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Abstract

The design and analysis of computational methods for partial differential equations
typically relies heavily on the well-posedness of the system under study, both to prove
that the finite dimensional system resulting from discretization is invertible and for error
estimates on the discrete solution. In practice a large class of problems are indefinite,
with stability properties that are not so easily exploited for the design of numerical
methods, or even ill-posed, with only some conditional stability. In such cases typically
standard finite element methods may fail: the discrete system may not be invertible
and when it is, the solution may be inaccurate, even if the ill-posed problem admits
a unique solution in a neighbour hood of the available data. The standard way to
approach ill-posed problems is through regularisation of the continuous problem and
then discretization of the resulting, well-posed, perturbed problem, this however leads
to the need of balancing errors due to regularization and discretization.Here we will
discuss a different approach based on a stabilized primal-dual finite element formulation,
introduced in [1] for the approximation of indefinite elliptic problems. An analysis in the
ill-posed case was proposed in [2, 3]. This method is based on the discretization of the ill-
posed problem without any regularization on the continuous level, instead the discrete
system is regularized using ideas from stabilized finite element methods. Sometimes
these stabilizing terms coincide with typical Tikhonov regularizations, but in many
cases the regularizations do not have an interpretation on the continuous level. We show
that the discrete system is always invertible and that the approximate solution satisfies
(conditional) a priori and a posteriori error estimates that match the approximation
order of the finite element space and the conditional stability properties of the discrete
solution. Data perturbations also enter the analysis in a natural way. Three different
problems will be discussed to illustrate the theory: The elliptic Cauchy problem, where
Dirichlet and Neumann data are set only on a subset of the boundary; an elliptic
data assimilation problem where the solution is known in a subset of the bulk, but
no boundary data is available; finally a parabolic problem with Dirichlet boundary
conditions, where the solution is known in some space time cylinder, but the initial
data is unknown [4].
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