7= (8= o= V(w—wp).

Hence, the estimate above and (2.3) yield

t2
lw —wolly < —lvllo + 118 = Follo < CtI(f.m, g)l,, -

Thus, we conclude the proof. ([l
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As a consequence of this lemma, the operator T;|y converges in norm to Tp|y .
Then, standard properties of separation of isolated parts of the spectrum (see for
instance [11]) yield the following result.

Lemma 2.2. Let oy > 0 be an eigenvalue of Ty of multiplicity m. Let D be any
disc in the complex plane centered at pg and containing no other element of the
spectrum of To. Then, for t small enough, D contains exactly m eigenvalues of T,
(repeated according to their respective multiplicities). Consequently, each eigenvalue
o >0 of Ty is a limit of eigenvalues py of Ty, as t goes to zero.

3. FINITE-ELEMENT DISCRETIZATION

We restrict our analysis to the DL3 elements introduced in [10], although other
finite elements can be analyzed in this same framework. We consider a regular
family of triangulations {7}, }; as usual, h denotes the mesh-size.

To discretize the rotations, we use standard piecewise linear functions augmented
in such a way that they have quadratic tangential components on the boundary of
each element. More precisely, for each T' € Ty, let ', i = 1,2, 3, be its barycentric
coordinates and 77 a unit vector tangent to the edge o = 0. Consider the edge-
bubble vector fields ¢ := o ol 7], i, j,k = 1,2,3, all different. The finite element

79

space for the rotations is defined by
Xp o= {mn € HYQ)?: mlr € PR (0T, 03, ¢T) VT eT,}.
We use standard piecewise linear elements for the displacements; namely,
Wy, :={z, € H&(Q) 2 zplr € P, VT € T}
for the transverse displacements and
Uy, == W7

for the in-plane displacements. Thus, the finite element discretization of the space
V' is defined by

Vi :=Up X Xp, X W,
For the numerical method, we also need the so called reduction operator
R: HY(Q)? N Hy(rot, Q) — T,
where T'j, is the lowest-order rotated Raviart-Thomas space (see [14])
Ty = {¢n € Ho(rot,Q) : ¢p|r € P§ & (—x2,21)Po VT € Tp} .

This reduction operator is uniquely determined by

/R1/)'T£ = /¢'Tz, ¥ € HY(Q)? N Hy(rot, ),
¢ ¢

for every edge ¢ of the triangulation (74 being a unit tangent vector along ¢).

Now we are in a position to write the finite element approximation of the plate
vibration problem (2.1):

Find A¢, > 0 and non trivial (up, On, wp) € Vi, such that

a((uhaﬁh)a (Uh777h)) + (’yha Rnh - vvh)
(31) = Athbt((uh7ﬂh7wh)7(Uh777hazh)) V('Uh,nh,Zh) S V].“

V= t% (RBn — Vwp,) .
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Notice that the method is non conforming since consistency terms arise because of
the reduction operator.
As in the continuous case, we introduce the operator

Ty : H— H,

defined for (f)mag) € H by Tth(fammg) = (uhvﬁhawh)7 with (uhaﬁfuwh) S
being the solution to the corresponding finite element discretization of the load
problem (2.2), namely,

a((un, Br), (Vs 1)) + (va, Bnn — Vzn) = be((f,m, g), (Vn, M, 21))
V(Uh, M 2n) € Vi,

K
= (RBy — Vuwp,).

The existence and uniqueness of the solution to this problem follows easily from
the ellipticity of a. Once more Ay, is an eigenvalue of problem (3.1) if and only if
ten = 1/ is a strictly positive eigenvalue of T3, with the same multiplicity and
corresponding eigenfunctions.

For ¢t > 0 fixed, the spectral approximation theory for compact operators (cf. [4])
can be readily applied to prove convergence of the eigenpairs of T3, to those of T;.
However, further considerations are needed to show that the error estimates do not
deteriorate as ¢ becomes small. With this goal, we will make use of the following
result, which will lead to optimal error estimates in the H' norm for displacements
and rotations.

Lemma 3.1. There exists a constant C, independent of t and h, such that

||(Tt _Tth) (f>mvg)||1 < Chl(f7m>g)|t V(f,m,g) € H.

PTOOf' Let <f7 mag) S Ha (U/, ﬁa w) = Tt(f, mag)7 and (U/h7 6’17 ’LUh) = Tth(fa m, g)
The arguments given in the proof of [2, Proposition 3.2] for pure transverse loads
(i.e., f =0 and m = 0) extend easily to our case yielding

lw —unlly + 118 = Bully + llw —wally + 1y —mllo
< Ch([lully + 1812 + lIvllo + ElIvIlL) -
Thus, the lemma follows from this inequality and (2.3). O

As a consequence of this lemma, Tip|y converges in norm to Ti|y. In fact, for
any fixed ¢t € (0, tmax), we have ||, < tmax [|||; and hence the lemma yields

(32) ||(Tt_Tth) (fvmvg)Hl SChH(‘ﬂm’g)Hl V(f,m,g) EV

Consequently, if p; is an eigenvalue of T; with multiplicity m, then exactly m
eigenvalues of Ty, (repeated according to their respective multiplicities) converge
to pt as h goes to zero (see [11]). The following theorem shows that, under mild
assumptions, optimal ¢t-independent error estimates in the H' norm are valid for
the eigenfunctions.

Theorem 3.2. Let yu; be an eigenvalue of Ty converging to a simple eigenvalue L
of Ty, as t goes to zero. Let py, be the eigenvalue of Ty, that converges to py as
h goes to zero. Let (u,,w) and (up,Bp, wy) be the corresponding eigenfunctions
conveniently normalized. Then, for t and h small enough,

||(’U,7 57 ’U)) - (uha ﬁhﬂ wh)”l S Ch7
with a constant C independent of t and h.
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Proof. The inequality of the theorem is a direct consequence of the estimate (3.2)
and [4, Theorem 7.1], with a constant C' depending on the constant in (3.2) (which
is independent of t) and on the inverse of the distance of u; to the rest of the
spectrum of T;. Now, according to Lemma 2.2, for ¢ small enough, this distance
can be bounded below in terms of the distance of ug to the rest of the spectrum of
Ty, which obviously does not depend on ¢. Thus, we conclude the proof. ([l

The following lemma is the basic tool to prove a double order of convergence for
the eigenvalues.

Lemma 3.3. There exists a constant C, independent of t and h, such that

(T — Tun) (f,m, 9)lly < CR*|(f,m,g)|,  V(f.m,g) € H.

Proof. We do not include it, since it is a straightforward modification of the proof
of [9, Lemma 3.4]. O

Theorem 3.4. Let pu; and py, be as in Theorem 3.2. Then, for t and h small
enough,
‘/u‘t - ,uth‘ S Oh2a

with a constant C independent of t and h.

Proof. Let (u, 3,w) be an eigenfunction corresponding to p; normalized in the norm
induced by b;. Applying [4, Theorem 7.3] and taking into account that 7" and Ty,
are self-adjoint with respect to b;, we have

(3‘3) |/1't - Mth| <C bt((Tt - Tth) (u7ﬁ7 w)? (u757w)) + |(Tt - Tth) (uvﬁﬂ“”)lf )

with a constant C' depending on the inverse of the distance of p; to the rest of
the spectrum of T;. By repeating the arguments in the proof of Theorem 3.2 we
observe that, for ¢ small enough, this constant can be chosen independent of ¢.
Thus, since |-[, < C'[|-||,, using the estimate from Lemma 3.3 in (3.3), we conclude
the proof. ([l

Another consequence of Lemma 3.3 is a double order of convergence for the
eigenfunctions in the L2-norm.

Theorem 3.5. Let uy, pn, (u, 8,w) and (up, By, wy) be as in Theorem 3.2. Then,
for t and h small enough,

||(U, /87 ’lU) - (uhu ﬂhm wh)HO S Oh27
with a constant C independent of t and h.

Proof. Since |-|, < C||-||,, the arguments in the proof of Theorem 3.2 can be re-
peated using |||, instead of ||-||; and the estimate from Lemma 3.3 instead of
(3.2). O

4. NUMERICAL EXPERIMENTS

We report in this section some numerical results obtained with a code which
implements the method analyzed above. The aim of this numerical experimentation
is two-fold: to confirm the theoretical results and to assess the performance of the
method.
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4.1. Test 1: A simply supported rectangular plate with a known analyt-
ical solution. Validation. The aim of this first test is to validate the computer
code and to corroborate the error estimates proved in the previous section. With
this purpose, we applied the method to a problem with a known analytical solution:
a rectangular simple supported plate (see [15, 16]). This test allowed us to calculate
the error of the different quantities computed with our code. Moreover, it shows
that the method is able to deal with other kind of boundary conditions, although
the theoretical analysis has been made just for clamped plates.

If the domain of the simply supported plate is the rectangle 2 := (0,a) x (0, b),
then the eigenfunctions are given by

kJTK'J, lry kﬂ'.l, Iy
11 cos “ZZ sin (1 cos “E gin
_ b kwm l7ry b
(4.1) u= l kmc zwy] , w=wsin TEsin FL, [ = l iny |

g sin “7E cos 3 sin 272 cos .
k,l € N. The constants a1, Uo, W, 51, and Bg, as well as the corresponding eigenval-
ues, can be obtained as follows: For each pair (k,[) € N2, the terms (4.1) must be
plugged into (2.1), written in strong form. This leads to a 5 x 5 generalized eigen-
value problem whose eigenvectors are (1, G2, W, Bl, Bg)t and whose eigenvalues are
the ones we are looking for.
We applied the method to a plate of length ¢ = 6 m, width b = 4 m, and thickness
t = 0.1m. We used the following physical parameters:

By = 1.440 x 10" N/m?, v1 = 0.35, p1 = 7700 kg/m?,
FE5 =0.144 x 10" N/m?, vo = 0.30, po = T70kg/m3.
Finally, we took k = 5/6 as correction factor for this and all the other tests.
We used uniform meshes obtained by refining the coarse one shown in Figure 1.

The refinement parameter IV is the number of layers of elements through the width
of the plate.

FIGURE 1. Rectangular plate. Finite element coarse mesh (N = 4).

Table 1 shows the six lowest vibration frequencies computed with the method on
four successively refined meshes. The table also includes the corresponding exact
values obtained from the analytical solution and the computed order of convergence
for each one.

A quadratic order of convergence can be clearly observed for all the vibration
frequencies, which corresponds to an optimal double order according to the degree
of the finite elements used.
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TABLE 1. Test 1: Lowest vibration frequencies of a simply sup-
ported laminated rectangular plate.

Mode N=8 N=16 N=32 N=64 Exact Order
w1 84.605 83.368 83.066  82.992  82.967 2.02
w2 166.169 161.063 159.829 159.527 159.427  2.03
w3 272.770 259.194 255.911 255.102 254.834 2.02
w4 308.314 291.870 287.894 286.918 286.595 2.02
ws 361.027 338.177 332.772 331.458 331.026 2.04
we 514.209 471.247 461.043 458.564 457.749 2.04

Figure 2 shows the error curves in L? norm and H' seminorm of the in-plane
and the transverse displacements, u and w, respectively, for the eigenfunction cor-

responding to the lowest vibration frequency wy.

10 ‘ 10 :
| ST - o - IW=w Il
« ~ ~
Sso u=ul; 10 * w=wly ]
107t RN . Order h |4 RRINY R Order h
e Order h? RV Order h?
: N 0 Se
s o > 10 - 1
g10 RO & -
o, 10"
-3
10 E _
1072
4 -3
10 : : 10 : :
10° 10° 10 10° 10° 10° 10 10°

NUMBER OF ELEMENTS NUMBER OF ELEMENTS

FIGURE 2. Test 1: Error curves for in-plane displacements (left)
and transverse displacements (right); log-log plots of the corre-
sponding norms versus the number of elements.

A quadratic order in L? and a linear order in H' can be clearly observed for
both displacements. Once more, this corresponds to the optimal orders according
to the degree of the finite elements.

4.2. Test 2: A clamped rectangular plate. Testing the locking-free char-
acter of the method. The main goal of this test is to confirm experimentally
that the method is locking-free, as was proved in the previous section. With this
purpose, we chose a problem lying in the theoretical framework: a plate clamped
on its whole boundary.

We used a rectangular plate with the same dimensions and physical parameters
as in the previous test. We also used the same meshes.

First, we computed the lowest vibration frequencies of the plate on each mesh.
Since no analytical solution is available in this case, for each vibration mode, we
extrapolated a more accurate approximation of the frequency and estimated the
order of convergence by means of a least square fitting.

Table 2 shows the six lowest vibration frequencies computed on different meshes,
the estimated order of convergence and the extrapolated more accurate value of each
frequency.
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TABLE 2. Test 2: Lowest vibration frequencies of a clamped lam-
inated rectangular plate.

Mode N=8 N=16 N =32 N =64 Order Extrapolated

w1 161.136 157.902 157.095 156.898  2.01 156.831
w2 255.847 245.336 242.757 242.128  2.03 241.924
w3 418.592 391.593 384.980 383.358  2.03 382.835
wq 419.684 393.806 387.352 385.762  2.01 385.237
ws 518.006 475.120 464.831 462.331  2.06 461.574
we 667.968 603.579 587.688 583.781  2.02 582.499

Once more, a double order of convergence can be readily observed for all the
vibration frequencies.

Next, we tested whether the method remains locking-free as the thickness be-
comes small. For this test, we took clamped plates with the same physical param-
eters and dimensions as above, except for the thickness for which we used different
values ranging from ¢ = 0.1 m to 0.1 mm.

To allow for comparison, we report normalized frequencies & := w/t. Table 3
shows the computed lowest vibration frequency of clamped rectangular laminated
plates with decreasing values of the thickness. Once more, the table includes the
estimated orders of convergence and extrapolated frequencies. We also report on
the last row the extrapolated limit values corresponding to t = 0 (i.e., the Kirchhoff
model).

TABLE 3. Test 2: Normalized lowest frequency w; of clamped lam-
inated rectangular plates with varying thickness.

Thickness N =28 N=16 N=24 N =32 Order Extrapolated
t=0.1m 1611.365 1579.017 1573.019 1570.948  2.00 1568.239
t=0.0lm 1616.810 1584.050 1577.875 1575.707  1.97 1572.859
t=0.00lm 1616.866 1584.103 1577.928 1575.759 1.97 1572.883
t=0.000lm 1616.865 1584.103 1577.926 1575.762 1.97 1572.883
t =0 (extr.) 1616.866 1584.103 1577.927 1575.761 1.97 1572.883

We observe that the method is perfectly locking-free, and that the quadratic
order of convergence is preserved even for extremely small values of the thickness.

4.3. Test 3: A clamped circular plate. Robustness of the plate model
and the finite element method. The aim of this test is to assess the efficiency
of the Reissner-Mindlin laminated plate model by comparing their results with
those obtained from the 3D elasticity equations. In particular, we are interested
in exhibiting the robustness of the model, as well as that of the proposed finite
element method, when applied to laminates with very different physical parameters.
With this purpose, we applied the method to a problem whose corresponding 3D
equations can be accurately solved. This is the reason why we chose a circular
plate, whose axisymmetric vibration modes can be efficiently computed from the
corresponding equations in cylindrical coordinates.

We used a clamped circular plate with diameter d = 2m and thickness ¢ = 0.1 m.
First, we took the same physical parameters as in the other experiments. We used



12 RICARDO G. DURAN, RODOLFO RODRIGUEZ, AND FRANK SANHUEZA

quasiuniform meshes as that shown in Figure 3. The refinement parameter IV is in
this case the number of elements on each quarter of the circle.

FIGURE 3. Circular plate. Finite element mesh (N = 8).

On the other hand, by taking advantage of the cylindrical symmetry, the three-
dimensional problem reduces to a two-dimensional one posed on a meridional sec-
tion of the plate. Thus, we also computed the axisymmetric vibration modes by
means of another code based on a standard finite element discretization of the 3D
elasticity equations in cylindrical coordinates. Also in this case we used succes-
sively refined meshes and obtained a very accurate approximation of the vibrations
frequencies by extrapolation.

We report in Table 4 the results for a couple of axisymmetric modes, which, for
this plate, correspond to the lowest and the sixth vibration frequencies. The table
includes again the extrapolated values of the frequencies and the estimated orders
of convergence, as well. It also includes on the last column the values obtained with
the axisymmetric 3D code.

TABLE 4. Test 3: Lowest vibration frequencies of axisymmetric
modes of a clamped laminated circular plate; Young moduli ratio
E,/E> = 10.

Mode N =4 N =28 N=16 N =32 Order Extrapolated 3D
w1 968.270 945.923  940.395  939.020 2.01 938.571 935.748
we 3908.732 3628.509 3559.984 3543.051  2.03 3537.664 3489.815

It can be seen from this table that the disparity between both extrapolated
values is very small indeed, which is merely a confirmation of the accuracy of the
Reissner-Mindlin laminated plate model.

Next, we tested the robustness of the model applied to laminates with physical
parameters of very different scales. With this aim, we computed the vibration
modes of a plate identical to the previous one, except for the fact that the Young
modulus of the second material is now Ey = 0.144 x 108 N/m?. Therefore, the ratio
between the Young moduli of each material is 10%.

We report in Table 5 the results for this plate analogous to those of the previous
table.

Once more, an excellent agreement between both models can be clearly observed,
despite the disparity of the Young modulus of each material. Other non reported
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TABLE 5. Test 3: Lowest vibration frequencies of axisymmetric
modes of a clamped laminated circular plate; Young moduli ratio
Ei/Ey = 10%.

Mode N =4 N =8 N=16 N =32 Order Extrapolated 3D
w1 671.490 650.794  645.813  644.582  2.05 644.206 645.057
w2 2810.616 2540.776 2478.636 2463.491 2.11 2459.352 2425.412

tests demonstrate the robustness of the method for the Reissner-Mindlin laminated
plate model with respect to the remaining physical parameters.

Finally, Figures 4 and 5 show the transverse displacement fields computed with
the Reissner-Mindlin plate model for the two vibration modes reported in Table 5.
The figures also show the corresponding meridional plate sections of each mode
computed with the axisymmetric 3D code.

FIGURE 4. Test 3: Lowest axisymmetric vibration mode w; of
a clamped laminated circular plate with Young moduli ratio
E1/E; = 10*%; transverse displacement field (left) and meridional
cross section (right).

FicUre 5. Test 3: Second lowest axisymmetric vibration mode
wg of a clamped laminated circular plate with Young moduli ratio
E1/Ey = 10%; transverse displacement field (left) and meridional
cross section (right).
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5. CONCLUSIONS

We analyzed the problem of computing the vibration modes of a clamped lami-
nated plate modeled by Reissner-Mindlin equations. We considered a finite-element
method based on DL3 elements for the bending terms and standard triangular piece-
wise linear elements for the in-plane displacements. We proved optimal order of
convergence in H!' and L? for displacements and rotations, as well as a double or-
der for the eigenvalues. We also proved that the error estimates do not deteriorate
as the thickness becomes small, which imply that the method is locking-free. The
keypoint of the proof is an a priori estimate for the regularity of the solution of
the corresponding load problem.

We reported numerical experiments confirming the theoretical results. Moreover,
these experiments show the robustness with respect to the physical parameters of
both, the Reissner-Mindlin laminated plate model and the proposed method. Fi-
nally, the experiments also show that the method works for more general boundary
conditions.

6. APPENDIX

In this Appendix we will obtain an a priori estimate for the solution of the load
problem (2.2) similar to the one valid for classical homogeneous Reissner-Mindlin
plates. With this purpose, first we prove the following auxiliary result.

Lemma 6.1. Let Q be a convex polygonal domain in the plane. Given F,G €
L2(Q)?, let (u,B) € H}(2)? x HE(Q)? be the unique solution of

(6.1) a((u, B), (v,m) = (F,v) + (G,n)  V(v,n) € Hy(Q)* x Hy (Q)*.
Then, (u,3) € H*(Q)? x H*(Q)? and

l[ully + 118l < CUIFllo + 11Gllo)
with a constant C independent of F' ad G.

Proof. We will resort to additional regularity results from [12, Section 8.6] regarding
Dirichlet problems for elliptic systems. In this reference it is proved that the strip
of the complex plane |[Re A\| < 1 is free of eigenvalues of the Mellin symbol, which
implies H? regularity for L? right hand sides, provided the elliptic system (6.1) is
formally positive.

Let us recall that formally positiveness means in our case that if the bilinear
form of the elliptic system is written as follows,

2
(6.2) a((u, ), (v,n) = Y Ai; U 0,V
i,j=1
with
— ¥ .0, p4 — Y .0 p4
o[ io—r ve[]a—

and Aij € R4X4, then

A21 A12

is a symmetric positive definite matrix.

A {Au A12} c RS*8
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In our case

(6.3) a((u, B), (v,m)) = A (tre(u), tre(v) + 20 (e(u), (v))
+ o (tre(u), tre(n)) + 202 (e(u), £(n))
+ o (tre(v), tre(B)) + 2ia2 (e(v), £(6))
+ X3 (tre(B), tre(n)) + 2fs (e(8),£(n))

with

(64) 5\1:/\1—;—)\2’ 5\2:/\1g)\2’ 5\3:/\1;1)\2,

/_141:#7 ﬁ2:%7 ﬁBZ%

If (6.3) is directly written in the form (6.2), the resulting matrix A is not positive
definite. However, using the fact that

/32U181772:/51U152772, /31U2327]1:/32U2317]17
Q Q Q Q

/52/31 31’02:/3151 Oov2, and /315252111 :/3252 o011
Q Q Q Q

(which is proved by a double integration by parts), (6.3) can also be written in the
form (6.2) with

5\1 +2u; 0 ;\2 +2n2 0 1 ~ 0 o B 0
A= |- 0 1 ~ 0 2 A, — 0 M+2a1 0 Ao+2a9
T A +2m 0 As+2a3 0|0 TP @m0 fis 0 ’

and

0 M+ 0 Ao+

0 0 0 0

Ay =AY, = - -
? 2t 0 Aa+p2 0 As+ps
0 0 0 0

There only remains to prove that A is positive definite. With this purpose, we
write A = B; + By with

_2,1_1,1 0 2u O 0 [ 0 fi2
0 m 0 fis 0 0 0 0
2p2 0 2p3 0 0 g2 0 [g
B ._|0 B 0 @ o0 0 0 0
1o 0 0 0 g 0 G O
H1 0 fe 0 0 2m 0 2po
0 0 0 0 fis 0O [ O
L2 0 pg 0 0 22 0 243
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and

A1 0 X 0 0 X\ 0 X

00 0O 0O0O 0 0 O

de 0 X3 0 0 Xy 0 Ag
Bz.:oooooooo

' 00 0 00O 0 0 O

M 0 X 0 0 A 0 X

00 00O 0 0 O

X2 0 A3 0 0 Ay 0 Ag]

We observe that B; is positive definite. In fact, reordering rows and columns of
B, we obtain the block diagonal matrix

- [c, o
B - { A CJ ,
with
2Dy D, _|D1 O e pe
Cl = |:D1 2D1:| 3 C2 = |:O D1:| , and D1 = |;[_LQ /_JJ3 .

Using (6.4), it is simple to show that iy jiz — ji3 > 0. Hence, D is positive definite.
Therefore, elementary computations show that C1, C5, and consequently El and
B, are positive definite, too.

On the other hand, Bs is positive semi-definite. In fact, reordering rows and
columns of Bo, we obtain
= l:Cg o

_ . __|D2 Ds
By = 0 O] , with Cj:= { }

RSP
D, D, and D5 = {— 3 ] .

A2 Az
The matrix D5 is positive definite because, using again (6.4), we have A\; A3 — A2 > 0.

Therefore, C'3 and consequently B’g and B, are positive semi-definite, too. Thus,
A = B1 + Bs is positive definite and we conclude the proof. O

Now we are in a position to prove that the solutions of the load problems for
laminated and classical homogeneous Reissner-Mindlin clamped plates have the
same regularity. With this aim, we adapt the arguments from the proof of [1,
Theorem 7.1].

For any t > 0 and (f,m,g) € H, let (u, 3,w) € V and v € L?(2) be the solution
to

65) { a((uaﬂﬁ%(vm)) + (v,n = V2) = (f,v) + (m,n) + (g,2) VY(v,n,2) €V,
"= (B8 —Vuw).
Consider the Helmholtz decomposition of the shear term v € Hy(rot, 2):
(6.6) v = Vr+curlp.

with r € H}(Q) and p € H(Q)/R. Using this decomposition in (6.5), this problem
turns out equivalent to finding r,w € H(Q), u,8 € HL(Q)?, and p € H'(Q)/R
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such that
(6.7) —(Vnr,Vz) =(g,2) Vz € Hé(Q),

(6.8)  a((u,B), (v,m)) + (curlp,n) = (f,v) + (m,n) = (Vr,n)
¥ (v,n) € Hy(2)* x Hy(Q)?,
2
(6.9) (B, curlq) — % (curlp, curlg) =0 Vg € H'(Q)/R,

(6.10)  (Vw,Vs) = (83,Vs) — % (Vr,Vs) Vs € H} ().

This is a well posed problem. In fact, first,  is the unique solution to the Dirichlet
problem (6.7). Then, subtracting (6.9) from (6.8), since ¢ > 0, existence and
uniqueness of (u,3) and p follows from Lax-Milgram lemma. Finally, w is the
solution to the well posed problem (6.10).

For ¢ = 0, equations (6.7)—(6.10) also make sense, but the terms (curlp,n) from
(6.8) and (S, curlq) from (6.9) must be understood weakly. Thus, in this case, we
are led to finding o, wo € Hg (), uo, Bo € Hg ()2, and po € L?(2)/R such that

(6.11) —(Vro,Vz)=(g,2) Vz € HY (),
(6.12)  a((uo, Bo), (v,1)) + (po,rotn) = (f,v) + (m,n) — (Vro,n)
Y (v,n) € Hy(2)* x Hg(Q)?,
(6.13)  (rotBp,q) =0 Vg € L*(Q)/R.
(6.14)  (Vwg, Vs) = (8o, Vs) Vs € H} ().

This is a well posed problem, too. In fact, equations (6.11) and (6.7) are the same,
so that rg = r, as well. Existence and uniqueness of (ug, 5y) and pg follows from the
fact that (6.12)—(6.13) is a well posed mixed problem (a is elliptic in the whole space
and the inf-sup condition is essentially the same as that of the Stokes problem).
Finally wq is the solution of the Dirichlet problem (6.14). Moreover the following
additional regularity holds.

Lemma 6.2. Let (rg, ug, Bo, po, wo) be the solution to problem (6.11)-(6.14). Then,
70, Wo € HQ(Q); uOvﬂO S HQ(Q)27 Po € Hl(Q)7 and

(6.15) lIrolly + lluolly + 1 Bolly + llpolly + llwolly < CHICfms )l
with a constant C independent of f, m, and g.

Proof. The standard a priori estimate for the Poisson equation on a convex domain,
implies that ro € H?(2) and

(6.16) Irolly < Cllgllo -
Next, we write (6.12)—(6.13) in the distributional sense:
—finAug — (A1 + i) V (divug) — fiaAfo — (A2 + fiz) V (div o) = f,
—fi2Aug — (Ag + fiz) V (divug) — isABo — (A3 + fis) V (div o)
+ curlpg = m — Vry,
rot ﬂo = 0,

with Dirichlet homogeneous boundary conditions for ug and 5y and the coefficients
A; and fi;, i = 1,23, as defined in (6.4).
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The third equation above implies that 3y = Ve, with ¢ € Hg(2) such that
22 — () on 9. Using this in the first and second equations, we obtain

6. 7) — 1 Aug — (5\1 + ﬂl) \Y% (diVUo) — (5\2 + 2ﬂ2> A (VQO) = f,
6. 8) —ﬂgAUo — (5\2 + ﬂg) \Y% (le UQ) — (5\3 + 2ﬂ3> A (VQO)
+ curlpg = m — Vro,

(6.1

(6.1

with homogeneous boundary conditions ug = 0, Sy =0, ¢ =0 and g—‘s =0 on 09Q.
Taking divergence in the first two equations, we have

— (A + 21 div (Aug) — (A2 + 27i2) A%p = div f,
— (A2 +2012) div (Aug) — (A3 + 2713) A%p = divm — Arg.
Eliminating ug we arrive at the following problem for ¢:
KA?p = (A +2fa2) div f — (Ay + 2a1) (divm — Arg) € H1(€),
¢

<p_%:0 on 0.

with K = (2/11 + 5\1) (2ﬂ3 + 5\3) — (2/12 + 5\2)2, which can be shown to be strictly
positive by using (6.4) and a little algebra. Therefore, from the standard a priori
estimate for the biharmonic equation in convex domains, we know that ¢ € H3(Q)
and

llls < € (Idiv FIL_y + divenl|_, + [ Arolly) < ClI(F m.g)llo.

where we have used (6.16) for the last inequality. Therefore 3y = Vi € H?(Q2)2.

Next, using the last inequality in (6.17), we obtain from the usual a priori
estimate for the elasticity problem in a polygonal convex domain that ug € H?(£2)?
and

Juolly < € I1(fm, g)llo -

Now, from this inequality and (6.18), we obtain that py € H'() and the corre-
sponding estimate. Finally, the regularity of wg follows again from the standard
a priori estimate for the Poisson equation on a convex domain applied to (6.14).
Thus we conclude the proof. ([l

Corollary 6.3. The solution of the limit problem (2.4) satisfies ug, 30 € H*(Q)?,
wo € H2(), vo € L*(Q)?, and the a priori estimate (2.5) holds true.

Proof. In this case, the Helmholtz decomposition (6.6) holds in a distributional
sense (cf. [6, Proposition 3.4]):
Yo = Vrg + curl pg,

with 79 € HZ(2) and pg € L?(2)/R. Then, problem (2.4) is equivalent to (6.11)—
(6.14), with f = m = 0. Hence, the additional regularity result follows from
Lemma 6.2 and the above equation. (I

Now we are ready to prove the a priori estimate for the solution to problem (6.7)—
(6.10) and, consequently, to that of problem (6.5), which is the main goal of this
Appendix.

Lemma 6.4. For any t > 0, let (r,u,3,p,w) be the solution to problem (6.7)-
(6.10). Then, r,w,p € H*(Q), u, € H*(Q)?, and

[7lly + llully + 1812 +lIplly + el +[lwlly < C(Lfllo + lImllg +lgllo)
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with a constant C independent of t, f, m, and g.

Proof. Let (rg, uo, B0, Po, wo) be the solution to problem (6.11)—(6.14). Recall that
T = 10, so that we have already proved in Lemma 6.2 the estimate for r (cf. (6.16)).

Now, since according to Lemma 6.2, pg € H*(Q), from (6.8)—(6.9) and (6.12)—
(6.13), we obtain

a((u - anﬁ - 50)3 (Ua 77)) + (Curl (p 7p0) 777) - (ﬂ - ﬂo,curl q)

t t
+ — (curl (p — po) , curlqg) = —— (curl py, curl q)
K K

for all v,n € H}(Q)? and all ¢ € H!(Q)/R. Testing this equation with v := u — uy,
1 := 06— Bo, and ¢ =: p — po and using the ellipticity of a, we have
2 2 2
lu—uolly + 118 = Bolly +* llp — polly < C[lpoll lp — poll,

and, from this estimate and (6.15), we arrive at

(6.19) lu —woll, + 118 = Bolly +tllp—polly < CtI[(fim,g)lly-
Hence also
(6.20) Iplly < llp —polly + [lpolly < CII(f,m,9)llo-

Next, we apply Lemma 6.1 to (6.8) with F := f and G := m — Vr — curlp, to
show that u, 3 € H?(Q)? and
lully + 1181, < CHI(ms 9o

where we have used (6.16) and (6.20).
On the other hand, from (6.9) and (6.13), we have that

K
(curlp, curlq) = - (8 — fo, curlg) = (rot (8= o) ,q) Vg € H'(Q).
Therefore, p is the solution of the Neumann problem

K .
Ap=frot(5—fy) inQ,
%:0 on 0f).

Hence, since () is convex we have

Iplly < Ct2 18 = Bolly < CtHI(Fmy 9)lg

the last inequality because of (6.19).
Finally, (6.10) is a Poisson equation, for which there holds the a priori estimate

lwlly < € (181l + 2 lIrllz) < C N msg)llo

where we have used (6.16) once more. Thus we end the proof. O
We conclude with the main result of this Appendix.

Theorem 6.5. Let 2 be a convezr polygonal domain in the plane. For any t > 0
and (f,m,g) € H, let (u,3,w) € V andy € L*(Q) be the solution to problem (6.5).
Then, u,3 € H*(Q)%, w € H?*(Q), v € HY(Q)?, and there exists a constant C,
independent of t and (f,m,g), such that

[lly + 1Bl + llwlly +lIvllo + vl < C U fllo + llmllo +ligllo) -

Proof. This is an immediate consequence of Lemma 6.4 and the equivalence between
problems (6.5) and (6.7)—(6.10), through (6.6). O
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Corollary 6.6. The solution of the load problem (2.2) satisfies u,3 € H?(Q)?,
w € H?(Q), v € HY(Q)?, and the a priori estimate (2.3) holds true.

Proof. 1t is a direct application of the previous theorem to the particular right hand
side of the first equation from (2.2). O
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